
http://www.cambridge.org/9780521865852


This page intentionally left blank



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

CAMBRIDGE STUDIES IN ADVANCED MATHEMATICS 109

Editorial Board

B. Bollobás, W. Fulton, A. Katok, F. Kirwan, P. Sarnak,

B. Simon, B. Totaro

AN INTRODUCTION TO CONTACT TOPOLOGY

This text on contact topology is the first comprehensive introduction to the
subject, including recent striking applications in geometric and differential
topology: Eliashberg’s proof of Cerf’s theorem Γ4 = 0 via the classification
of tight contact structures on the 3-sphere, and the Kronheimer–Mrowka
proof of Property P for knots via symplectic fillings of contact 3-manifolds.

Starting with the basic differential topology of contact manifolds, all
aspects of 3-dimensional contact manifolds are treated in this book. One
notable feature is a detailed exposition of Eliashberg’s classification of over-
twisted contact structures. Later chapters also deal with higher-dimensional
contact topology. Here the focus is on contact surgery, but other construc-
tions of contact manifolds are described, such as open books or fibre con-
nected sums.

This book serves both as a self-contained introduction to the subject for
advanced graduate students and as a reference for researchers.

Hansjörg Geiges is Professor of Mathematics at the Universität zu
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Zu diesem Allen kommt, daß zu Papier gebrachte Gedanken

überhaupt nichts weiter sind, als die Spur eines Fußgängers

im Sande: man sieht wohl den Weg, welchen er genommen

hat; aber um zu wissen, was er auf dem Wege gesehn, muß

man seine eigenen Augen gebrauchen.

Arthur Schopenhauer, Parerga und Paralipomena
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Preface

‘We are all familiar with the after-the-fact tone
— weary, self-justificatory, aggrieved, apologetic —
shared by ship’s captains appearing before boards of
inquiry to explain how they came to run their vessels
aground and by authors composing Forewords.’

John Lanchester,
The Debt to Pleasure

Contact geometry, as a subject in its own right, was born in 1896 in the
monumental work of Sophus Lie on Berührungstransformationen (contact
transformations). Lie traces the pedigree of contact geometric notions back
to the work of Christiaan Huygens on geometric optics in the Traité de la
Lumière of 1690 — or even Apollonius of Perga’s Conica from the third
century bc — and to practically all the famous mathematicians of the eigh-
teenth and nineteenth century.

But as late as 1990, when I began my journey into contact geometry,
the field still seemed rather arcane. To the prescience of Charles Thomas
I owe the privilege of starting graduate work in an area that was only just
beginning to flourish. This, of course, had its drawbacks — there were
no texts from which to learn the essentials. Even contact geometry’s elder
sibling, symplectic geometry — firmly established as the natural language
for classical mechanics, and brought into prominence by Gromov’s influential
1985 paper on pseudoholomorphic curves — suffered from a similar dearth.

One of the most eloquent of modern panegyrists of contact geometry is
Vladimir Arnold, who proclaimed on several occasions since 1989 that ‘con-
tact geometry is all geometry’. His Mathematical Methods of Classical Me-
chanics, first published (in Russian) in 1974, was then the only textbook
covering the basic notions of contact geometry, albeit in the relative obscu-
rity of an appendix.

x
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Preface xi

A contact structure is a maximally non-integrable hyperplane field on an
odd-dimensional manifold (Defn. 1.1.3). This sounds like a pretty abstruse
object, but, as I hope to convince you in Chapter 1, contact structures appear
virtually everywhere in nature.†

There are various ways in which contact manifolds may be regarded as the
odd-dimensional analogue of symplectic manifolds. They share the property
that there is a Darboux theorem providing a local model for such structures.
Thus, roughly speaking, there are no local invariants, but only global phe-
nomena of interest.

The investigation of contact manifolds from a more topological perspec-
tive was taken up in the late 1950s by John Gray and Boothby–Wang. Gray
proved the stability of contact structures on closed manifolds, i.e. the fact
that there are no non-trivial deformations of such structures. This is analo-
gous to the stability of symplectic forms proved by Jürgen Moser, and indeed
the ‘modern’ proof of Gray stability uses the famous ‘Moser trick’. Boothby
and Wang constructed contact structures on certain principal S1–bundles;
these were the first non-trivial examples of contact manifolds.

The classical period‡ of contact topology began with the existence results
for contact structures on 3–manifolds due to Jean Martinet and Robert Lutz
in the early 1970s. Another landmark in this period was Daniel Bennequin’s
surprising discovery of exotic contact structures on standard 3–space in 1983.
The topological flavour of global contact geometry was affirmed in 1989
by Yasha Eliashberg’s classification of what he called overtwisted contact
structures on 3–manifolds; this seminal result marks the culmination of the
classical age.

Eliashberg’s proof hinted at the importance of using surfaces in contact 3–
manifolds as a tool for understanding the latter’s global structure. A contact
structure induces on such a surface a singular 1–dimensional foliation, the so-
called characteristic foliation. Control of this characteristic foliation permits
various cut-and-paste constructions. Then, in his 1991 thesis, Emmanuel
Giroux introduced the notion of a convex surface, that is, a surface transverse
to a flow preserving the contact structure. It turns out that the characteristic
foliation on a convex surface is, in essence, determined by a set of simple
closed curves, the dividing set, and therefore can be controlled much more
effectively.

It seems fair to say that Giroux’s thesis inaugurated the modern era of
contact topology. Convex surface theory lies at the heart of many of the
recent developments, be it the classification of tight (i.e. non-overtwisted)

† Admittedly, my notion of ‘nature’ suffers from a certain déformation professionnelle.
‡ On the correct usage of ‘classical’ see the footnote on page 338.
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xii Preface

contact structures on 3–manifolds, or the classification of various types of
knots in contact 3–manifolds.

In 1992, Eliashberg’s contact geometric proof of Jean Cerf’s celebrated
result Γ4 = 0 gave the first inkling that contact topology might develop into
a powerful tool for tackling pure topological questions. In 2004, this expec-
tation was confirmed in a spectacular manner by Peter Kronheimer and Tom
Mrowka’s establishing Property P for non-trivial knots. (One consequence
of this result is a new proof of the Gordon–Luecke theorem that knots in the
3–sphere are determined by their complement.)

The Kronheimer–Mrowka argument is based in an essential way on a re-
sult about ‘capping off’ symplectic fillings of contact 3–manifolds, proved
independently by Eliashberg and John Etnyre. This result, in turn, relies
crucially on a correspondence between contact structures and open book
decompositions, established by Giroux. This correspondence is another in-
stance of the topological nature of much of contact geometry.

One of the aims of this book is to explain these exciting developments,
starting from an exposition of first principles. As yet, there is no textbook or
monograph giving a comprehensive introduction to contact geometry. Some
basic aspects are treated in Chapter 8 of [7] and in Section 3.4 of [177],
but these texts do not prepare the reader for any of the modern topological
techniques in contact geometry. The introductory lectures by Etnyre [80],
though brief, give a better impression of the state of the art. In the Handbook
article [97] I was more thorough, but my focus lay on the basic differential
topological aspects — many of which had remained folklore until then —
and no attempt was made to cover more than the classical period.

Fortunately, that article could serve as a germ for the present monograph
and now constitutes part of Chapters 2, 3, and Sections 4.1 to 4.5. Otherwise
the task of writing might have seemed too daunting.

Previous versions of Sections 4.1 to 4.3 and Chapter 8 were written as
early as 1997 for a series of lectures I gave in Les Diablerets as part of the
IIIe Cycle Romand, but contact topology simply developed too rapidly for
an exhaustive account to be feasible even then. That a tortoise cannot catch
up with Achilles is hardly paradoxical. So when I started writing this book
in earnest, I had to be modest and realistic about its aims. The reader I
had primarily in mind is an advanced graduate student educated in differ-
ential topology and the geometric aspects of algebraic topology, say on the
level of the textbooks by Bröcker–Jänich [38] or Hirsch [132], and that by
Bredon [35], respectively. A good dose of geometric topology, e.g. from Rolf-
sen [215] or Prasolov–Sossinsky [209], would be helpful, but most geometric
topological concepts will be explained at length when we need them. The
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present book should serve as a preparation for studying a substantial body
of research literature; ample references for further reading will be provided.

Here is a brief summary of the contents of this book; more details can
be found at the beginning of each chapter. Chapter 1 is something of an
advertisement, aimed at readers not necessarily inclined to devote the rest
of their life to contact geometry. Chapter 2 deals with the basic differential
topology of contact manifolds. Sections 2.1 to 2.4 are foundational for every-
thing that is to follow. The neighbourhood and isotopy extension theorems
in Sections 2.5 and 2.6 are likewise indispensable, but their proofs — though
useful for learning the nuts and bolts of the Moser trick — should probably
be skimmed on a first reading. The contact disc theorem in Section 2.6.2
deserves special mention. This theorem has been assumed at various places
in the contact topological literature. The proof is analogous to that of the
usual disc theorem in differential topology, but I thought it opportune to be
explicit about the ‘contact Alexander trick’.

Chapter 3 provides a basic introduction to the theory of knots in contact 3–
manifolds. There are two types of knots to investigate: those tangent to the
contact structure (called Legendrian knots), and those transverse to the con-
tact structure (called, rather imaginatively, transverse knots). That chapter
constitutes the basis for the surgical constructions of contact manifolds along
transverse knots (Sections 4.1 to 4.3) and Legendrian knots (Section 6.4),
respectively.

My initial plan for Chapter 4 on contact 3–manifolds was to heed Polo-
nius’s advice that ‘brevity is the soul of wit’ [220]. If that chapter has grown
beyond proportion, it is less owing to the ‘outward flourishes’, but to my
realising that this monograph would be inadequate if it failed to introduce
the reader to some modern techniques like convex surfaces (Sections 4.6.2
and 4.8) and Giroux’s tomography (Section 4.9). Even so, there are some
regrettable omissions. I say virtually nothing about Ko Honda’s important
contributions to convex surface theory — Honda’s approach is parallel to,
but independent of, much of Giroux’s work on tomography. My impression
is that tomography à la Giroux is more amenable to an elementary treat-
ment, in particular for the classification of tight contact structures on some
simple 3–manifolds (Section 4.10).

Concerning the relation between open books and contact structures, I
only discuss the existence of contact structures on open books, both in di-
mension 3 (Section 4.4.2) and in higher dimensions (Section 7.3). For the
converse, how to find an open book decomposition adapted to a given con-
tact structure, there are some useful lecture notes by Etnyre [83], at least
for the 3–dimensional case.

Other lacunæ in the chapter on 3–manifolds stem from my failure to



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6
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mention anything related to the Heegaard Floer theory of Peter Ozsváth
and Zoltán Szabó, or the analytical side of contact geometry (dynamics of
the Reeb flow, including the Weinstein conjecture, and techniques involv-
ing pseudoholomorphic curves), initiated by Helmut Hofer. Here are some
pertinent references: [165], [200], [201], [202], [226]; [135], [136], [228].

Section 4.7 contains a detailed proof of Eliashberg’s classification of over-
twisted contact structures, following the lines of the original argument.
Eliashberg’s paper — together with his 1992 paper on Cerf’s theorem —
is probably one of the two most-quoted papers in all of contact geometry,
but one which is notoriously hard to read. I hope that my exposition goes
some way towards making Eliashberg’s ideas more accessible.†

Chapter 4 also includes Eliashberg’s proof of Cerf’s theorem (Section 4.11),
and the analogue for tight contact 3–manifolds of John Milnor’s unique de-
composition theorem for 3–manifolds (Section 4.12, based on joint work with
Fan Ding).

The remainder of the book is concerned mostly with higher-dimensional
contact topology. Chapter 5 introduces the notions of symplectic fillings
and convexity. There is an intrinsic interest in relating contact structures
to notions of convexity in complex geometry, but the main purpose of that
chapter is to lead into Chapter 6 on contact surgery. Being the mathematical
son of a mathematical surgeon and the real grandson of a real surgeon,
I regard this chapter (and its companion Chapter 8, where the theory is
applied to 5–manifolds) as my earliest motivation for writing this book.
Sections 6.1 to 6.3 contain an exposition of the Eliashberg–Weinstein contact
surgery. Some ideas about homotopy principles à la Gromov are explained
along the way. I also allow myself a small detour to give a contact geometric
proof of the Whitney–Graustein theorem on the classification of immersions
of the circle in the plane.

With Section 6.4 we return to the study of contact 3–manifolds. In the 3–
dimensional setting one has a more general concept of contact Dehn surgery,
introduced by Fan Ding and myself. This type of surgery is then used to
prove the Eliashberg–Etnyre theorem about symplectic caps — in contrast
with the proofs of Eliashberg and Etnyre, the one presented here does not
rely on the Giroux correspondence between contact structures and open
books. That section completes the account of the contact topological aspects
of the Kronheimer–Mrowka proof of Property P.

In Section 6.5, contact surgery of 3–manifolds is used to show, modulo
a result from Seiberg–Witten theory that I quote only, that symplectically
fillable contact structures are tight.

† Charles Thomas might have referred to this exposition — with apologies to Moses
Maimonides — as a ‘guide for the perplexed’.



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

Preface xv

As mentioned before, Chapter 8 may be regarded as a rather long example
how contact surgery can be applied. Section 8.2 is an exercise in the clas-
sification of manifolds; Section 8.1 may be instructive as an application of
obstruction theory, and it contains some neat geometry of complex projective
3–space.

Chapter 7, which can be read right after Chapter 2, gives further justifi-
cation — if such be required — for calling this a book on contact topology.
That chapter explains a variety of topological constructions that can be
made compatible with contact structures. Besides the open books referred
to earlier, these are fibre connected sums, branched covers, and plumbing.
Applications of these techniques include the construction of contact struc-
tures on all odd-dimensional tori, due to Frédéric Bourgeois, and that of
exotic contact structures on all odd-dimensional spheres. Here I have to
confess another glaring sin: contact homology, not to mention symplectic
field theory, gets only a passing reference as a tool for distinguishing such
exotic structures. Slightly more geometric constructions discussed in Chap-
ter 7 are Brieskorn manifolds, the Boothby–Wang construction, and contact
reduction.

The two brief appendices contain some minor technicalities concerning the
generalised Poincaré lemma and time-dependent vector fields.

Exercises are conspicuous by their absence. I hope that the numerous
explicit examples make up for this defect.

As pointed out earlier, this book had its beginnings in a series of lectures
in the IIIe Cycle Romand in 1997. The book began to take shape during a
sabbatical at the Forschungsinstitut für Mathematik of the ETH Zürich in
2004. I lectured on parts of this book in various seminars, and in 2005 at a
Frühlingsschule in Waren (Müritz) organised by Christian Becker, Hartmut
Weiss and Anna Wienhard. In the winter term 2006/07 I gave a lecture
course on contact geometry at the Universität zu Köln. In June 2007 I
presented the Lisbon Summer Lectures in Geometry based on this book,
at the invitation of Miguel Abreu and Śılvia Anjos. The questions and
comments of these various audiences have helped to improve the exposition.

Many people read parts of this book and found numerous smaller or bigger
misprints, obscure statements, or plain inaccuracies. Countless stimulating
conversations have left their traces in this book. For their assistance I thank
Frédéric Bourgeois, Yuri Chekanov, Yvonne Deuster, Thomas Eckl, John Et-
nyre, Otto van Koert, Paolo Lisca, Klaus Niederkrüger, Federica Pasquotto,
Bijan Sahamie, Felix Schlenk and Matthias Zessin. Fabian Meier sent me a
copy of his Cambridge Part III essay on Eliashberg’s classification of over-
twisted contact structures; this helped with working out some of the details
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in Section 4.7. Stephan Schönenberger allowed me to use his Figures 1.1
and 2.1; John Etnyre contributed Figures 2.2 and 6.8. John Etnyre’s en-
couraging me to go ahead with this book project is invaluable. I am grateful
to my collaborators Fan Ding, Jesús Gonzalo and András Stipsicz; talking
mathematics with them has been a wonderful experience over many years,
and the fruits of our joint projects are visible throughout this book.

Yasha Eliashberg has been a source of inspiration ever since he commented
encouragingly on my first mathematical publication. His influence on this
book is plainly evident. Especially Section 4.7 would never have been com-
pleted without his spending many hours patiently explaining to me his clas-
sification of overtwisted contact structures. In passing we noticed little gems
such as the contact geometric proof of the Whitney–Graustein theorem.

Much of my intellectual education, mathematical and otherwise, I owe to
my mentor and friend Charles Thomas. I should have liked to present this
book to him as a small thank-you for introducing me to the fascinating world
of contact geometry when I was his graduate student and — perhaps even
more important — for showing me by his example what it means to lead a
scholarly life. Now, sadly, all I can do is dedicate this book to his memory.

Köln, July 2007 Hansjörg Geiges
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1

Facets of contact geometry

‘After a while the style settles down a bit and it begins
to tell you things you really need to know.’

Douglas Adams,
The Hitch Hiker’s Guide to the Galaxy

This opening chapter is not meant as an introduction in the conventional
sense (if only because it is much too long for that). Perhaps it would be
appropriate to call it a proem, defined by the Oxford English Dictionary
as ‘an introductory discourse at the beginning of a book’. Although some
basic concepts are introduced along the way, the later chapters are largely
independent of the present one. Primarily this chapter gives a somewhat
rambling tour of contact geometry.

Specifically, we consider polarities in projective geometry, the Hamiltonian
flow of a mechanical system, the geodesic flow of a Riemannian manifold, and
Huygens’ principle in geometric optics. Contact geometry is the theme that
connects these diverse topics. This may serve to indicate that Arnold’s claim
that ‘contact geometry is all geometry’ ([15], [17]) is not entirely facetious.
I also present two remarkable applications of contact geometry to questions
in differential and geometric topology: Eliashberg’s proof of Cerf’s theorem
Γ4 = 0 via the classification of contact structures on the 3–sphere, and the
proof of Property P for non-trivial knots by Kronheimer and Mrowka, where
symplectic fillings of contact manifolds play a key role. One of the major
objectives of this book will be to develop the contact topological methods
necessary to understand these results.

The subsequent chapters will not rely substantively on the material pre-
sented here. Therefore, readers interested in a more formal treatment of
contact geometry and topology may skim this proem and refer back to it
for some basic definitions only. But I hope that the present chapter, while
serving as an invitation to contact geometry for the novice, contains material

1
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2 Facets of contact geometry

that will be of interest even to readers with prior exposure to the subject. In
the survey article [94] I have touched upon some of the themes of this intro-
duction, but without the detailed proofs given here; on the other hand, that
article contains more on the historical development of contact geometry. On
that topic, see also the historical survey by Lutz [170]. As an amuse-gueule
you may enjoy [96].

1.1 Contact structures and Reeb vector fields

Let M be a differential manifold, TM its tangent bundle, and ξ ⊂ TM a
field of hyperplanes on M , that is, a smooth† sub-bundle of codimension 1.
The term codimension 1 distribution is quite common for such a tangent
hyperplane field (and not to be confused with distributions in the analysts’
sense, of course). In order to describe special types of hyperplane fields, it
is useful to present them as the kernel of a differential 1–form.

Lemma 1.1.1 Locally, ξ can be written as the kernel of a differential 1–
form α. It is possible to write ξ = ker α with a 1–form α defined globally on
all of M if and only if ξ is coorientable, which by definition means that the
quotient line bundle TM/ξ is trivial.

Proof Choose an auxiliary Riemannian metric g on M and define the line
bundle ξ⊥ as the orthogonal complement of ξ in TM with respect to that
metric. Then TM ∼= ξ ⊕ ξ⊥ and TM/ξ ∼= ξ⊥. Around any given point p

of M , there is a neighbourhood U = Up over which the line bundle ξ⊥ is
trivial. Let X be a non-zero section of ξ⊥|U and define a 1–form αU on U

by αU = g(X,−). Then clearly ξ|U = ker αU .
Saying that ξ is coorientable is the same as saying that ξ⊥ is orientable

and hence (being a line bundle) trivial. In that case, X and thus also α exist
globally. Conversely, if ξ = ker α with a globally defined 1–form α, one can
define a global section of ξ⊥ by the conditions g(X,X) ≡ 1 and α(X) > 0,
hence ξ is coorientable.

Remark 1.1.2 As a student at Cambridge, I was taught that in Linear
Algebra ‘a gentleman should never use a basis unless he really has to’. By
the same token, one should not use auxiliary Riemannian metrics if one can
do without them. So here is the alternative argument, which may well serve

† The terms smooth and differentiable are used synonymously with C∞; a differential
manifold is a manifold with a choice of differentiable structure. Throughout this book,
manifolds, bundles, vector fields, and related objects, are assumed to be smooth.
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as a warm-up for (slightly less pedestrian) bundle-theoretic considerations
later on.

The quotient bundle TM/ξ and its dual bundle are locally trivial. Thus,
over small neighbourhoods U , one can define a differential 1–form αU as the
pull-back to the cotangent bundle T ∗M of a non-zero section of (TM/ξ)∗|U
under the bundle projection TM → TM/ξ. This 1–form clearly satisfies
ker αU = ξ|U .

If ξ is coorientable, (TM/ξ)∗ admits a global section, and the above con-
struction yields a global 1–form α defining ξ. Conversely, a global 1–form α

defining ξ = ker α induces a global non-zero section of (TM/ξ)∗.

Except in certain isolated examples below, we shall always assume our
hyperplane fields ξ to be coorientable.

One class of hyperplane fields that has received a great deal of attention are
the integrable ones. This term denotes hyperplane fields with the property
that through any point p ∈ M one can find a codimension 1 submanifold
N whose tangent spaces coincide with the hyperplane field, i.e. such that
TqN = ξq for all q ∈ N . Such an N is called an integral submanifold of ξ.
It turns out that ξ = ker α is integrable precisely if α satisfies the Frobenius
integrability condition

α ∧ dα ≡ 0.

In terms of Lie brackets of vector fields, this integrability condition can be
written as

[X,Y ] ∈ ξ for all X,Y ∈ ξ;

here X ∈ ξ means that X is a smooth section of TM with Xp ∈ ξp for all
p ∈ M . A third equivalent formulation of integrability is that ξ is locally
of the form dz = 0, where z is a local coordinate function on M . A good
textbook reference for these facts is Warner [238]. The collection of integral
submanifolds of an integrable hyperplane field constitutes what is called a
codimension 1 foliation. For the global topology of foliations (of arbitrary
codimension) see Tamura [227].

Contact structures are in a certain sense the exact opposite of integrable
hyperplane fields.

Definition 1.1.3 Let M be a manifold of odd dimension 2n+1. A contact
structure is a maximally non-integrable hyperplane field ξ = ker α ⊂ TM ,
that is, the defining differential 1–form α is required to satisfy

α ∧ (dα)n �= 0
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(meaning that it vanishes nowhere). Such a 1–form α is called a contact
form. The pair (M, ξ) is called a contact manifold.

Remark 1.1.4 As a somewhat degenerate case, this definition includes 1–
dimensional manifolds with a non-vanishing 1–form α. The corresponding
contact structure ξ = ker α is the zero section of the tangent bundle.

Example 1.1.5 On R2n+1 with Cartesian coordinates

(x1 , y1 , . . . , xn , yn , z),

the 1–form

α1 = dz +
n∑

j=1

xj dyj

is a contact form. The contact structure ξ1 = ker α1 is called the standard
contact structure on R2n+1. See Figure 1.1 for the 3–dimensional case.

x

y

z

Fig. 1.1. The contact structure ker(dz + x dy).

Remark 1.1.6 Observe that α is a contact form precisely if α ∧ (dα)n is a
volume form on M (i.e. a nowhere vanishing top-dimensional differential
form); in particular, M needs to be orientable. The condition α∧ (dα)n �= 0
is independent of the specific choice of α and thus is indeed a property of
ξ = ker α: any other 1–form defining the same hyperplane field must be of
the form λα for some smooth function λ : M → R \ {0}, and we have

(λα) ∧ (d(λα))n = λα ∧ (λ dα + dλ ∧ α)n = λn+1α ∧ (dα)n �= 0.
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We see that if n is odd, the sign of this volume form depends only on ξ,
not the choice of α, so the contact structure ξ induces a natural orientation
of M . If M comes equipped with a specific orientation, one can speak of
positive and negative contact structures.

Lemma 1.1.7 In the 3–dimensional case the contact condition can also be
formulated as

[X,Y ]p �∈ ξp at every p ∈M , for all pointwise
linearly independent vector fields X,Y ∈ ξ.

Proof The equation

dα(X,Y ) = X(α(Y ))− Y (α(X))− α([X,Y ]),

which holds for arbitrary 1–forms α and vector fields X,Y on M , see [238,
p. 70], implies

dα(X,Y ) = −α([X,Y ]) for all X,Y ∈ ξ = ker α.

The contact condition α ∧ dα �= 0 in dimension 3 is equivalent to dα|ξ �= 0.
This implies the claim.

Example 1.1.8 The standard contact structure ξ1 on R3 is given by dz +
x dy = 0, hence ξ1 is spanned by the vector fields ∂x and ∂y − x ∂z , with
[∂x, ∂y − x ∂z ] = −∂z �∈ ξ1 .

Here is another fundamental concept of contact geometry.

Lemma/Definition 1.1.9 Associated with a contact form α one has the
so-called Reeb vector field Rα , uniquely defined by the equations

(i) dα(Rα,−) ≡ 0,
(ii) α(Rα ) ≡ 1.

Proof This is essentially a matter of linear algebra. For each point p ∈ M ,
the form dα|Tp M is, by the contact condition α∧(dα)n �= 0, a skew-symmetric
form of maximal rank 2n (for M of dimension 2n + 1). Hence dα|Tp M has
a 1–dimensional kernel (see the section on symplectic linear algebra below)
and equation (i) defines Rα uniquely up to scaling, in other words, a unique
line field 〈Rα 〉 ⊂ TM . (The smoothness of this line field follows from the
smoothness of α.) Again by the contact condition, α is non-trivial on that
line field, so the normalisation condition (ii) specifies a non-vanishing section
of it.
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Example 1.1.10 The Reeb vector field Rα1 of the standard contact form
α1 on R2n+1 equals ∂z .

Notice that one cannot reasonably speak of the Reeb vector field of a
contact structure. The consequences of the fact that different contact forms
defining the same contact structure may have Reeb vector fields with wildly
differing dynamics will be addressed in Example 2.2.5 below.

The name ‘contact structure’ has its origins in the fact that one of the
first historical sources of contact manifolds are the so-called spaces of contact
elements. We shall presently discuss these and other classical examples of
contact manifolds.

1.2 The space of contact elements

In 1872, Lie [159] (see also [160], [161]) introduced the notion of contact
transformation (Berührungstransformation) as a geometric tool for study-
ing systems of differential equations. This may be regarded as the earliest
precursor of modern contact geometry.

Contact transformations constitute a particular case of a local transfor-
mation group defined by the integrals of a system of differential equations.
These transformations were studied extensively during the later part of the
nineteenth century and the beginning of the twentieth century by, amongst
others, Engel, Poincaré, Goursat, and Cartan.

In the present section we phrase in modern language some of the contact
geometric notions that can be traced back to the work of Lie.

Definition 1.2.1 Let B be a smooth n–dimensional manifold. A contact
element is a hyperplane in a tangent space to B. The space of contact
elements of B is the collection of pairs (b, V ) consisting of a point b ∈ B

and a contact element V ⊂ TbB.

Lemma 1.2.2 The space of contact elements of B can be naturally iden-
tified with the projectivised cotangent bundle PT ∗B, which is a manifold of
dimension 2n− 1.

Proof A hyperplane V in the tangent space TbB is defined as the kernel
of a non-trivial linear map uV : TbB → R, and uV is determined by V up
to multiplication by a non-zero scalar. So the space of contact elements at
b ∈ B may be thought of as the projectivisation of the dual space T ∗

b B. It is
standard bundle theory that this fibrewise projectivisation yields a smooth
bundle, see [38].
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Next we want to see that the space of contact elements comes equipped
with a contact structure.

Lemma 1.2.3 Write π for the bundle projection PT ∗B → B. For u =
uV ∈ PT ∗

b B, let ξu be the hyperplane in Tu (PT ∗B) such that Tπ(ξu ) is the
hyperplane V in Tπ (u)B = TbB defined by u. Then ξ defines a contact
structure on PT ∗B.

We call this the natural contact structure on the space of contact
elements. Figure 1.2 illustrates the construction for B = R2 . Here PT ∗B =
R2 × RP 1 .

R2

{u = 0}

u

ξu

RP 1

Fig. 1.2. The space of contact elements.

Proof of Lemma 1.2.3 Let q1 , . . . , qn be local coordinates on B, and denote
the corresponding dual coordinates in the fibres of the cotangent bundle
T ∗B by p1 , . . . , pn . This means that the coordinate description of covectors
is given by

(q1 , . . . , qn , p1 , . . . , pn ) =
( n∑

j=1

pj dqj

)
(q1 ,...,qn )

.

Thus, a point

(q1 , . . . , qn , (p1 : . . . : pn ))
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in the projectivised cotangent bundle PT ∗B defines the hyperplane

n∑
j=1

pj dqj = 0

in TbB, where b = (q1 , . . . , qn ). By construction, the natural contact struc-
ture ξ on PT ∗B is defined by

ξ = ker
( n∑

j=1

pj dqj

)
;

notice that this kernel is indeed well defined in terms of the coordinates on
PT ∗B, although the 1–form

∑
pj dqj is not.

In order to verify the contact condition for ξ, we restrict to affine subspaces
of the fibre. Over the open set {p1 �= 0},† for instance, ξ is defined in terms
of affine coordinates p′j = pj/p1 , j = 2, . . . , n, by the equation

dq1 + p′2 dq2 + · · ·+ p′n dqn = 0,

which is exactly the description of the standard contact structure on R2n−1

from Example 1.1.5.

Example 1.2.4 Consider the 2–torus B = T 2 = S1 × S1 and let x, y be
S1–valued coordinates on B. Since B has trivial (co-)tangent bundle, the
space of contact elements of B is B × RP 1 . When identifying RP 1 with
R/πZ with coordinate θ, the natural contact structure can be written as

sin θ dx− cos θ dy = 0.

This is an example of a contact structure that is not coorientable. It lifts
to a coorientable contact structure, given by the same equation, on B × S1 ,
with S1 := R/2πZ.

This standard contact structure on the space of contact elements also plays
a role in the Hamiltonian formalism of classical mechanics, a point to which
we shall return in Section 1.4.

Definition 1.2.5 A contact transformation is a diffeomorphism of a
space of contact elements that preserves the natural contact structure on
that space.

† By this notation I mean the set of points (here: in the projectivised cotangent bun-
dle over a coordinate neighbourhood) that satisfy the inequality in braces. Similar
shorthand notation will be used throughout this text.
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We briefly elaborate on the relevance of contact transformations for the
theory of differential equations. Let B = R2 . In this case, contact elements
are also called line elements. Following Lie, we write (x, z) for the Carte-
sian coordinates on R2 , and p for the slope of a line passing through a given
point. The space of line elements whose slope p is finite can be identified
with R3 with coordinates (x, z, p). The equation for lines of slope p is given
by

dz − p dx = 0,

and when regarded as an equation on the space of line elements, it defines
the natural contact structure. A solution z = z(x) of a differential equation
F (x, z, z′) = 0 corresponds to an integral curve

x �−→ (x, z(x), z′(x))

of that contact structure.
Observe that a diffeomorphism

f : (x, z, p) �−→ (x1 , z1 , p1)

of R3 is a contact transformation if and only if

dz1 − p1 dx1 = ρ(dz − p dx)

for some nowhere zero function ρ : R3 → R, that is,

f∗(dz − p dx) = ρ(dz − p dx).

Equivalently, this is saying that f maps all integral curves of the contact
structure dz − p dx = 0 to integral curves of dz1 − p1 dx1 = 0.

Define a function F1 of the transformed coordinates (x1 , z1 , p1) by

F1(x1 , z1 , p1) = F (x, z, p),

i.e. F = F1 ◦ f .

Lemma 1.2.6 Let f be a contact transformation as above. Suppose the
curve x �→ z(x) is a local solution of the differential equation

F (x, z, z′) = 0.

Define a curve in the transformed variables by

(x1(x), z1(x), p1(x)) := f(x, z(x), z′(x)).

If the curve x �→ (x1(x), z1(x)) is regular, i.e. (x′
1(x), z′1(x)) �= (0, 0) for all x,
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then z1(x) may be regarded as a function of the transformed variable x1(x),
and the curve x1 �→ z1(x1) is a local solution of the transformed equation

F1

(
x1 , z1 ,

dz1

dx1

)
= 0.

Proof The curve x �→ (x, z(x), z′(x)) is an integral curve of the natural
contact structure dz − p dx = 0. Since f is a contact transformation, the
curve

x �−→ (x1(x), z1(x), p1(x)) := f(x, z(x), z′(x))

is an integral curve of the contact structure dz1 − p1 dx1 = 0. It follows
that z′1(x) − p1(x)x′

1(x) = 0. With the regularity condition on the curve
x �→ (x1(x), z1(x)) this forces x′

1(x) �= 0. We may therefore write x locally
as a function of x1 . Hence

dz1

dx1
(x1) =

dz1

dx
(x(x1)) ·

dx

dx1
(x1) =

z′1(x(x1))
x′

1(x(x1))
= p1(x(x1))

and

F1

(
x1 , z1 ,

dz1

dx1

)
= F1(x1(x), z1(x), p1(x))

= F1 ◦ f(x, z(x), z′(x))

= F (x, z(x), z′(x)) = 0.

This proves the lemma.

Example 1.2.7 Let z : R → R, x �→ z(x) be a strictly convex function (i.e.
z′′ > 0), and assume that x �→ z′(x) defines a diffeomorphism of the real line
onto itself. Then, for any p ∈ R, the function Zp : R → R defined by

Zp(x) := px− z(x)

has a unique maximum at the point x = x(p) given by

dz

dx
(x(p)) = p.

Define a new function z1 of the variable p by

z1(p) = Zp(x(p)) = p · x(p)− z(x(p)).

Then
dz1

dp
(p) = x(p) + p · dx

dp
(p)− dz

dx
(x(p)) · dx

dp
(p) = x(p).

The transformation

f : (x, z, p) �−→ (x1 := p, z1 := px− z, p1 := x)
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is a contact transformation of R3 (with ρ ≡ 1); it is called the Legendre
transformation of the function z with respect to the variable x, see [14].

Spaces of contact elements appear implicitly or explicitly in a multitude of
geometric situations. Here is an example of a contact geometric interpreta-
tion of polarities in projective geometry. This may justify calling Apollonius
of Perga [12] the earliest contact geometer avant la lettre.

We take B = RP 2 , the projective 2–plane. Represent points of RP 2 in
homogeneous coordinates, written as column vectors. Write (RP 2)∗ for a
dual copy of RP 2 , that is, the space of projective lines in RP 2 . In (RP 2)∗

we write points as row vectors. Thus, the point

p = (p0 : p1 : p2) ∈ (RP 2)∗

defines the line{
q =

 q0

q1

q2

 ∈ RP 2 : pq := p0q0 + p1q1 + p2q2 = 0
}

.†

By slight abuse of terminology, we call this subset of RP 2 ‘the line p’. Ob-
serve that the contact elements at a point q ∈ RP 2 correspond in a one-to-
one fashion to projective lines through q, so we can give a global coordinate
description of the space of contact elements of RP 2 as

M =
{
(q,p) ∈ RP 2 × (RP 2)∗ : pq = 0

}
.

There are two distinguished projective lines in M passing through a given
point (q0 ,p0) ∈M , to wit,

L(q0 ,p0 ) = {(q,p0) ∈ M}

and

L∗
(q0 ,p0 ) = {(q0 ,p) ∈M}.

The tangent lines to these projective lines at the point (q0 ,p0) determine
the contact plane ξ(q0 ,p0 ) of the natural contact structure on M .

Now consider a non-singular projective conic C in RP 2 . This is given
by an equation qtAq = 0, where A is a symmetric 3 × 3 matrix of rank 3
and index 2. Define maps ϕ : RP 2 → (RP 2)∗ and ϕ∗ : (RP 2)∗ → RP 2 by
ϕ(q) = qtA and ϕ∗(p) = A−1pt . This defines a correlation: the image of
a point q on a line p is a line ϕ(q) containing the point ϕ∗(p). Indeed, if
pq = 0, then

ϕ(q)ϕ∗(p) = qtAA−1pt = qtpt = pq = 0.

† Products of vector-valued quantities will always be read as scalar products; likewise:
p dq =

∑
j pj dqj , q ∂q =

∑
j qj ∂qj , etc.
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Obviously ϕ∗ ◦ ϕ = idRP 2 and ϕ ◦ ϕ∗ = id(RP 2 )∗ . A correlation with this
property is called a polarity.

Since we defined ϕ and ϕ∗ in terms of a coordinate description of the conic
C, it is not clear, a priori, that these maps have any geometric meaning. The
following proposition shows that they do.

Proposition 1.2.8 (a) The maps ϕ and ϕ∗ depend only on the conic C, not
on the specific coordinate representation.

(b) If C is realised as an ellipse in an affine subspace R2 ⊂ RP 2 , the
geometric meaning of ϕ is as follows.

(i) If q ∈ C, then ϕ(q) is the tangent line to C at q.
(ii) If q is in the exterior of C, let q1 ,q2 be the points of C where the

corresponding tangent lines to C pass through q. Then ϕ(q) is the
line through q1 and q2 .

(iii) If q is in the interior of C, then ϕ(q) is constructed as illustrated in
Figure 1.3.

(c) The map

Φ : RP 2 × (RP 2)∗ −→ RP 2 × (RP 2)∗

(q , p) �−→ (ϕ∗(p) , ϕ(q))

restricts to a contact transformation of M .

Proof (a) Consider a coordinate transformation

q = Bq̃

of RP 2 , with B an invertible 3× 3 matrix. Then

qtAq = q̃tBtABq̃,

i.e. with respect to the new coordinates (with tildes) the conic is described
by the matrix Ã = BtAB. Moreover, we have pq = 0 if and only if pBq̃ = 0,
which implies that the corresponding coordinate transformation of (RP 2)∗

is given by

p̃ = pB.

With respect to the old coordinates, we had

ϕ(q) = qtA = q̃tBtA;

with respect to the new coordinates we have

ϕ̃(q̃) = q̃t Ã = q̃tBtAB = ϕ(q)B.
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q

ϕ(q)

Fig. 1.3. Polarity in affine space.

This transformation behaviour shows that ϕ(q) in the old coordinates and
ϕ̃(q̃) in the new coordinates represent the same line. Similarly, we have

ϕ∗(p) = A−1pt = A−1(B−1)t p̃t

and

ϕ̃∗(p̃) = (Ã)−1 p̃t = B−1A−1(B−1)tBtpt = B−1ϕ∗(p),

so ϕ∗(p) in the old coordinates and ϕ̃∗(p̃) in the new coordinates represent
the same point.

(b) Let x be a point on C. Then ϕ(x)x = xtAx = 0, so x also lies on its
polar ϕ(x). We want to show that ϕ(x) is actually the tangent to C at x.
To that end, assume that y is another point that lies both on C and on the
polar ϕ(x) of x, that is, ytAy = 0 and xtAy = 0. By (a) we may assume
without loss of generality that

A =

 −1 0 0
0 1 0
0 0 1

 ,
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and we may then choose homogeneous coordinates for x and y in the form

x =

 1
x1

x2

 , y =

 1
y1

y2

 .

From (x−y)tA(x−y) = 0 we obtain (x1 − y1)2 + (x2 − y2)2 = 0, i.e. x = y.
This proves (i).

Statements (ii) and (iii) then follow from the general properties of a po-
larity: the tangent line to C at qj , j = 1, 2, is ϕ(qj ) by (i). Hence q ∈ ϕ(qj )
and therefore ϕ(q) 
 ϕ∗(ϕ(qj )) = qj . This proves (ii). Statement (iii)
follows by a further iteration of this argument.

(c) One easily verifies

Φ(L(q0 ,p0 )) = L∗
Φ(q0 ,p0 )

and

Φ(L∗
(q0 ,p0 )) = LΦ(q0 ,p0 ) .

Since the natural contact structure ξ is determined by the tangent lines to
these projective lines, we have

TΦ(q0 ,p0 )(ξ(q0 ,p0 )) = ξΦ(q0 ,p0 ) .

This proves that Φ restricts to a contact transformation of M .

1.3 Interlude: symplectic linear algebra

Before we proceed with the contact geometric interpretation of various phe-
nomena in geometry and physics, we pause to recall some simple symplectic
linear algebra. For a complete treatment of these issues the reader should re-
fer to the textbooks by Cannas da Silva [40] or McDuff–Salamon [177]; here I
restrict myself to those aspects that will be immediately relevant throughout
this book.

Let V be a finite-dimensional real vector space and ω a symplectic linear
form on V , that is, a skew-symmetric bilinear form with the property that
the homomorphism

φω : V −→ V ∗

v �−→ ω(v,−)

is an isomorphism. The pair (V, ω) is called a symplectic vector space.
For a subspace U ⊂ V , define

U⊥ := {v ∈ V : ω(u,v) = 0 for all u ∈ U},

the symplectic orthogonal complement of U .
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Lemma 1.3.1 For any subspace U of a symplectic vector space (V, ω) we
have

dim U + dimU⊥ = dim V

and (U⊥)⊥ = U .

Proof Consider the homomorphism

φU : V −→ U∗

v �−→ ω(v,−)|U .

Then ker φU = U⊥ by the definition of U⊥.
Given any ϕ ∈ U∗, extend it to a linear form ϕ̃ ∈ V ∗ (that is, ϕ̃|U = ϕ).

Since φω is surjective, we find a vector v ∈ V with φω (v) = ϕ̃. It follows

φU (v) = φω (v)|U = ϕ̃|U = ϕ.

Thus, φU is surjective. The dimension formula for vector space homomor-
phisms gives

dim V = dim im φU + dim ker φU = dim U + dim U⊥.

The inclusion U ⊂ (U⊥)⊥ follows directly from the definition of the sym-
plectic orthogonal complement. The dimension formula yields dimU =
dim(U⊥)⊥. This implies (U⊥)⊥ = U .

Definition 1.3.2 A subspace U of a symplectic vector space (V, ω) is called

• symplectic if U ∩ U⊥ = {0},
• isotropic if U ⊂ U⊥,
• coisotropic if U ⊃ U⊥,
• Lagrangian if U = U⊥.

From U = (U⊥)⊥ we immediately deduce that U is isotropic if and only
if U⊥ is coisotropic.

Once we pass from symplectic vector spaces to symplectic manifolds, we
shall encounter the corresponding notions for submanifolds. There will also
be related contact geometric concepts. For instance, the next lemma will
play a role in the discussion of isotropic submanifolds of contact manifolds,
see Definition 1.5.11 and Section 2.5.2.

Lemma 1.3.3 Let U be an isotropic subspace of a symplectic vector space
(V, ω). Then ω induces a well-defined symplectic structure on the quotient
space U⊥/U .
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Proof For u,u′ ∈ U and v,v′ ∈ U⊥ we have from U ⊂ U⊥ that

ω(v + u,v′ + u′) = ω(v,v′),

so ω induces a well-defined bilinear form on U⊥/U .
If v0 ∈ U⊥ has the property that ω(v0 ,v) = 0 for all v ∈ U⊥, then

v0 ∈ (U⊥)⊥ = U , so [v0 ] = 0 in U⊥/U . This means that ω is symplectic on
U⊥/U .

The following observation justifies the name ‘symplectic’ subspace.

Lemma 1.3.4 Let U be a subspace of a symplectic vector space (V, ω). Then
U ∩ U⊥ = {0} if and only if ω|U is symplectic, i.e. if φU |U : U → U∗ is an
isomorphism. Furthermore, U has this property if and only if so does U⊥.

Proof If U ∩ U⊥ = {0}, then V = U ⊕ U⊥ by the dimension formula of
the preceding lemma. Given 0 �= u0 ∈ U , there is a v ∈ V such that
ω(u0 ,v) �= 0. Write v = u + u⊥ ∈ U ⊕ U⊥. Then 0 �= ω(u0 ,v) = ω(u0 ,u).
This means that the homomorphism φU |U : U → U∗ is injective, and hence
an isomorphism, since dim U = dimU∗.

Conversely, suppose we know this homomorphism to be injective. Let
u ∈ U ∩U⊥. Then ω(u,u′) = 0 for all u′ ∈ U . This means that φU (u) = 0,
and hence u = 0.

Because of (U⊥)⊥ = U , the situation is symmetric in U and U⊥.

Proposition 1.3.5 A symplectic vector space (V, ω) has even real dimension.
If dim V = 2n, there is a basis {e∗1 , f∗1 , . . . , e∗n , f∗n} for V ∗ such that

ω = e∗1 ∧ f∗1 + · · ·+ e∗n ∧ f∗n .

Hence ωn = n! e∗1 ∧ f∗1 ∧ . . . ∧ e∗n ∧ f∗n �= 0.
Conversely, a skew-symmetric bilinear form ω on a 2n–dimensional vector

space V with the property that ωn �= 0 is a symplectic linear form.

Proof Let (V, ω) be a symplectic vector space. Choose an arbitrary non-
zero vector e1 ∈ V (assuming V not to be the zero vector space). By the
definition of a symplectic linear form we find f1 ∈ V with ω(e1 , f1) = 1.
By the skew-symmetry of ω, the vector space U1 spanned by e1 and f1 is
2–dimensional. Moreover, ω|U1 is symplectic, hence V = U1 ⊕ U⊥

1 by the
preceding lemma, and ω|U ⊥

1
is also symplectic.

By induction, we find a basis {e1 , f1 , . . . , en , fn} for V with

ω(ei , ej ) = ω(fi , fj ) = 0, ω(ei , fj ) = δij , i, j = 1, . . . , n.
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Hence dim V = 2n is even. The dual basis {e∗1 , f∗1 , . . . , e∗n , f∗n } for V ∗ yields
the desired description of ω.

Conversely, assume that ω is a skew-symmetric bilinear form on a 2n–
dimensional vector space V with ωn �= 0. Given a non-zero vector v ∈ V ,
there must be a vector v′ ∈ V with ω(v,v′) �= 0, otherwise ωn (v, . . .) = 0.
This means that φω (v) �= 0 ∈ V ∗. In other words, φω is injective, and hence
ω symplectic.

Remark 1.3.6 From the dimension formula (Lemma 1.3.1) it follows that
an isotropic subspace of a 2n–dimensional symplectic vector space has di-
mension less than or equal to n; Lagrangian subspaces are precisely the
isotropic subspaces of dimension n.

Remark 1.3.7 Observe that an equivalent condition for ξ ⊂ TM to be a
contact structure on the (2n + 1)–dimensional manifold M is that for any
(local) 1–form α with ξ = ker α we have that (dα)n |ξ �= 0, in other words,
that (ξp , dα|ξp

) be a symplectic vector space for all points p ∈ M .

In that last remark, we actually have an example of a symplectic vector
bundle (ξ, dα), i.e. a vector bundle with a symplectic form on every fibre,
varying smoothly (in a sense that will be made precise) with the base point.
When working with such bundles, certain constructions require one to find
complementary bundles of a given sub-bundle, e.g. a coisotropic complement
of an isotropic sub-bundle. There is no canonical way of doing this, but a
specific choice can be made once a compatible complex bundle structure has
been fixed. Here we develop this concept on the vector space level.

Definition 1.3.8 A complex structure on a real vector space V is an
automorphism J : V → V satisfying J2 = −idV . If (V, ω) is a symplectic
vector space, then a complex structure J on V is called ω–compatible if it
satisfies

(i) ω(Ju, Jv) = ω(u,v) for all u,v ∈ V ,
(ii) ω(v, Jv) > 0 for all non-zero v ∈ V .

Remarks 1.3.9 (1) If J is a complex structure on a vector space V , one can
define a complex scalar multiplication by (a + ib)v = av + bJv for a, b ∈ R

and v ∈ V ; here i :=
√
−1. This turns V into a vector space over C, and in

particular the real dimension of V has to be even.
(2) An inner product g on V is called J–compatible if

g(Ju, Jv) = g(u,v) for all u,v ∈ V.
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Starting from an arbitrary inner product g̃ on V , one can define a J–
compatible inner product g by setting

g(u,v) = g̃(u,v) + g̃(Ju, Jv).

(3) Given a J–compatible inner product g on V , a Hermitian inner product
h on V (regarded as a complex vector space as in (1)) can be defined by

h(u,v) = g(u,v) + ig(u, Jv).

(4) If J is a complex structure compatible with a symplectic form ω, then
gJ (u,v) := ω(u, Jv) defines a J–compatible inner product on V .

Proposition 1.3.10 The space J (ω) of ω–compatible complex structures
on the symplectic vector space (V, ω) is non-empty and contractible (with
the topology J (ω) inherits as a subset of the vector space of endomorphisms
of V ).

Proof Choose an arbitrary inner product g on V and define an automorphism
A of V by ω(u,v) = g(Au,v). Formally, if φg denotes the isomorphism
V → V ∗ given by v �→ g(v,−), then Au = φ−1

g (φω (u)). Then

g(Au,v) = ω(u,v) = −ω(v,u) = −g(Av,u) = g(u,−Av),

so the adjoint A∗ of A with respect to g is A∗ = −A. It follows that
−A2 = AA∗ is symmetric and positive definite with respect to g.

Let Q be the uniquely defined positive square root of −A2 . This auto-
morphism is determined geometrically and without reference to any basis by
the property that on any eigenspace of −A2 it acts as multiplication by the
positive square root of the corresponding eigenvalue.

Define J = AQ−1 . One checks easily that A preserves the eigenspaces of
−A2 and hence commutes with Q. We conclude

J2 = AQ−1AQ−1 = A2(Q2)−1 = −idV ,

so J is a complex structure on V .
The automorphism Q is self-adjoint, and A is skew-adjoint, hence J is

skew-adjoint (and commutes with A). It follows that

ω(Ju, Jv) = ω(u,−J2v) = ω(u,v).

Similarly one finds

ω(u, Jv) = g(Au, Jv) = g(u,−AJv)

= g(u,−A2Q−1v) = g(u, Qv),
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and hence ω(v, Jv) > 0 for v �= 0. This concludes the proof that the space
J (ω) is non-empty.

In order to show the contractibility of that space, we introduce the space
G of inner products on V . (The topology on that space can most easily
be defined by choosing a basis for V – violating my own dictum – and
identifying G with the space of symmetric and positive definite matrices.)
The construction above gives a smooth map

j : G −→ J (ω)
g �−→ J = j(g).

If we start with J ∈ J (ω) and define the J–compatible inner product gJ by
gJ (u,v) = ω(u, Jv), then ω(u,v) = gJ (Ju,v). So the above construction
applied to gJ yields A = J , Q = idV , and hence j(gJ ) = J .

Fix an element J0 ∈ J (ω). Define a family of continuous maps

ft : J (ω) → J (ω), t ∈ [0, 1],

by

ft(J) = j((1− t)gJ0 + tgJ ).

This defines a homotopy between the constant map f0 ≡ J0 and the identity
map f1 = idJ (ω ) , which means that the space J (ω) is contractible.

1.4 Classical mechanics

In the Hamiltonian formalism, a mechanical system is described by a config-
uration space B, which we shall assume to be a smooth manifold, with corre-
sponding phase space (i.e. space of positions and momenta) described by the
cotangent bundle T ∗B of B. For a comprehensive introduction to the math-
ematical treatment of classical mechanics see the textbook by Arnold [13].
Here I only want to highlight one aspect of this mathematical set-up where
contact geometry comes into play.

Consider the commutative diagram

TT ∗B −−−−→ T ∗B

T π

� �π

TB −−−−→ B

and define a differential 1–form λ on T ∗B by λu = u◦Tπ for u ∈ T ∗B. This
1–form is called the Liouville form on T ∗B.

Lemma 1.4.1 In local coordinates q = (q1 , . . . , qn ) on the manifold B and
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dual coordinates p = (p1 , . . . , pn ) on the fibres of T ∗B, the Liouville form λ

is equal to

λ =
n∑

j=1

pj dqj =: p dq.

This form can also be characterised by the property that for any differential
1–form τ on B (i.e. section of the bundle T ∗B → B) one has τ = τ∗λ.

Proof Denote the fibre coordinates on TT ∗B corresponding to the local
coordinates (q,p) on T ∗B by (q̇, ṗ). This means that tangent vectors to
T ∗B are written in the form q̇ ∂q + ṗ ∂p . Recall that (q,p) is the coordinate
representation of (p dq)q . Thus

λ(q,p)(q̇ ∂q + ṗ ∂p) = (p dq)q(Tπ(q̇ ∂q + ṗ ∂p))

= (p dq)q(q̇ ∂q)

= pq̇

= (p dq)(q,p)(q̇ ∂q + ṗ ∂p),

i.e. λ = p dq.
For the alternative characterisation of λ, let τ be any differential 1–form

on B, and b a point of B. Then

(τ∗λ)b = λτb
◦ Tτ

= τb ◦ Tπ ◦ Tτ

= τb ,

since π ◦ τ = idB . Conversely, if µ is another 1–form on T ∗B with the
property that τ∗µ = τ for all 1–forms τ on B, then τ∗(λ− µ) = 0 for all τ .
By choosing suitable τ , one concludes that λ− µ vanishes identically.

Observe that ker λ defines the natural contact structure on the space of
contact elements PT ∗B described in the preceding section.

Definition 1.4.2 A symplectic form on a differential manifold W of even
dimension 2n is a differential 2–form that is closed (dω = 0) and non-
degenerate, i.e. the 2n–form ωn is required to be nowhere zero. The pair
(W,ω) is then called a symplectic manifold.

Notice that if (W,ω) is a symplectic manifold, then each tangent space
TxW , x ∈ W , is a symplectic vector space with symplectic linear form ωx .

The natural 2–form ω := dλ on T ∗B is clearly a symplectic form: ω is
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exact, and so in particular closed; the non-degeneracy of ω can best be seen
in local coordinates, here

ω = dp ∧ dq =
n∑

j=1

dpj ∧ dqj ,

from which we compute ωn = n! dp1 ∧ dq1 ∧ . . . ∧ dpn ∧ dqn �= 0.

Let L = L(t,q,v) be a C2–function of the variables t ∈ R and q,v ∈ Rn .
From elementary variational calculus, see [143] or [177, p. 13], we know that
critical points q ∈ C1([t0 , t1 ], Rn ) of the action functional

q �→
∫ t1

t0

L(t,q(t), q̇(t)) dt

have to satisfy the Euler–Lagrange equations

d

dt

(∂L

∂q̇

)
− ∂L

∂q
= 0,

that is,

d

dt

( ∂L

∂vj
(t,q(t), q̇(t))

)
− ∂L

∂qj
(t,q(t), q̇(t)) = 0, j = 1, . . . , n.

We call L the Lagrangian function of the variational problem.
Many mechanical systems can be described by such a variational principle

of least (strictly speaking: critical) action.† For instance, the Newtonian
equations of dynamics describing the motion of particles in a potential U =
U(q) are simply the Euler–Lagrange equations for the Lagrangian L :=
T − U , i.e. the difference between the kinetic energy T = T (v) and the
potential U , see [13, Section 13].

Now assume that L satisfies the Legendre condition

det
( ∂2L

∂vi ∂vj

)
�= 0.

Consider the equation

p− ∂L

∂v
(t,q,v) = 0.

By the implicit function theorem, the Legendre condition is precisely what
is needed to solve this equation for v, i.e. to write v = v(q,p, t).

The Hamiltonian function can then be defined as the Legendre trans-
form of L with respect to v, see Example 1.2.7, i.e.

H(t,q,p) := pv − L(t,q,v),

† ‘Nach Leibniz ist unsere Welt die bestmögliche aller Welten, und daher lassen sich die
Naturgesetze durch Extremalprinzipien beschreiben.’ [221]
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and it is a simple matter to show that the Euler–Lagrange equations for L

transform into the Hamiltonian equations for H:

q̇ =
∂H

∂p
, ṗ = −∂H

∂q
;

these have to be read as q̇j = ∂H/∂pj , j = 1, . . . , n; likewise for the second
system of n equations. Notice that we have reduced a system of n second-
order equations to a system of 2n first-order equations.

If L = T −U with T = T (v) homogeneous of degree 2 in v, and U = U(q)
(as will be the case in a typical mechanical system), then

H(q,p) = pv − L =
∂L

∂v
v − T + U = T + U

is the total energy.
The preceding discussion can be generalised to the consideration of Hamil-

tonian functions on cotangent bundles T ∗B. With the following lemma we
return to a more mathematical mode.

Lemma/Definition 1.4.3 Let H : W → R be a differentiable function on
a symplectic manifold (W,ω). Then there is a unique vector field XH on W

defined by

ω(XH ,−) = −dH.

This XH is called the Hamiltonian vector field corresponding to the
Hamiltonian function H.

The Hamiltonian vector field XH satisfies the condition dH(XH ) = 0, so
its flow preserves the level sets of H.

Proof On each tangent space TxW , x ∈ W , the 2–form ωx is a linear
symplectic form. Hence XH (x) is uniquely defined as φ−1

ωx
(−dHx).

Further, we compute dH(XH ) = −ω(XH ,XH ) = 0.

It is not difficult to see (for instance in a local coordinate representation)
that XH is a smooth vector field.

The next proposition gives a succinct way of writing the Hamiltonian
equations. The statement dH(XH ) = 0 from the preceding lemma can then
be read as a mathematical formulation of the preservation of energy.

Proposition 1.4.4 The Hamiltonian equations for a smooth function H on
the symplectic manifold (T ∗B,ω = dλ) can be written in a coordinate-free
manner as

ẋ = XH (x).
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Proof In local coordinates x = (q,p) we have

dH =
∂H

∂q
dq +

∂H

∂p
dp

and ω = dp ∧ dq. This implies

XH =
∂H

∂p
∂q −

∂H

∂q
∂p .

So the equation ẋ = XH (x) is equivalent to the Hamiltonian equations

(q̇, ṗ) =
(∂H

∂p
,−∂H

∂q

)
,

as was to be shown.

We now want to relate this Hamiltonian flow to the Reeb flow of a suitable
contact form. The connection between the two is given by the fact that
certain hypersurfaces in symplectic manifolds carry contact forms.

Lemma/Definition 1.4.5 A Liouville vector field Y on a symplectic
manifold (W,ω) is a vector field satisfying the equation LY ω = ω, where L
denotes the Lie derivative. In this case, the 1–form α := iY ω := ω(Y,−)
is a contact form on any hypersurface M transverse to Y (that is, with Y

nowhere tangent to M). Such hypersurfaces are said to be of contact type.

Proof The Cartan formula

LY = d ◦ iY + iY ◦ d

for the Lie derivative (see [238, p. 70]) and the fact that ω is closed allow us
to write the Liouville condition on Y as d(iY ω) = ω. Assuming W to be of
dimension 2n, we compute

α ∧ (dα)n−1 = iY ω ∧ (d(iY ω))n−1

= iY ω ∧ ωn−1

=
1
n

iY (ωn ).

Since ωn is a volume form on W , it follows that α ∧ (dα)n−1 is a volume
form when restricted to the tangent bundle of any hypersurface transverse
to Y .

Example 1.4.6 A Liouville vector field Y on (T ∗B,ω = dλ) (or any mani-
fold with an exact symplectic form) can be defined by iY ω = λ. In local
coordinates (q,p) on T ∗B we have Y = p ∂p , that is, the radial vector field
in fibre direction.
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Example 1.4.7 Given a contact manifold (M, ξ = ker α), one can form the
symplectic manifold (R×M,ω = d(etα)), with t denoting the R–coordinate.
(Here α is interpreted as a 1–form on R × M , i.e. we identify α with its
pull-back under the projection R ×M → M .) Indeed, if M has dimension
2n− 1, then

ωn = (et(dt ∧ α + dα))n = nentdt ∧ α ∧ (dα)n−1 �= 0.

One easily sees that the vector field ∂t is a Liouville vector field for this
symplectic form ω. The manifold (R×M,ω) is called the symplectisation
of (M,α). The orientation of R×M induced by the volume form ωn coincides
with the product orientation on R×M , where M is oriented by α∧ (dα)n−1 .

Example 1.4.8 Consider W = R4 with its standard symplectic form

ω = dx1 ∧ dy1 + dx2 ∧ dy2 .

The radial vector field

Y =
1
2
r ∂r =

1
2
(x1 ∂x1 + y1 ∂y1 + x2 ∂x2 + y2 ∂y2 )

(where r2 = x2
1 + y2

1 + x2
2 + y2

2 ) is a Liouville vector field for ω. On the unit
sphere S3 ⊂ R4 it induces the standard contact form

α := iY ω =
1
2
(x1 dy1 − y1 dx1 + x2 dy2 − y2 dx2).

Lemma 1.4.9 The Reeb vector field of the standard contact form α on S3

of the preceding example is

Rα = 2(x1 ∂y1 − y1 ∂x1 + x2 ∂y2 − y2 ∂x2 ).

The orbits of the flow of Rα define the fibres of the Hopf fibration

C2 ⊃ S3 −→ S2 = CP 1

(z1 , z2) �−→ (z1 : z2),

in particular, all the orbits of Rα are closed.

Proof Write Z = 2(x1 ∂y1 − y1 ∂x1 + x2 ∂y2 − y2 ∂x2 ). We have

α(Z) = x2
1 + y2

1 + x2
2 + y2

2 = 1

along S3 and

iZ dα = iZ ω

= −2(x1 dx1 + y1 dy1 + x2 dx2 + y2 dy2)

= −2r dr,
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which is identically zero when restricted to the tangent spaces of S3 , since
S3 is given by the equation r2 = 1. Moreover, r dr(Z) = 0, so we may regard
Z (more precisely: its restriction to S3) as a vector field on S3 . This proves
that Z = Rα .

The fibre of the Hopf fibration through a point

(z1 , z2) = (x1 + iy1 , x2 + iy2) ∈ S3 ⊂ C2

can be parametrised as

γ(t) = (eitz1 , eitz2), t ∈ R.

We compute

γ̇(0) = (iz1 , iz2) = (ix1 − y1 , ix2 − y2).

Expressed as a real vector field on R4 (tangent to S3), this is equal to

γ̇(0) = x1 ∂y1 − y1 ∂x1 + x2 ∂y2 − y2 ∂x2 =
1
2
Rα,

so the Reeb flow does indeed define the Hopf fibration.

Here is the promised result relating the Hamiltonian to the Reeb flow.

Lemma 1.4.10 If a codimension 1 submanifold M ⊂ T ∗B is both a hyper-
surface of contact type (with contact form α = iY ω for some Liouville vector
field Y ) and the level set of a Hamiltonian function H : T ∗B → R, then the
Reeb flow of α is a reparametrisation of the Hamiltonian flow.

Proof This follows from the observation that the 2–form dα = ω has a 1–
dimensional kernel on (each fibre of) TM – again this is fibrewise a matter
of linear algebra. This kernel is defined both by the Reeb vector field Rα

and the Hamiltonian vector field XH , since

iRα
dα|T M = 0

and

iXH
ω|T M = −dH|T M = 0.

So Rα and XH agree up to scaling.

1.5 The geodesic flow and Huygens’ principle

We now make a brief excursion into Riemannian geometry and give a contact
geometric interpretation of the so-called geodesic flow on the tangent bundle
of a Riemannian manifold. (For a comprehensive treatment of geodesic flows
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in the context of the theory of dynamical systems see the monograph by
Paternain [204]. However, the reader should beware the possible confusion
arising from the different definitions used there, which seem to render the
main result of the present section tautological.) We also consider the dual
flow on the cotangent bundle; here the discussion ties up with the space of
contact elements and yields a simple contact geometric proof of Huygens’
principle concerning the propagation of wave fronts.

Proposition/Definition 1.5.1 Let B be a manifold with a Riemannian
metric g. There is a unique vector field G on the tangent bundle TB

whose trajectories are of the form t �→ γ̇(t) ∈ Tγ (t)B ⊂ TB, where γ is
a geodesic on B (not necessarily of unit speed). This vector field G is called
the geodesic field, and its (local) flow the geodesic flow.

Note that the geodesic flow being defined globally (i.e. for all times) is
equivalent to saying that (B, g) is a complete Riemannian manifold.

Proof In local coordinates (q1 , . . . , qn ) on B, geodesics are found as solutions
of the system of second-order differential equations

q̈k +
∑
i,j

Γk
ij q̇i q̇j = 0, k = 1, . . . , n,

where the Γk
ij are the Christoffel symbols of the Riemannian metric g, see

any book on Riemannian geometry, e.g. the one by do Carmo [42]. Choose
local coordinates on the tangent bundle TB such that

(q1 , . . . , qn , v1 , . . . , vn ) =
( n∑

j=1

vj ∂qj

)
(q1 ,...,qn )

.

Then the second-order system above is equivalent to the following system of
first-order differential equations on TB:

q̇k = vk

v̇k = −
∑

i,j Γk
ij vivj

}
k = 1, . . . , n.

The solutions of this first-order system are precisely the integral curves of
the vector field

G(q1 , . . . , qn , v1 , . . . , vn ) =
(
v1 , . . . , vn ,−

∑
i,j

Γ1
ij vivj , . . . ,−

∑
i,j

Γn
ij vivj

)
.

This proves the existence of the desired geodesic field G in a local coordinate
neighbourhood. Thus, if we can prove uniqueness of G, this will automati-
cally entail its global existence.

By definition, the integral curves of the (locally defined) vector field G are
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of the form t �→ γ̇(t) ∈ Tγ (t)B with γ a geodesic on B. But geodesics can
be defined without any reference to local coordinates as autoparallel curves,
i.e. curves for which the covariant derivative ∇γ̇ (t) γ̇(t) vanishes identically.
This implies that the definition of G is likewise independent of the choice of
local coordinates.

The Riemannian metric g on B allows us to define a bundle isomorphism Ψ
from the tangent bundle TB to the cotangent bundle T ∗B, which is fibrewise
given by

Ψb : TbB −→ T ∗
b B

X �−→ gb(X,−).

This induces a bundle metric g∗ on T ∗B, defined by

g∗b (u1 ,u2) = gb(Ψ−1
b (u1),Ψ−1

b (u2)) for u1 ,u2 ∈ T ∗
b B.

The unit tangent bundle STB is defined fibrewise by

STbB = {X ∈ TbB : gb(X,X) = 1};

likewise the unit cotangent bundle ST ∗B is defined in terms of g∗.
For a geodesic γ on B, the length of its tangent vector γ̇ is constant:

d

dt
g(γ̇, γ̇) = 2g(∇γ̇ γ̇, γ̇) = 0.

This implies that the flow of the geodesic vector field G preserves the unit
tangent bundle STB, and hence along STB the vector field G is actually
tangent to STB. It is therefore reasonable to speak of the geodesic flow on
STB.

Theorem 1.5.2 Let (B, g) be a Riemannian manifold.
(a) The Liouville form λ on the cotangent bundle T ∗B induces a contact

form on the unit cotangent bundle ST ∗B. The Reeb vector field Rλ of this
contact form is dual to the geodesic vector field G in the sense that

TΨ(G) = Rλ.

(b) Let H : T ∗B → R be the Hamiltonian function defined by H(u) =
1
2 g∗(u,u). Then along ST ∗B = H−1(2), the Reeb vector field Rλ equals the
Hamiltonian vector field XH (with respect to the symplectic form ω = dλ

on T ∗B).

The flow of TΨ(G) on ST ∗B is called the cogeodesic flow. The theorem
says that the cogeodesic flow is equivalent both to the Reeb flow of λ (i.e. the
flow of Rλ) and the Hamiltonian flow of H on ST ∗B (i.e. the flow of XH ).



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

28 Facets of contact geometry

In principle, the theorem can be proved by a relentless calculation in terms
of arbitrary local coordinates. These calculations, however, simplify greatly
when performed in special coordinates, so we first recall some Riemannian
geometry.

Definition 1.5.3 Let b0 ∈ B be given. Pick a gb0–orthonormal basis
e1 , . . . , en for Tb0 B. Take q = (q1 , . . . , qn ) as the coordinates of the point
expb0

(
∑n

j=1 qjej ), where exp denotes the exponential map TB → B of the
metric g. These coordinates are called normal coordinates centred at the
point b0 .

Of course, these coordinates are only defined in a neighbourhood of b0

chosen sufficiently small so as to be the diffeomorphic image under the ex-
ponential map expb0

of a neighbourhood of 0 ∈ Tb0 B.
Write gij = g(∂qi

, ∂qj
) for the metric coefficients in terms of these local

coordinates. More formally, identify Tb0 B with Rn via the basis e1 , . . . , en ;
then

gij (q) := gexpb 0
(q)

(
Tq expb0

(∂qi
), Tq expb0

(∂qj
)
)
.

Lemma 1.5.4 In terms of normal coordinates centred at b0 ∈ B we have

(i) b0 = (0, . . . , 0) =: 0;
(ii) gij (0) = δij , for i, j = 1, . . . , n;
(iii) Γk

ij (0) = 0, for i, j, k = 1, . . . , n;

(iv) gij,k (0) :=
∂gij

∂qk
(0) = 0, for i, j, k = 1, . . . , n.

Proof (i) This simply expresses the fact that b0 = expb0
(0).

(ii) Since T0 expb0
: T0(Tb0 B) → Tb0 B is the identity map under the nat-

ural identification of T0(Tb0 B) with Tb0 B, we have T0 expb0
(∂qi

) = ei and
hence gij (0) = gb0 (ei , ej ) = δij .

(iii) By definition of the exponential map, the geodesics through b0 are in
normal coordinates given as linear maps

t �−→ γ(t) = (ta1 , . . . , tan ) =: ta.

From γ̈(t) = 0 and the second-order differential equation for geodesics in
terms of local coordinates it follows that Γk

ij (0) = 0.
(iv) From

Γk
ij =

1
2
gkl(gil,j + gjl,i − gij,l)

and (ii) one finds

gij,k (0) = Γi
jk (0) + Γj

ik (0) = 0,
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as claimed.

Lemma 1.5.5 Let q be normal coordinates centred at b0 ∈ B. Let (q,v) and
(q,p) be the corresponding local coordinates on TB and T ∗B, respectively.
In these coordinates, the isomorphism

Ψb0 : Tb0 B −→ T ∗
b0

B

(0,v) �−→ (0,p)

is given by the identity map; the same is true – for X = (0,v) ∈ Tb0 B – for
the differential

TΨ|TX (T B ) : TX (TB) −→ TΨ(X )(T ∗B)
(q̇, v̇)(0,v) �−→ (q̇, ṗ)Ψ(0,v) .

The unit spheres in Tb0 B and T ∗
b0

B are given by v2
1 + · · · + v2

n = 1 and
p2

1 + · · ·+ p2
n = 1, respectively.

Proof In arbitrary local coordinates q, write a vector X ∈ TbB in the form
X =

∑n
i=1 vi ∂qi

. Then

Ψb(X)(∂qj
) = gb(X, ∂qj

)

= gb

(∑
i

vi ∂qi
, ∂qj

)
=

∑
i

gij (q)vi.

Thus, in terms of the basis ∂q1 , . . . , ∂qn
for TbB and dq1 , . . . , dqn for T ∗

b B,
the isomorphism Ψb is given by† p1

...
pn

 = (gij (q))

 v1
...

vn

 .

Then ψ−1
b is given by the inverse matrix (gkl(q)), and a straightforward

computation shows that the metric g∗ on T ∗B is also given by (gkl(q)), that
is,

g∗b (p,p′) = pt(gkl(q))p′,

where p and p′ are read as column vectors.
Now let q be normal coordinates centred at b0 ∈ B. The statements about

the unit spheres in Tb0 B and T ∗
b0

B, as well as the coordinate description of
Ψb0 , follow immediately from the preceding discussion and Lemma 1.5.4 (ii).

† Here we use that the matrix (gij (q)) is symmetric.
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The statement about TΨ|TX (T B ) for X ∈ Tb0 B follows by additionally taking
Lemma 1.5.4 (iv) into account: we have

Ψ(q,v) = (q, (gij (q))v),

hence

T(0,v)Ψ(q̇, v̇) =
(
q̇, (gij (0))v̇ +

(∑
k

gij,k (0)q̇k

)
v
)

= (q̇, v̇),

as was to be shown.

Proof of Theorem 1.5.2 (a) We have seen that in local coordinates q =
(q1 , . . . , qn ) on B and dual coordinates p = (p1 , . . . , pn ) on the fibres of T ∗B

we have

λ = p dq and ω := dλ = dp ∧ dq.

Since ω is a symplectic form on T ∗B, we can define a unique vector field Y

on T ∗B by iY ω = λ. Then d(iY ω) = dλ = ω, i.e. this Y is a Liouville vector
field. In the chosen local coordinates we have Y = p ∂p , which is the radial
vector field in the fibre direction of T ∗B.

It is easy to see that Y is transverse to the unit cotangent bundle ST ∗B.
Indeed, the integral curves of Y are tangent to the fibres of T ∗B and can be
written in the form

u(t) = (b, etu0) ∈ T ∗
b B, t ∈ R.

Hence g∗b (u(t),u(t)) = e2tg∗b (u0 ,u0). For u0 �= 0 we obtain

d

dt
g∗b (u(t),u(t)) > 0,

which means that Y is transverse to the positive level sets of g∗b . (Along
the zero section of T ∗B, the vector field Y vanishes identically.) By Lemma
1.4.5 we conclude that λ = iY ω induces a contact form on ST ∗B (which we
continue to denote by λ).

In order to prove that TΨ(G) = Rλ , let a point b0 ∈ B be given. Let
q = (q1 , . . . , qn ) be normal coordinates centred at b0 . Let (q,v) and (q,p)
be the corresponding local coordinates on TB and T ∗B, respectively.

From the preceding lemmata it follows that the coordinate description of
the integral curves of the geodesic vector field G passing through the fibre
STb0 B at time t = 0 is of the form

t �−→ (γ(t), γ̇(t)) = (ta,a)
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with
∑

j a2
j = 1. Hence at the point (q,v) = (0,a) ∈ STb0 B we have

G(0,a) = (γ̇(0), γ̈(0)) = (a,0) ∈ T(0,a)(STb0 B).

Since TΨ is the identity map at points (0,a), it only remains to check
that

(a,0) ∈ T(0,a)(ST ∗
b0

B)

is the coordinate description of Rλ(0,a). To that end, we compute

λ(0,a)(a,0) = a dq(a,0) =
n∑

j=1

a2
j = 1

and

dλ(0,a)
(
(a,0),−

)
= (dp ∧ dq)(0,a)

(
(a,0),−

)
= −a dp(0,a)

= −p dp(0,a) .

Thus, in order to establish Rλ(0,a) = (a,0), we need to show that last term
to be equal to zero on T (ST ∗

b0
B). That this is indeed the case follows from

the fact that ST ∗B is defined locally by the condition

pt(gkl(q))p = 1,

which on taking the differential at the point (q,p) = (0,a) yields, by Lemma
1.5.4 (ii) and (iv), the vanishing of p dp on T (ST ∗

b0
B).

Since the point b0 ∈ B and the choice of (q,v) = (0,a) ∈ Tb0 B were
arbitrary, this proves part (a) of the theorem.

(b) This statement follows by similar considerations. Again, we need
to show that in normal coordinates q and dual coordinates p we have
XH (0,a) = (a,0).

In (arbitrary) local coordinates we have

H(q,p) =
1
2
pt(gkl(q))p.

Hence, if q are normal coordinates, we find

dH|(0,a) = p dp(0,a) = a dp.

From

dp ∧ dq(XH (0,a),−) = −dH|(0,a) = −a dp

we obtain XH (0,a) = (a,0), as desired.

We now want to show that the result just proved allows us to give a math-
ematical formulation of Huygens’ principle in geometric optics. In order to
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do so, we introduce the space of cooriented contact elements of a manifold B,
made up of the collection of pairs (b, V ) consisting of a point b ∈ B and a
cooriented hyperplane V ⊂ TbB. If B comes equipped with a Riemannian
metric g, the space of cooriented contact elements can be naturally identi-
fied with either of STB and ST ∗B: the identification with STB is given
by associating to (b, V ) the vector X ∈ TbB positively orthonormal to the
cooriented hyperplane V ⊂ TbB with respect to the inner product gb ; the
corresponding element in ST ∗B is Ψb(X) = gb(X,−). Under this identifica-
tion, the Liouville form λ on ST ∗B defines the natural contact structure on
the space of cooriented contact elements.

For simplicity we assume that (B, g) is a complete Riemannian manifold.
Then the time-t-map Φt of the geodesic flow is, for every t ∈ R, a diffeomor-
phism of STB.

Corollary 1.5.6 Under the identification of the space M of cooriented con-
tact elements of the complete Riemannian manifold (B, g) with the unit tan-
gent bundle STB, the time-t-map Φt of the geodesic flow is given by

Φt(b0 , V0) = (γ(t), V (t)),

where γ is the unique geodesic on B with γ(0) = b0 and γ̇(0) positively
orthonormal to V0 , and V (t) the hyperplane in Tγ (t)B orthogonal to and
cooriented by γ(t). This Φt is a contact transformation of M .

The proof of the last statement in this corollary requires an understanding
of how a contact structure behaves under the flow of a given vector field.
Thus, before we turn to the proof of the corollary, we briefly address that
issue. In Section 2.3 this discussion will be extended to time-dependent
vector fields.

Definition 1.5.7 Let X be a vector field on an arbitrary contact manifold
(M, ξ = ker α). Write, by slight abuse of notation, ψt for the local flow
of X; if M is not closed, the map ψt (for a fixed t �= 0) will not, in general,
be defined on all of M . The vector field X will be called an infinitesimal
automorphism of ξ (or a contact vector field) if Tψt(ξ) = ξ for all t ∈ R

(and for all points on M where the relevant terms are defined). It will be
called an infinitesimal automorphism of α (or a strict contact vector
field) if ψ∗

t α = α for all t.

Recall that the relation between the flow ψt and the Lie derivative LX is
given by LX = d

dt |t=0ψ
∗
t .
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Lemma 1.5.8 (a) The vector field X is an infinitesimal automorphism of
α if and only if LX α ≡ 0.

(b) The vector field X is an infinitesimal automorphism of ξ if and only if
LX α = µα for some function µ : M → R (and this condition is independent
of the choice of contact form α defining a given ξ).

Proof We have ψt+t0 = ψt0 ◦ ψt , hence

d

dt
|t=t0

(
ψ∗

t α
)

= ψ∗
t0

( d

dt
|t=0ψ

∗
t α

)
= ψ∗

t0

(
LX α

)
.

(a) If X is an infinitesimal automorphism of α, then

ψ∗
t

(
LX α

)
=

d

dt

(
ψ∗

t α
)
≡ 0 for all t ∈ R,

and hence LX α ≡ 0.
Conversely, if LX α ≡ 0, the computation above shows that d

dt (ψ
∗
t α) ≡ 0,

hence ψ∗
t α ≡ ψ∗

0 α = α.

(b) First of all we notice that if X satisfies LX α = µα, and λ is a nowhere
zero function on M , then

LX (λα) = (LX λ)α + λ(LX α) = (X(λ) + λµ)α. (1.1)

This shows that the condition LX α = µα for some function µ on M is a
condition on ξ, independent of the specific choice of contact form α.

Now suppose that X is an infinitesimal automorphism of ξ. The condition
Tψt(ξ) = ξ can be rewritten as ψ∗

t α = λtα with† λt : M → R+. Then

LX α =
d

dt
|t=0ψ

∗
t α =

d

dt
|t=0(λtα) = µα

with µ := d
dt |t=0λ.

Conversely, if LX α = µα, then the local flow ψt of X satisfies

d

dt
ψ∗

t α = ψ∗
t (µα) = (µ ◦ ψt)ψ∗

t α,

whence

ψ∗
t α = λtα with λt = exp

(∫ t

0
(µ ◦ ψs) ds

)
,

so X is an infinitesimal automorphism of ξ.

† The nowhere zero functions λt constitute a smooth family with λ0 ≡ 1, hence all the
λt take values in R+ .
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Example 1.5.9 The Reeb vector field Rα is a strict contact vector field
for α, since

LRα
α = d(iRα

α) + iRα
dα ≡ 0.

Proof of Corollary 1.5.6 The geodesic flow Φt is characterised by the prop-
erty that for a geodesic γ on B we have

Φt(γ(0), γ̇(0)) = (γ(t), γ̇(t)).

This restricts to a flow on STB by considering unit speed geodesics only.
The description of the flow on M given in the corollary is an immediate
consequence of the identification of STB with M , given by associating to
(b,X) ∈ STB the cooriented contact element (b, V ), where V ⊂ TbB is the
hyperplane orthogonal to and cooriented by X.

By the foregoing example, the Reeb flow of λ on ST ∗B consists of (strict)
contact transformations. So Φt is a contact transformation by Theorem
1.5.2.

We now interpret the Riemannian manifold (B, g) as a model for an optical
medium, so that geodesics with respect to the metric g correspond to light
rays.

Definition 1.5.10 The wave front Fb0 (t) of a point b0 ∈ B at time t is the
set of points b ∈ B with the property that there exists a unit speed geodesic
γ in B with γ(0) = b0 and γ(t) = b.

For |t| small, the wave front Fb0 (t) will be a smooth hypersurface in B,
diffeomorphic to a sphere. As |t| increases, Fb0 (t) will, in general, develop
singularities. In order to formulate Huygens’ principle, we also need the
following concept.

Definition 1.5.11 Let (M, ξ) be a contact manifold. A submanifold L of
(M, ξ) is called an isotropic submanifold if TpL ⊂ ξp for all points p ∈ L.

The contact condition α ∧ (dα)n �= 0 (for dimM = 2n + 1) says that a
contact structure ξ = ker α is a hyperplane field that is, in some sense, as far
from satisfying the Frobenius integrability condition α∧ dα ≡ 0 as possible.
The following proposition gives a more concrete geometric interpretation of
this statement.

Proposition 1.5.12 Let (M, ξ) be a contact manifold of dimension 2n + 1
and L ⊂ (M, ξ) an isotropic submanifold. Then dim L ≤ n.
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Proof Write i for the inclusion of L in M and let α be an (at least locally
defined) contact form defining ξ. Then the condition for L to be isotropic
becomes i∗α ≡ 0. It follows that i∗dα ≡ 0. In particular, TpL ⊂ ξp is an
isotropic subspace of the 2n–dimensional symplectic vector space (ξp , dα|ξp

).
By Remark 1.3.6 we have dim TpL ≤ (dim ξp)/2 = n.

Definition 1.5.13 An isotropic submanifold L ⊂ (M 2n+1 , ξ) of maximal
possible dimension n is called a Legendrian submanifold.

Examples 1.5.14 (1) Regard STB as the space of cooriented contact el-
ements with its natural contact structure, and write π : STB → B for the
bundle projection. This particular bundle projection is called the (wave)
front projection. Then every fibre π−1(b), b ∈ B, is a Legendrian sub-
manifold of STB. This is immediate from the geometric definition of the
natural contact structure on the space of contact elements.

(2) The Legendrian fibre π−1(b) of the bundle π : STB → B consists of
the pairs (b,v) with v a unit tangent vector at b. With Φt denoting the
geodesic flow on STB, the front Fb(t) can be described as

Fb(t) = π
(
Φt(π−1(b))

)
.

Since Φt is a contact transformation of STB for each t, the submanifold
Φt(π−1(b)) ⊂ STB is a Legendrian submanifold.

Remarks 1.5.15 (1) Let L0 , L1 be Legendrian submanifolds of STB that
intersect in a point v ∈ STbB. If the front projections π(L0), π(L1) are
smooth hypersurfaces near the point b ∈ π(L0) ∩ π(L1), then these front
projections are tangent to each other at that point. Again this follows im-
mediately from the geometric definition of the natural contact structure on
STB.

(2) Notice that π−1(b) consists of the unit tangent vectors in TbB, i.e.
the set of possible initial velocities of unit speed geodesics starting at b.
Assume that b1 ∈ Fb(t) is a smooth point of the wave front Fb(t), that is,
this wave front is a smooth hypersurface near b1 . Then, in particular, there
is a unique unit speed geodesic γ with γ(0) = b and γ(t) = b1 . Write v1 =
γ̇(t) = Φt(γ̇(0)). Since Φt(π−1(b)) ⊂ STB is a Legendrian submanifold,
its tangent space at v1 ∈ STb1 B is contained in ξv1 , with ξ denoting the
natural contact structure on STB. By the definition of that natural contact
structure, the tangent plane to the front Fb(t) = π

(
Φt(π−1(b))

)
at the point

b1 is the hyperplane in Tb1 B defined by (i.e. orthogonal to) v1 .
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It is not clear, a priori, that Legendrian submanifolds exist in any given
contact manifold. It turns out, however, that such submanifolds even satisfy
what is called an h–principle† (homotopy principle) and consequently exist
in abundance. In the case of Legendrian knots in contact 3–manifolds we
shall meet a proof of this fact later.

Huygens’ principle says that the wave front Fq0 (t0 + t) is the envelope
of the fronts Fq (t) with q ∈ Fq0 (t0) (see Figure 1.4). Some care has to be
taken in making this statement precise, in particular when the wave fronts
develop singularities. For simplicity, we only prove Huygens’ principle in the
following form, where Φt denotes the geodesic flow on STB and π, as above,
the bundle projection STB → B.

q0

q
q′

Fq (t)

Fq ′(t)

Fq0 (t0 )

Fq0 (t0 + t)

Fig. 1.4. Huygens’ principle.

Corollary 1.5.16 Let γ be a unit speed geodesic in B. Suppose that t1 , t ∈
R+ are such that – with b0 := γ(0) and b1 := γ(t1) – the wave fronts Fb0 (t1 +
t) and Fb1 (t) are smooth at the point

b := γ(t1 + t) ∈ Fb0 (t1 + t) ∩ Fb1 (t).

Then Fb0 (t1 + t) and Fb1 (t) are tangent at b.

Proof The sets L0 := Φt1 (π
−1(b0)) and L1 := π−1(b1) are Legendrian

submanifolds of STB that intersect in the point γ̇(t1) ∈ STb1 B. Hence
L′

0 := Φt1 +t(π−1(b0)) = Φt(L0) and L′
1 := Φt(L1) are Legendrian submani-

folds that intersect in γ̇(t1 + t) ∈ STbB. By assumption, the wave fronts
Ft1 +t(b0) = π(L′

0) and Ft(b1) = π(L′
1) are smooth hypersurfaces near the

† The bible on h–principles was written by Gromov [119]; a more recent monograph on
the subject is the one by Eliashberg–Mishachev [77]; my own modest contribution to
the literature is [95].
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point b. By the geometric properties of the natural contact structure on
STB, see Remarks 1.5.15, these hypersurfaces are tangent to each other at
the point b.

A related discussion of Huygens’ principle as a contact geometric theorem
in the context of partial differential equations can be found in Lecture 3 by
Arnold [18]. For further contact geometric aspects of geometric optics and
wave propagation see [15].

Yet another physical theory admitting a contact geometric formulation
is thermodynamics, see [16]. It is worth quoting the opening lines of that
paper: ‘Every mathematician knows that it is impossible to understand any
elementary course in thermodynamics. The reason is that thermodynamics
is based – as Gibbs has explicitly proclaimed – on a rather complicated
mathematical theory, on contact geometry.’

1.6 Order of contact

In Proposition 1.5.12 we saw that an isotropic submanifold in a (2n + 1)–
dimensional contact manifold has dimension at most equal to n. Thus, in a
contact 3–manifold (M, ξ) we can find curves tangent to ξ, but no surfaces.

The aim of the present section is to analyse this situation for 3–manifolds a
little more carefully. This will allow us to give an entirely geometric definition
of the notion of contact structure, without reference to the exterior derivative
of a differential 1–form. I learned this characterisation of contact structures
from Jesús Gonzalo.

Consider a 2–plane field ξ on a 3–manifold M and an embedded surface
Σ ⊂M . Let (u, v) be local coordinates on Σ near some point p = (0, 0) ∈ Σ.
Define θ(u, v) as the angle between the tangent plane T(u,v )Σ and the plane
ξ(u,v ) .

Definition 1.6.1 We say that ξ has contact of order at least equal
to k with Σ at p = (0, 0) if θ(u, v) is a function of type O(‖(u, v)‖k ) for
(u, v) → (0, 0), where O denotes the Landau symbol. This means that
θ(u, v)/‖(u, v)‖k is bounded above by a constant as (u, v) → (0, 0).†

Thus, ξ having contact of order at least 1 with Σ at p is simply saying
that ξp = TpΣ. Obviously, contact of order equal to k is going to mean that
θ(u, v) is of type O(‖(u, v)‖k ), but not of type O(‖(u, v)‖k+1). You may

† For a differentiable function f (u, v) to be of type O(‖(u, v)‖k ) is equivalent to saying
that the ith order partial derivatives of f vanish for i = 0, 1, . . . , k − 1 (one says that ‘f
vanishes to kth order’). Unfortunately, θ(u, v) may not be differentiable in the points
where θ(u, v) = 0.
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want to convince yourself that the order of contact does not depend on the
choice of local coordinates on Σ.

The following theorem gives a characterisation of contact structures on 3–
manifolds in terms of this notion of contact. I should enter the caveat that
the name ‘contact structure’ does not derive from this characterisation, but
rather – as mentioned before – from the space of contact elements, which (in
the 3–dimensional case) has to do with tangencies of curves.

Theorem 1.6.2 Let ξ be a tangent 2–plane field on a 3–manifold M . Then
ξ is a contact structure if and only if, for every embedded surface Σ ⊂ M

and every point p ∈ Σ, the plane field ξ has order of contact at most equal
to 1 with Σ at p.

Proof Since all considerations are local in nature, we may assume that
M = R3 and that p = 0, the origin in R3 . Moreover, we may assume
without loss of generality that ξ0 coincides with the (x, y)–plane. Then we
can write ξ near 0 as the kernel of a 1–form

dz + a(x, y, z) dx + b(x, y, z) dy

with

a(0) = b(0) = 0. (1.2)

The contact condition at 0 becomes

ay (0) �= bx(0), (1.3)

with subscripts denoting partial derivatives. Thus, we have to show that the
condition ay (0) = bx(0) is equivalent to the existence of a surface Σ whose
order of contact with ξ at 0 ∈ Σ is at least 2.

Any surface Σ having order of contact at least 1 with ξ at 0 can be
described near 0 as a graph

Σ = {(x, y, z) : z = f(x, y), (x, y) ∈ U}

with

f(0, 0) = fx(0, 0) = fy (0, 0) = 0. (1.4)

Here U is a neighbourhood of (0, 0) in the (x, y)–plane. We can then take x

and y as local coordinates on Σ.
The 2–plane field ξ is spanned by the vector fields

∂x − a ∂z and ∂y − b ∂z ,
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so a vector field orthogonal to ξ (along Σ) is given by

nξ (x, y) := a(x, y, f(x, y)) ∂x + b(x, y, f(x, y)) ∂y + ∂z .

Likewise, a vector field orthogonal to Σ is given by

nΣ(x, y) := −fx(x, y) ∂x − fy (x, y) ∂y + ∂z .

Write θ(x, y) for the angle between nξ (x, y) and nΣ(x, y), and set

h(x, y) := sin2 θ(x, y)

=
‖nξ (x, y)× nΣ(x, y)‖2

‖nξ (x, y)‖2 · ‖nΣ(x, y)‖2

=
‖(b + fy ,−a− fx, bfx − afy )‖2

(1 + a2 + b2) · (1 + f 2
x + f 2

y )

=
(b + fy )2 + (a + fx)2 + (bfx − afy )2

(1 + a2 + b2) · (1 + f 2
x + f 2

y )
.

Notice that this is a differentiable function, although θ(x, y) need not be.
Since limθ→0(sin θ)/θ = 1, the condition for ξ to have contact with Σ of
order at least equal to 2 translates into the requirement that h(x, y) vanish
to fourth order at (0, 0). Given Equations (1.2) and (1.4), this in turn is
equivalent to the vanishing to second order of the functions a(x, y, f(x, y))+
fx(x, y) and b(x, y, f(x, y)) + fy (x, y), that is,

ax(0) + fxx(0, 0) = 0,

ay (0) + fxy (0, 0) = 0,

bx(0) + fxy (0, 0) = 0,

by (0) + fyy (0, 0) = 0.

(1.5)

One direction of the proof is now simple. Suppose we can find a surface
Σ = {z = f(x, y)} containing the point 0 such that ξ has contact of order
at least 2 with Σ at 0. Then in particular

ay (0) + fxy (0, 0) = 0 = bx(0) + fxy (0, 0),

and hence ay (0) = bx(0). This means that ξ violates the contact condition
(1.3) at 0.

Conversely, suppose that ay (0) = bx(0). Define

f(x, y) := −
∫ 1

0

[
a(tx, ty, 0)x + b(tx, ty, 0)y

]
dt.

This definition is modelled on the usual definition of the antiderivative of a
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closed 1–form in the proof of the Poincaré Lemma. We then compute

fx(x, y) = −
∫ 1

0

[
axtx + a + bxty

]
dt,

fy (x, y) = −
∫ 1

0

[
ay tx + by ty + b

]
dt,

fxx(x, y) = −
∫ 1

0

[
axxt2x + 2axt + bxxt2y

]
dt,

fxy (x, y) = −
∫ 1

0

[
axy t2x + ay t + bxy t2y + bxt

]
dt,

fyy (x, y) = −
∫ 1

0

[
ayy t2x + 2by t + byy t2y

]
dt,

where all the integrands on the right are to be evaluated at (tx, ty, 0). Hence

fxx(0, 0) = −ax(0), fxy (0, 0) = −1
2
(
ay (0) + bx(0)

)
, fyy (0, 0) = −by (0).

Thus, if ay (0) = bx(0), then fxy (0, 0) = −ay (0) = −bx(0), and it follows that
Equations (1.5) are satisfied, i.e. we have found a surface Σ := {z = f(x, y)}
with second-order contact to ξ.

1.7 Applications of contact geometry to topology

When attempting to prove topological results about differentiable mani-
folds, it is often useful to endow these manifolds with additional geomet-
ric structures. Thurston’s geometrisation programme for 3–manifolds –
see [232], [219] – is arguably the most striking instance of this philosophy;
here the additional structure comes from Riemannian geometry. In the
present section I want to present two topological results where the support-
ing role is played by contact geometry. I include some background material
that most readers will have met in a first course on differential and geometric
topology, respectively.

1.7.1 Cerf’s theorem

Write Diff (M) for the group of orientation-preserving diffeomorphisms of
an orientable differential manifold M (the group multiplication being given
by composition of diffeomorphisms). Let Dn be the n–dimensional unit disc
in Rn , and Sn−1 = ∂Dn its boundary, the standard (n−1)–dimensional unit
sphere. Since diffeomorphisms of a manifold with boundary preserve that
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boundary, we have a natural restriction homomorphism

ρn : Diff (Dn ) −→ Diff (Sn−1)
f �−→ f |S n −1 .

The group Γn is defined as

Γn = Diff (Sn−1)/im ρn .

In order to show that this is indeed a group, we need to prove that im ρn is
a normal subgroup in Diff (Sn−1).

We begin with two lemmata. Write Diff 0(Sn−1) for the group of diffeo-
morphisms of Sn−1 that are isotopic to the identity.

Lemma 1.7.1 With the commutator [f, g] of two diffeomorphisms f, g de-
fined by [f, g] = f ◦ g ◦ f−1 ◦ g−1 we have

[Diff (Sn−1),Diff (Sn−1)] ⊂ Diff 0(Sn−1).

Proof Let f, g ∈ Diff (Sn−1) be given. It follows from the disc theorem [132,
Thm. 8.3.1] that f is isotopic to a diffeomorphism f+ that restricts to the
identity on the (closed) upper hemisphere of Sn−1 . Similarly, g is isotopic to
a diffeomorphism g− that restricts to the identity on the lower hemisphere.
It follows that [f, g] is isotopic to [f+ , g−] = idS n −1 .

Lemma 1.7.2 Diff 0(Sn−1) ⊂ im ρn .

Proof Let f ∈ Diff 0(Sn−1). Choose a diffeotopy Ft (smooth in t ∈ [0, 1]) of
Sn−1 with Ft = idS n −1 for t near 0 and F1 = f . Define h ∈ Diff (Dn ) by

h(x) =

{
‖x‖ · F‖x‖

( x
‖x‖

)
for 0 < ‖x‖ ≤ 1,

0 for x = 0.

Then ρn (h) = f .

Proposition 1.7.3 Γn is an abelian group.

Proof Let f ∈ Diff (Sn−1) and h ∈ im ρn . By the preceding lemmata we
have

[f, h] ∈ Diff 0(Sn−1) ⊂ im ρn ,

hence

f ◦ h ◦ f−1 ∈ im ρn .
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This means that im ρn is a normal subgroup of Diff (Sn−1), so that Γn is a
group.

In fact, those lemmata show that [f, g] ∈ im ρn for arbitrary f, g ∈
Diff (Sn−1), which implies that Γn is abelian.

Using once again the disc theorem, it is not difficult to show that any
orientation-preserving diffeomorphism of S1 is isotopic to the identity [132,
Thm. 8.3.3], and hence extends to a diffeomorphism of D2 , that is, Γ2 = 0.
The result Γ3 = 0 was shown by Smale [222] and Munkres [195]. Both use
essentially elementary arguments.†

The statement Γ4 = 0 is known as Cerf’s theorem [44]. Its proof covers
some 130 pages. A conceptually completely different and – once the con-
tact geometric background has been established – extremely short proof of
this theorem was given by Eliashberg [69]. Here is a very rough sketch of
Eliashberg’s argument; details will be given in Section 4.11.

The key point is to establish a classification of contact structures on S3 .
Eliashberg has introduced a dichotomy of so-called ‘tight’ and ‘overtwisted’
contact structures on 3–manifolds. Whereas any homotopy class of 2–plane
fields on an arbitrary closed, orientable 3–manifold contains an essentially
unique overtwisted contact structure (Section 4.7), the standard contact
structure ξst on the 3–sphere (Example 2.1.7) is unique up to isotopy (Sec-
tion 4.10). From the definition of tightness it is easy to see that this property
is preserved under diffeomorphisms.

Now, let f be any diffeomorphism of S3 . The fact that the image of ξst

under f is isotopic to ξst implies that f is isotopic to a diffeomorphism f0

that preserves ξst . Such a diffeomorphism, however, is geometrically much
more rigid, and Eliashberg [69] showed that the technique of filling by holo-
morphic discs ([25],[118], [66]) allows one to construct an extension of f0 to
a diffeomorphism over D4 . By sweeping out the isotopy between f and f0

over a collar neighbourhood of S3 in D4 as in the proof of Lemma 1.7.2, one
obtains an extension of f to a diffeomorphism of D4 .

Remark 1.7.4 For the relevance of the groups Γn to questions in differential
topology, in particular the classification of exotic differentiable structures on
spheres, see [153], [145], and the preface to [44] by Kuiper.

† Since Sn−1 admits an orientation-reversing diffeomorphism that extends to a diffeo-
morphism of Dn , e.g. a reflection in a hyperplane of Rn through the origin, it follows
from Γn = 0 that every diffeomorphism of Sn−1 extends.
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1.7.2 Property P for knots

We begin by recalling a few facts about Dehn surgery on knots in 3–mani-
folds, mostly to set up notation. For a textbook reference on this topic see
[209] or [215].

Let K be a knot in the 3–sphere S3 (or, more generally, in some oriented 3–
manifold M), by which we mean a smoothly embedded copy of the circle S1 .
Write νK for a (closed) tubular neighbourhood of K. The neighbourhood
νK is diffeomorphic to a solid torus S1×D2 , since this is the only orientable
D2–bundle over S1 . Let C be the closure of the complement S3 \ νK of
νK in S3 . (Part of) the Mayer–Vietoris sequence† for S3 = νK ∪ C with
νK ∩ C = T 2 reads

H2(S3) → H1(T 2) → H1(νK) ⊕ H1(C) → H1(S3)
0 → Z⊕ Z → Z ⊕ H1(C) → 0.

We conclude that H1(C) ∼= Z. We also see that on T 2 = ∂(νK) there are
two distinguished curves, unique up to isotopy.

(1) The meridian µ, defined as a simple closed curve that generates the
kernel of the homomorphism H1(T 2) → H1(νK).

(2) The preferred longitude λ, a simple closed curve that generates
the kernel of the homomorphism H1(T 2) → H1(C).

We assume that S3 is equipped with its standard orientation as the bound-
ary of D4 .‡ We give T 2 = ∂(νK) the boundary orientation. We also assume
K to be oriented. Then λ can be oriented by requiring it to be isotopic to
K in νK as oriented curve; the orientation we choose for µ is the one that
turns µ, λ into a positive basis for that homology group. (Occasionally we
allow ourselves to denote a simple closed curve on T 2 by the same symbol
as the class it represents in H1(T 2), since that class determines the curve up
to isotopy.) This is illustrated in Figure 1.5, with the standard (right-hand)
orientation of ambient 3–space.

With an appropriate choice of generator for H1(C) ∼= Z, the homomor-
phism H1(T 2) → H1(νK) ⊕H1(C) is then characterised by µ �→ (0, 1) and
λ �→ (1, 0).

Dehn surgery along K means that one removes the tubular neighbour-
hood νK and glues in a solid torus S1 ×D2 , using some diffeomorphism

∂(S1 ×D2) −→ ∂(νK)

† Strictly speaking, in this Mayer–Vietoris sequence one should be working with open
neighbourhoods of νK and C which retract to those sets, and whose intersection retracts
to T 2 .

‡ The rule for boundary orientations is: outward normal first, followed by a positively
oriented basis for a tangent space to the boundary, gives a positively oriented basis for
the tangent space of the manifold with boundary.
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λ

µ

νK

K

Fig. 1.5. Meridian µ and longitude λ.

to identify the boundaries.
Write µ0 for the meridian ∗ × ∂D2 of S1 ×D2 , and λ0 for the longitude

S1 × ∗, with ∗ denoting a point in S1 or ∂D2 , respectively. Then the gluing
diffeomorphism can be described by

µ0 �−→ pµ + qλ, λ0 �−→ mµ + nλ, (1.6)

with
( p m

q n

)
∈ GL(2, Z). Actually, the effect of the Dehn surgery along K

(up to an isotopy of the resulting manifold fixed outside νK) is completely
determined by the image pµ+qλ of µ0 , i.e. the curve on ∂(νK) that becomes
homotopically trivial in the surgered manifold. This follows by observing
that the surgered manifold can be obtained from C by first attaching a 2–
disc along the curve pµ + qλ, and then gluing in a 3–cell. That latter gluing
is unique up to isotopy (recall Γ3 = 0 from the preceding section).

In fact, the Dehn surgery is completely determined by the surgery co-
efficient p/q ∈ Q ∪ {∞}, since the diffeomorphism of ∂(S1 ×D2) given by
(λ0 , µ0) �→ (λ0 ,−µ0), which has the effect of changing the sign of both p
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and q in the gluing map, extends to a diffeomorphism of the solid torus that
we glue back. We therefore speak unambiguously of (p/q)–surgery. Notice
that ∞–surgery (that is, q = 0, p = ±1) is topologically trivial.

Observe that fixing some longitude on ∂(νK), that is, a curve λ that
together with µ defines a basis for H1(∂(νK)), amounts to choosing a trivi-
alisation of the normal bundle of K in S3 , or what is called a framing of K.
The preferred longitude λ we have chosen above can be characterised by the
property that it bounds a surface in C, or equivalently by the fact that its
linking number† lk(λ,K) with K is equal to zero.

If instead we choose the longitude λ′ = λ + kµ for some k ∈ Z, then the
gluing map changes to

µ0 �−→ (p− kq)µ + qλ′,

so that the surgery coefficient changes to p′/q′ = (p/q)− k.
It follows that Dehn surgeries with integer surgery coefficient are exactly

the Dehn surgeries that can, by a different choice of longitude, be turned
into Dehn surgeries with surgery coefficient 0. This corresponds to choosing
some embedding

S1 ×D2 ∼=−→ νK ⊂ S3

(which we use to identify νK with a solid torus S1 ×D2), then cutting out
this solid torus S1 × D2 and gluing back a solid torus D2 × S1 with the
identity map

∂(D2 × S1) −→ ∂(S1 ×D2);

see Figure 1.6, which obviously suffers from lack of dimensions. Such a
surgery is called handle surgery or simply surgery. Figure 1.6 illustrates
that attaching a ‘handle’ D2 ×D2 along S1 ×D2 to the boundary M of a
4–manifold W produces – after the ‘smoothing of corners’ or ‘straightening
the angle’, see [38] – a 4–manifold with new boundary being the result of
a surgery on M . (A more formal discussion of this point will be given in
Chapter 6.)

The following is perhaps the most fundamental theorem about the struc-
ture of 3–manifolds. Recall that a manifold being closed means that it is
compact and without boundary; a link is a finite collection of disjoint knots.
Implicitly we shall always assume our manifolds to be connected, the neces-
sary modifications for manifolds with several components being obvious.

† See Section 3.4 for a formal discussion of linking numbers and the realisation of homo-
logy cycles by submanifolds.
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W

M = ∂W

S1 × D2

D2 × S1

D2 × D2

Fig. 1.6. Attaching a handle.

Theorem 1.7.5 (Lickorish [158], Wallace [237]) Any closed, connected,
orientable 3–manifold can be obtained from S3 by surgery along a link.

The recent work of Perelman [208] has closed the coffin on the 3–dimensio-
nal Poincaré conjecture (saying that a closed, simply connected 3–manifold is
necessarily the 3–sphere), see also [41]. Previous to that work, and given the
Lickorish–Wallace theorem, it was a natural question for geometric topolo-
gists whether one might be able to produce a counterexample to the Poincaré
conjecture by a single Dehn surgery. This led to the definition of the follow-
ing property, whose name is generally regarded as a little unfortunate.

Definition 1.7.6 A knot K in S3 has Property P if every non-trivial
surgery along K yields a 3–manifold that is not simply connected.

In the early 1970s, Bing and Martin [27] and González-Acuña [113] con-
jectured that every non-trivial knot has Property P. By work of Kronheimer
and Mrowka [154], this is now a theorem.

Theorem 1.7.7 (Kronheimer–Mrowka) Every non-trivial knot in S3 has
Property P.

Before describing the role that contact geometry has played in the proof
of this theorem, I want to indicate the importance of this theorem beyond
the negative statement – now superseded by Perelman’s work – that coun-
terexamples to the Poincaré conjecture cannot result from a single surgery.
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Write Kp/q for the 3–manifold obtained from S3 by (p/q)–surgery along
the knot K.

Lemma 1.7.8 The first integral homology group of the surgered manifold
Kp/q is H1(Kp/q ) ∼= Z|p|.

Proof Write Zµ0 , Zλ0 for a copy of Z generated by the class µ0 or λ0 ,
respectively. Think of T 2 as the boundary of S1 × D2 . Then the relevant
part of the Mayer–Vietoris sequence of Kp/q = C ∪ (S1 ×D2) is as follows.
Recall that H1(C) is generated by the class µ, and that the gluing map is
described by (1.6).

H1(T 2) → H1(S1 ×D2) ⊕ H1(C) → H1(Kp/q ) → 0
Zµ0 ⊕ Zλ0 → Z ⊕ Z → H1(Kp/q ) → 0

(1, 0) �→ ( 0 , p )
(0, 1) �→ ( 1 , m )

From the exactness of this sequence the result is immediate.

Consequently, for a knot K to have Property P is equivalent to the con-
dition that the fundamental group π1(K1/q ) is trivial only for q = 0.

Example 1.7.9 The unknot does not have Property P. Indeed, every (1/q)–
surgery on the unknot yields S3 , which is seen as follows. If K is the unknot,
then the closure C of S3 \ νK is also a solid torus. Write µC and λC for
meridian and preferred longitude on ∂C. We may assume µ = λC and
λ = µC . When performing (1/q)–surgery on K, a solid torus is glued to
C by sending its meridian µ0 to µ + qλ = λC + qµC . Now, there clearly
is a diffeomorphism of C that sends µC to itself and λC to λC + qµC . It
follows that the described surgery is equivalent to the one where we send µ0

to λC = µ, which is a trivial ∞–surgery.

The next proposition gives an alternative characterisation of Property P.
As always, C denotes the closure of the complement of a tubular neighbour-
hood νK.

Proposition 1.7.10 A knot K in S3 has Property P if and only if both of
the following conditions hold.

(i) One cannot produce a counterexample to the Poincaré conjecture by
surgery along K.

(ii) Any embedding of C ⊂ S3 into S3 extends to a diffeomorphism of S3 .

Proof Suppose that K has Property P; in particular K is not the unknot
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by the preceding example. Then (i) is clear, since non-trivial surgery along
K does not produce any simply connected 3–manifold. Moreover, C is not
a solid torus (that would only be the case for the unknot [215, p. 103]).
Now let ϕ : C → S3 be an embedding. Then ϕ(∂C) is an embedded 2–
torus, and the solid torus theorem [215, p. 107] states that the closure of one
component of S3 \ ϕ(∂C) is a solid torus, so this must be the component
S3 \ ϕ(C). This implies that by attaching a solid torus to ϕ(C) we obtain S3 .
This attaching of a solid torus amounts to a Dehn surgery on K. Since the
resulting manifold is S3 and K is supposed to have Property P, this must
be a trivial Dehn surgery.† This is equivalent to saying that ϕ extends to a
diffeomorphism of S3 .

Conversely, suppose that K satisfies (i) and (ii). We need to show that if
π1(K1/q ) = 1, then q = 0. By (i) we know that the condition π1(K1/q ) =
1 implies K1/q = S3 . The identity map on C ⊂ S3 can be read as an
embedding into K1/q = S3 . This embedding extends to a diffeomorphism of
S3 only if q = 0, so property (ii) does indeed ensure q = 0.

Remark 1.7.11 The result above has been phrased in the smooth category,
which means that we are implicitly appealing to deep results of Moise and
Munkres about the equivalence of the topological, piecewise linear (PL) and
smooth classification of 3–manifolds (with or without boundary). The most
relevant references are [189] (see also [190]), [194], and [196]. This is the
price I have to pay for not introducing PL embeddings or tame topological
embeddings. The reader should be warned, however, that the results of [215]
invoked in the proof contain intermediate steps that rely on theorems such
as the loop theorem, whose usual proofs are not well-suited to differentiable
techniques.

We can now deduce an important consequence of Property P. The result
is phrased in the topological category favoured by knot theorists, although
I use smooth arguments in the proof.

Corollary 1.7.12 (Gordon–Luecke [114]) If two knots K1 , K2 in S3

have homeomorphic complements, then the knots are equivalent, i.e. there is
a homeomorphism of S3 mapping K1 to K2 .

Proof According to a result of Edwards [61], two compact 3–manifolds with
boundary are homeomorphic if and only if their interiors are homeomorphic.
Thus, if S3 \ K1 is homeomorphic to S3 \ K2 , then C1 is homeomorphic

† This argument only requires K to have the weaker property that non-trivial Dehn
surgery along it does not produce S3 , see Remark 1.7.13 below.
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to C2 , where Ci := S3 \ νKi . By the result of Munkres [194], the Ci are
even diffeomorphic. If the Ci are solid tori, then the Ki are unknots and
therefore equivalent. If the Ci are not solid tori, then the Ki are non-trivial
knots and hence have Property P. Interpret the diffeomorphism C1 → C2

as an embedding of C1 into S3 = νK2 ∪ C2 . By statement (ii) of the
preceding proposition, this embedding extends to a diffeomorphism of S3 .
This diffeomorphism has to send the preferred longitude λ1 on ∂(νK1), up
to sign, to the preferred longitude λ2 on ∂(νK2). Since λi is isotopic to Ki

in νKi , this shows the equivalence of K1 and K2 .

Remark 1.7.13 Observe that in order to derive statement (ii) of Proposi-
tion 1.7.10 we only used the property that non-trivial surgery along K does
not produce S3 , not the full Property P. The fact that K1/q can only be the
3–sphere if K is the unknot or q = 0 had been proved earlier by Gordon and
Luecke [114], so they were the first to arrive at that last corollary.

Contact geometry enters the proof of Theorem 1.7.7 via the notion of sym-
plectic fillings. Recall from Remark 1.1.6 that a contact 3–manifold (M, ξ)
is naturally oriented; similarly, a symplectic 4–manifold can be oriented by
the volume form ω2 .

Definition 1.7.14 (a) A compact symplectic 4–manifold (W,ω) is called a
weak (symplectic) filling of the contact manifold (M, ξ) if ∂W = M as
oriented manifolds and ω|ξ �= 0.

(b) A compact symplectic 4–manifold (W,ω) is called a strong (sym-
plectic) filling of the contact manifold (M, ξ) if ∂W = M and there is a
Liouville vector field Y defined near ∂W , pointing outwards along ∂W , and
satisfying ξ = ker(iY ω|T M ).

Observe that in case (b), the condition that ∂W = M as oriented mani-
folds is automatic. Also, it is clear that any strong filling of M is a fortiori
a weak filling. The converse is false, in general. Eliashberg [71] has given ex-
amples of weakly but not strongly fillable contact structures on the 3–torus;
in [50] this was extended by Ding and myself to larger classes of 2–torus
bundles over S1 .

Theorem 1.7.15 (Eliashberg [73], Etnyre [81]) Any weak symplectic
filling of a contact 3–manifold embeds symplectically into a closed symplectic
4–manifold.

A proof of this theorem via a surgery description of contact 3–mani-
folds will be given in Section 6.5, see also [98]. Given this theorem, the
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Kronheimer–Mrowka proof of Property P proceeds, very roughly, as follows.
Let K be a purported counterexample to Theorem 1.7.7. Then K1 would
be a simply connected 3–manifold. Using the Floer exact triangle, one can
deduce the triviality of certain Floer homology groups of K0 (sic). Deep
results of Gabai on foliations and Eliashberg–Thurston on so-called confoli-
ations allow one to construct a symplectic manifold W = K0 × [−1, 1] that
weakly fills a contact structure on its boundary. By the preceding theorem,
one obtains a closed symplectic 4–manifold containing K0 as a separating
hypersurface. The triviality of the Floer homology groups of K0 implies the
vanishing of certain gauge theoretic invariants of this closed symplectic 4–
manifold. On the other hand, the topological properties of that symplectic
manifold can be arranged in such a way that those same gauge theoretic
invariants would have to be non-trivial. This is the desired contradiction.
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Contact manifolds

‘And therefore in geometry (which is the only science that
it hath pleased God hitherto to bestow on mankind), men
begin at settling the significations of their words; which
settling of significations, they call definitions, and place
them in the beginning of their reckoning.’

Thomas Hobbes,
Leviathan

In this chapter we begin with a more systematic introduction to contact
topology. In Section 2.1 some further examples of contact manifolds are pre-
sented. In Sections 2.2 and 2.3 we introduce two of the most fundamental
techniques of Contact Topology, viz., the so-called Moser trick and the con-
cept of contact Hamiltonians. These techniques are then used in Sections
2.5 and 2.6 to prove neighbourhood and isotopy extension theorems. The
‘moral’ of these theorems is that there are no local invariants in contact geo-
metry: all contact structures look the same in the neighbourhood of a point
(Darboux’s theorem) or they are determined locally by bundle-theoretic in-
formation, e.g. in the neighbourhood of isotropic submanifolds.

2.1 Examples of contact manifolds

Recall the definition of the standard contact structure on R2n+1 given in
Example 1.1.5. Here is a further example of a contact form on R2n+1.

Example 2.1.1 On R2n+1, with (rj , ϕj ) denoting polar coordinates in the
(xj , yj )–plane, j = 1, . . . , n, the following 1–form is a contact form:

α2 := dz +
n∑

j=1

r2
j dϕj = dz +

n∑
j=1

(xj dyj − yj dxj ).

51
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In fact, this contact form is not really ‘different’ from the standard contact
form α1 . The following definition gives a precise notion for the equivalence
of contact structures or forms, generalising the concept of a contact trans-
formation (Defn. 1.2.5).

Definition 2.1.2 Two contact manifolds (M1 , ξ1) and (M2 , ξ2) are said to be
contactomorphic if there is a diffeomorphism f : M1 → M2 with Tf(ξ1) =
ξ2 , where Tf : TM1 → TM2 denotes the differential of f . If ξi = ker αi ,
i = 1, 2, this is equivalent to saying that α1 and f∗α2 determine the same
hyperplane field, and hence equivalent to the existence of a nowhere zero
function λ : M1 → R \ {0} such that f∗α2 = λα1 . Occasionally one speaks
of a strict contactomorphism between the strict contact manifolds
(M1 , α1) and (M2 , α2) if f∗α2 = α1 .

Example 2.1.3 The contact manifolds (R2n+1 , ξi = ker αi), i = 1, 2, from
Example 1.1.5 and the preceding example are contactomorphic. An explicit
contactomorphism f with f∗α2 = α1 is given by

f(x,y, z) =
(
(x + y)/2, (y − x)/2, z + xy/2

)
,

where x and y stand for (x1 , . . . , xn ) and (y1 , . . . , yn ), respectively, and xy
stands for

∑
j xj yj . Similarly, both these contact structures are diffeomor-

phic to ker(dz −
∑

j yj dxj ).

Notation 2.1.4 Any of these contact structures will be referred to as the
standard contact structure on R2n+1 and denoted by ξst . If a specific choice
between the different incarnations of ξst matters for the argument, this will
be made explicit.

The following lemma gives a simple example of a general class of contac-
tomorphisms that will be used in Chapter 6.

Lemma 2.1.5 Let Y be a Liouville vector field on a symplectic manifold
(W,ω). Suppose that M1 and M2 are hypersurfaces in W transverse to Y ,
so that α := iY ω defines a contact structure on these hypersurfaces by
Lemma/Definition 1.4.5. Assume further that there is a smooth function
µ : W → R such that the time-1-map, say, of the flow of the vector field µY

is a diffeomorphism from M1 to M2 . Then this diffeomorphism is in fact a
contactomorphism from (M1 , ker α|T M 1 ) to (M2 , ker α|T M 2 ).

Proof This follows from

LµY α = d(α(µY )) + iµY dα = µα
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and a consideration as in the proof of Lemma 1.5.8.

Example 2.1.6 On R3 with cylindrical coordinates (r, ϕ; z), define the 1–
form

αot = cos r dz + r sin r dϕ.

Since the 1–form r2 dϕ and the function

r �−→


sin r

r
for r �= 0,

1 for r = 0,

are smooth, so is the 1–form αot . By computing

αot ∧ dαot =
(
1 +

sin r

r
cos r

)
r dr ∧ dϕ ∧ dz,

where the coefficient in parentheses is read as 2 for r = 0, we see that αot is
a contact form. The contact structure ξot = ker αot is called the standard
‘overtwisted’ contact structure on R3 . (The terminology ‘overtwisted’
will be given a formal meaning in Section 4.5.)

Observe that both the standard contact structure ξ2 (on R3) and the
standard overtwisted contact structure ξot are horizontal along the z–axis
{r = 0}, and all the rays perpendicular to the z–axis (with z and ϕ constant)
are tangent to both ξ2 and ξot . For r �= 0, the contact structure ξ2 is spanned
by the vector fields ∂r and ∂ϕ − r2 ∂z ; the contact structure ξot is spanned
by ∂r and cos r ∂ϕ − r sin r ∂z . So both ξ2 and ξot turn counterclockwise as
one moves outwards from the z–axis along any such ray. However, while
the rotation angle of ξ2 approaches (but never reaches) π/2 (i.e. the contact
planes never become vertical), the contact planes of ξot make infinitely many
complete turns as one moves out in radial direction, see Figure 2.1.

Bennequin [26] proved that (R3 , ξst) and (R3 , ξot) are in fact not contac-
tomorphic. This result can be regarded as the birth of contact topology, for
reasons that will become clear when we discuss the classification of contact
structures on 3–manifolds. I shall present a proof of Bennequin’s theorem
in Corollary 6.5.10; see also Remark 4.6.37.

Example 2.1.7 Let (x1 , y1 , . . . , xn+1 , yn+1) be Cartesian coordinates on
R2n+2. Then the standard contact structure on the unit sphere S2n+1

in R2n+2 is given by the contact form

α0 :=
n+1∑
j=1

(xj dyj − yj dxj ).
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Fig. 2.1. The standard overtwisted contact structure.

Write r for the radial coordinate on R2n+2, that is, r2 =
∑

j (x
2
j + y2

j ). One
checks easily that r dr ∧ α0 ∧ (dα0)n �= 0 for r �= 0. Since S2n+1 is a level
surface of r (or r2), this verifies the contact condition.

Alternatively, see also Example 1.4.8, one can define this 1–form as α0 :=
iY ωst with Y :=

∑
j (xj ∂xj

+ yj ∂yj
) = r ∂r and ωst :=

∑
j dxj ∧ dyj the

standard symplectic form on R2n+2. Since Y is, up to a factor 2, a Liouville
vector field for ωst transverse to S2n+1, this again shows that α0 is a contact
form on that sphere.

A third description of ξ0 := ker α0 is given by regarding S2n+1 as the
unit sphere in Cn+1 with complex structure J (corresponding to complex
coordinates zj = xj + iyj , j = 1, . . . , n + 1). Then ξ0 defines at each point
p ∈ S2n+1 the complex (i.e. J–invariant) subspace of TpS

2n+1, that is,

ξ0 = TS2n+1 ∩ J(TS2n+1).

This follows from the observation that α0 = −r dr ◦ J . The Hermitian form
dα0(−, J−) on ξ0 is called the Levi form of the hypersurface S2n+1 ⊂ Cn+1.
The contact condition for ξ corresponds to the positive definiteness of that
Levi form, or what in complex analysis is called the strict pseudoconvex-
ity of the hypersurface. For more on the question of pseudoconvexity from
the contact geometric viewpoint see Section 5.3.

Here is a further useful example of contactomorphic manifolds.

Proposition 2.1.8 For any point p ∈ S2n+1 , the two contact manifolds
(S2n+1 \ {p}, ξ0) and (R2n+1 , ξ2) are contactomorphic.
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Proof The contact manifold (S2n+1 , ξ0) is a homogeneous space under the
natural U(n + 1)–action, so we are free to choose p = (0, . . . , 0, 1). The
following argument is inspired by an unpublished note by Erlandsson [78];
for an alternative argument see [97].

Write ψ : S2n+1 \ {p} → R2n+1 for the stereographic projection from p.
In terms of Cartesian coordinates

(x1 , y1 , . . . , xn+1 , yn+1) on R2n+2

and

(u1 , v1 , . . . , un , vn , w) on R2n+1 ,

this projection is given by

uj =
xj

1− yn+1
, vj =

yj

1− yn+1
, j = 1, . . . , n; w =

xn+1

1− yn+1
.

The inverse map is given by

xj = λuj , yj = λvj , j = 1, . . . , n; xn+1 = λw, yn+1 = 1− λ

with λ = 2/
(
1 + w2 +

∑
j (u

2
j + v2

j )
)
.

We continue to write (rj , ϕj ) for the polar coordinates in the (uj , vj )–
plane, so that the contact forms α0 , α2 defining ξ0 , ξ2 , respectively, are given
by

α0 =
n+1∑
j=1

(xj dyj − yj dxj )

and

α2 = dw +
n∑

j=1

r2
j dϕj = dw +

n∑
j=1

(uj dvj − vj duj ).
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The stereographic image of α0 is

(ψ−1)∗α0 =
n∑

j=1

λuj (vj dλ + λ dvj )− λvj (uj dλ + λ duj )

+ λw(−dλ)− (1− λ)(w dλ + λ dw)

= λ2
( n∑

j=1

(uj dvj − vj duj )

+ w
(
w dw +

n∑
j=1

(uj duj + vj dvj )
)

+ (1− 1/λ) dw

)

= λ2
( n∑

j=1

r2
j dϕj + w

n∑
j=1

rj drj +
1
2

(
1 + w2 −

n∑
j=1

r2
j

)
dw

)
=: λ2 α̃2 .

In order to complete the proof, it (more than) suffices to describe a diffeo-
morphism f of R2n+1 with f∗α2 = α̃2 . Such a diffeomorphism also satisfies
f∗dα2 = dα̃2 , so it will send the Reeb vector field R̃2 of α̃2 to the Reeb
vector field R2 of α2 , see also Lemma 2.2.4 below. This observation will
guide us in finding a suitable f .

We have R2 = ∂w , and a simple computation shows that

R̃2 =
2

1 + w2 +
∑

j r2
j

(
∂w +

∑
j

∂ϕj

)
.

Hence the flow lines of R2 are the lines parallel to the w–axis, with w as
curve parameter; the flow lines of R̃2 are the ‘helices’ determined by the
conditions rj ≡ const., ϕj = w + const., and by the differential equation

dw

dt
=

2
1 + w2 +

∑
j r2

j

=: g(w). (2.1)

(Writing the right-hand side as a function g(w) is justified by the fact that
the rj are constant along the flow lines of R̃2 .)

Moreover, we observe that the hyperplane {w = 0} is a transversal for
either flow, and that dα2 and dα̃2 restrict to the same form on (the tangent
spaces of) this hyperplane. This suggests that the map f should be defined
by the condition that it restricts to the identity on {w = 0} and maps the
flow lines of R̃2 to those of R2 . It follows that the w–component of f(r,ϕ, w)
is the time parameter t corresponding to the value w(t) of the solution to
the differential equation (2.1) with w(0) = 0. This parameter can be found
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by separation of variables, and we obtain

f(r,ϕ, w) =
(
r,ϕ− w,

∫ w

0

dζ

g(ζ)

)
=

(
r,ϕ− w,

1
2
w
(
1 +

1
3
w2 +

∑
j

r2
j

))
;

here ϕ−w is to be read as (ϕ1 −w, . . . , ϕn −w). I leave it to the reader to
check that this map f is a diffeomorphism satisfying f∗α2 = α̃2 .

Notation 2.1.9 Thanks to this proposition, it is reasonable to write ξst

both for the standard contact structure on R2n+1 and that on S2n+1.

Example 2.1.10 There is a rather less contrived contactomorphism between
(R2n+1 , ξ2) and the lower hemisphere in (S2n+1 , ξ0) given by

(u1 , v1 , . . . , un , vn , w) �−→ (u1 , v1 , . . . , un , vn , w,−1)√
1 + u2 + v2 + w2

.

As mentioned earlier, we shall usually assume that our contact structures
are coorientable. For completeness, here is an example of contact structures
that are not coorientable, and hence not defined by a global contact form.

Example 2.1.11 Let M = Rn+1 × RPn . Denote Cartesian coordinates on
the Rn+1–factor by (x0 , . . . , xn ) and homogeneous coordinates on the RPn–
factor by (y0 : . . . : yn ). Then

ξ := ker
( n∑

j=0

yj dxj

)
is a well-defined hyperplane field on M , because the 1–form on the right-
hand side is well defined up to scaling by a non-zero real constant. On the
open submanifold Uk = {yk �= 0} ∼= Rn+1 × Rn of M we have ξ = ker αk

with

αk := dxk +
∑
j �=k

( yj

yk

)
dxj

an honest 1–form on Uk . This is the standard contact form of Example 1.1.5,
which proves that ξ is a contact structure on M . (In fact, ξ is the natural
contact structure on M , regarded as the space of contact elements of Rn+1,
see Section 1.2.)

If n is even, then M is not orientable, so there can be no global contact
form defining ξ (see Remark 1.1.6), i.e. ξ is not coorientable. Notice, however,
that a contact structure on a manifold of dimension 2n + 1 with n even is
always orientable: the sign of (dα)n |ξ does not depend on the choice of local
1–form α defining ξ.
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If n is odd, then M is orientable, so ξ could well be the kernel of a globally
defined 1–form. However, since the sign of α∧ (dα)n , for n odd, is indepen-
dent of the choice of local 1–form α defining ξ, it is also conceivable that no
global contact form exists. This is indeed what happens, as we shall prove
presently.

Remark 2.1.12 The previous considerations show that any manifold M of
dimension 2n + 1, with n odd, admitting a contact structure (coorientable
or not) needs to be orientable. Moreover, given an orientation for M , one
can sensibly speak of positive and negative contact structures, even if they
are not coorientable.

Proposition 2.1.13 Let (M, ξ) be the contact manifold of the preceding ex-
ample. Then TM/ξ can be identified with the canonical line bundle on RPn

(pulled back to M). In particular, TM/ξ is a non-trivial line bundle, so ξ

is not coorientable.

Proof For given y = (y0 : . . . : yn ) ∈ RPn , the vector y0 ∂x0 + · · ·+ yn ∂xn
∈

TxRn+1 is well defined up to a non-zero real factor (and independent of
x ∈ Rn+1), and hence defines a line �y in TxRn+1 ∼= Rn+1. The set

E = {(t,x,y) : x ∈ Rn+1 , y ∈ RPn , t ∈ �y}
⊂ TRn+1 × RPn ⊂ T (Rn+1 × RPn ) = TM

with projection (t,x,y) �→ (x,y) defines a line sub-bundle of TM that re-
stricts to the canonical line bundle over {x}×RPn ≡ RPn for each x ∈ Rn+1.
The canonical line bundle over RPn is well known to be non-trivial [188,
p. 16], so the same holds for E.

Moreover, E is clearly complementary to ξ, i.e. TM/ξ ∼= E, since

n∑
j=0

yj dxj

( n∑
k=0

yk ∂xk

)
=

n∑
j=0

y2
j �= 0.

This proves that ξ is not coorientable.

To sum up, in the example above we have one of the following two situa-
tions:

• If n is odd, then M is orientable; ξ is neither orientable nor coori-
entable.

• If n is even, then M is not orientable; ξ is not coorientable, but it is
orientable.
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We have already met isotropic and Legendrian submanifolds of contact
manifolds as special classes of submanifolds in contact topology. Another
natural condition one can impose on a submanifold is that the ambient
contact manifold induce a contact structure on the submanifold.

Definition 2.1.14 Let (M, ξ) be a contact manifold. A submanifold M ′ of
M with contact structure ξ′ is called a contact submanifold of (M, ξ) if
TM ′ ∩ ξ|M ′ = ξ′.

Observe that if ξ = ker α and i : M ′ → M denotes the inclusion map,
then the condition for (M ′, ξ′) to be a contact submanifold of (M, ξ) is that
ξ′ = ker(i∗α). In particular, ξ′ ⊂ ξ|M ′ is a symplectic sub-bundle with
respect to the symplectic bundle structure on ξ given by dα.

Remark 2.1.15 A 1–dimensional manifold M ′ with its unique contact struc-
ture (see Remark 1.1.4) is a contact submanifold of (M, ξ) if and only if M ′

is transverse to ξ. A case of particular interest to us will be transverse knots
in contact 3–manifolds.

2.2 Gray stability and the Moser trick

The Gray stability theorem that we are going to prove in this section says
that there are no non-trivial deformations of contact structures on closed
manifolds. In fancy language, this means that contact structures on closed
manifolds have discrete moduli. Here is a preparatory lemma.

Lemma 2.2.1 Let ωt , t ∈ [0, 1], be a smooth family of differential k–forms
on a manifold M and (ψt)t∈[0,1] an isotopy of M . Define a time-dependent
vector field Xt on M by Xt ◦ ψt = ψ̇t , where the dot denotes derivative with
respect to t (so that ψt is the flow of Xt). Then

d

dt

(
ψ∗

t ωt

)
|t=t0 = ψ∗

t0

(
ω̇t |t=t0 + LXt 0

ωt0

)
.

Proof For a time-independent k–form ω we have

d

dt

(
ψ∗

t ω
)
|t=t0 = ψ∗

t0

(
LXt 0

ω
)
.

This follows directly from the definitions, see Appendix B.
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We then compute

d

dt

(
ψ∗

t ωt

)
= lim

h→0

ψ∗
t+hωt+h − ψ∗

t ωt

h

= lim
h→0

ψ∗
t+hωt+h − ψ∗

t+hωt + ψ∗
t+hωt − ψ∗

t ωt

h

= lim
h→0

ψ∗
t+h

(
ωt+h − ωt

h

)
+ lim

h→0

ψ∗
t+hωt − ψ∗

t ωt

h

= ψ∗
t

(
ω̇t + LXt

ωt

)
.

This is the claimed identity.

Theorem 2.2.2 (Gray stability theorem) Let ξt , t ∈ [0, 1], be a smooth
family of contact structures on a closed manifold M . Then there is an isotopy
(ψt)t∈[0,1] of M such that

Tψt(ξ0) = ξt for each t ∈ [0, 1].

Proof The simplest proof of this result rests on what is known as the
Moser trick, introduced by Moser [193] in the context of stability re-
sults for (equicohomologous) volume and symplectic forms. Gray’s original
proof [117] was based on deformation theory à la Kodaira–Spencer. The idea
of the Moser trick is to assume that ψt is the flow of a time-dependent vector
field Xt . The desired equation for ψt then translates into an equation for Xt .
If that equation can be solved, the isotopy ψt is found by integrating Xt ; on
a closed manifold the flow of Xt will be globally defined.

Let αt be a smooth family of 1–forms with kerαt = ξt . The equation in
the theorem then translates into

ψ∗
t αt = λtα0 ,

where λt : M → R+ is a suitable smooth family of smooth functions. Differ-
entiation of this equation with respect to t yields, together with the preceding
lemma,

ψ∗
t

(
α̇t + LXt

αt

)
= λ̇tα0 =

λ̇t

λt
ψ∗

t αt ,

or, with the help of Cartan’s formula† LX = d ◦ iX + iX ◦ d and with
µt := d

dt (log λt) ◦ ψ−1
t ,

ψ∗
t

(
α̇t + d(αt(Xt)) + iXt

dαt

)
= ψ∗

t (µtαt).

† The Cartan formula also holds for time-dependent vector fields, see Appendix B.
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If we choose Xt ∈ ξt , this equation will be satisfied if

α̇t + iXt
dαt = µtαt. (2.2)

Plugging in the Reeb vector field Rt of αt gives

α̇t(Rt) = µt. (2.3)

So we can use (2.3) to define µt , and then the non-degeneracy of dαt |ξt
and

the fact that Rt ∈ ker(µtαt − α̇t) allow us to find a unique solution Xt ∈ ξt

of (2.2).

Remark 2.2.3 For further applications of this theorem it is useful to observe
that at points p ∈ M with α̇t,p identically zero in t we have Xt(p) ≡ 0, so
such points remain stationary under the isotopy ψt .

It may also be worth noticing that the vector field Xt defined by equations
(2.2) and (2.3) is, for given ξt , independent of the choice of contact forms
αt . Indeed, an equivalent definition of Xt is given by the conditions Xt ∈ ξt

and (
α̇t + iXt

dαt

)
|ξt

= 0.

If αt is replaced by htαt , with ht : M → R \ {0} a smooth family of smooth
functions, the same Xt satisfies the corresponding condition(

ḣtαt + htα̇t + iXt
(dht ∧ αt + htdαt)

)
|ξt

= 0.

Contact forms do not satisfy stability, that is, with αt a smooth family of
contact forms one cannot, in general, find an isotopy ψt such that ψ∗

t αt = α0 .
In order to see this, we formulate the following simple lemma.

Lemma 2.2.4 If f : (M1 , α1) → (M2 , α2) is a strict contactomorphism be-
tween two strict contact manifolds, then the Reeb vector fields are related by
Tf(R1) = R2 .

Proof We compute

α2(Tf(R1)) = f∗α2(R1) = α1(R1) ≡ 1

and

dα2(Tf(R1), T f(−)) = f∗(dα2)(R1 ,−) = dα1(R1 ,−) ≡ 0.

This proves that Tf(R1) = R2 .

It follows that the Reeb vector fields of strictly contactomorphic contact
forms α1 and α2 have the same dynamics; for instance, there has to be a
one-to-one correspondence between the closed orbits of the two vector fields.
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Example 2.2.5 On S3 ⊂ R4 consider the following smooth family of contact
forms:

αt = (x1 dy1 − y1 dx1) + (1 + t)(x2 dy2 − y2 dx2),

where t ≥ 0 is a real parameter. The Reeb vector field of αt is

Rt = (x1 ∂y1 − y1 ∂x1 ) +
1

1 + t
(x2 ∂y2 − y2 ∂x2 ),

as is proved by a computation similar to that in the proof of Lemma 1.4.9.
As we saw there, the flow of R0 defines the Hopf fibration; in particular, all
orbits of R0 are closed. For t ∈ R+ \ Q, on the other hand, Rt has only
two periodic orbits: in the same complex notation we used in the proof of
Lemma 1.4.9, the flow lines of Rt can be parametrised as

γ(s) = (eisz1 , eis/(1+t)z2),

so if the periods of the circular motions in the z1– and z2–coordinate are
not rationally related, the only closed orbits are those through the points
(z1 , z2) = (1, 0) and (z1 , z2) = (0, 1), respectively. So by the preceding
lemma there can be no isotopy with ψ∗

t αt = α0 .

Remark 2.2.6 The condition in Theorem 2.2.2 that M be a closed manifold
is essential. Eliashberg [68] has shown that there are non-trivial deformations
of contact structures on S1 × R2 .

2.3 Contact Hamiltonians

Let X be a vector field on a contact manifold (M, ξ = ker α). In Definition
1.5.7 and Lemma 1.5.8 we encountered special such vector fields called in-
finitesimal automorphisms of ξ or α, and we characterised such vector fields
in terms of the Lie derivative. The next theorem relates infinitesimal au-
tomorphisms of ξ to functions on M ; the contact form plays an auxiliary
role.

Theorem 2.3.1 With a fixed choice of contact form α there is a one-to-one
correspondence between infinitesimal automorphisms X of ξ = ker α and
smooth functions H : M → R. The correspondence is given by

• X �−→ HX = α(X);
• H �−→ XH , defined uniquely by α(XH ) = H and

iXH
dα = dH(Rα )α− dH.
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The fact that XH is uniquely defined by the equations in the theorem
follows as in the preceding section from the fact that dα is non-degenerate
on ξ and Rα ∈ ker(dH(Rα )α− dH).

Proof Let X be an infinitesimal automorphism of ξ. Set HX = α(X)
and write dHX + iX dα = LX α = µα with µ : M → R. Applying this
last equation to Rα yields dHX (Rα ) = µ. So X satisfies the equations
α(X) = HX and iX dα = dHX (Rα )α − dHX . This means that we have
XHX

= X.
Conversely, given H : M → R and with XH as defined in the theorem, we

have

LXH
α = d(α(XH )) + iXH

dα = dH(Rα )α,

so XH is an infinitesimal automorphism of ξ. Moreover, it is immediate from
the definitions that HXH

= α(XH ) = H.

The following corollary shows that the key statement of Lemma 1.5.8
carries over to time-dependent infinitesimal automorphisms.

Corollary 2.3.2 Let (M, ξ = ker α) be a closed contact manifold, and let
Ht : M → R, t ∈ [0, 1], be a smooth family of functions. Write Xt := XHt

for the corresponding family of infinitesimal automorphisms of ξ. Then the
globally defined flow ψt of the time-dependent vector field Xt is a contact
isotopy of (M, ξ), that is, ψ∗

t α = λtα for some smooth family of functions
λt : M → R+ .

Proof With Lemma 2.2.1 and the preceding proof we have

d

dt

(
ψ∗

t α
)

= ψ∗
t

(
LXt

α
)

= ψ∗
t

(
dHt(Rα )α

)
= µtψ

∗
t α

with µt = dHt(Rα ) ◦ ψt . Since ψ0 = idM (whence ψ∗
0 α = α) this implies

that, with

λt = exp
(∫ t

0
µs ds

)
,

we have ψ∗
t α = λtα.

This corollary will be used in Section 2.6 to prove various isotopy extension
theorems from isotopies of special submanifolds to isotopies of the ambient
contact manifold. In a similar vein, contact Hamiltonians can be used to
show that standard general position arguments from differential topology
continue to hold in the contact geometric setting. Another application of
contact Hamiltonians is a proof of the fact that the contactomorphism group
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of a connected contact manifold acts transitively on that manifold [124], [29];
a proof of this result will be given below (Cor. 2.6.3). (See [21] for more on
the general structure of contactomorphism groups.) The general philosophy
behind the use of contact Hamiltonians is that it is much easier to manipulate
a function (e.g. multiply it with a bump function) than it would be directly
to manipulate the corresponding contactomorphism.

2.4 Interlude: symplectic vector bundles

In Section 1.3 we saw how to construct an ω–compatible complex structure
on a symplectic vector space (V, ω), and we proved that the space J (ω)
of such complex structures is contractible. In the present interlude we ex-
tend this result from vector spaces to vector bundles. For further results on
symplectic vector bundles see [177]. We also introduce the notion of an al-
most contact structure, which is the underlying bundle structure of a contact
structure.

Definition 2.4.1 A symplectic vector bundle (E,ω) over a manifold B

is a (smooth) vector bundle π : E → B together with a symplectic linear
form ωb on each fibre Eb = π−1(b), b ∈ B, with ωb varying smoothly in b.
Formally, this smoothness condition means that the map defined by b �→ ωb

is a smooth section of the bundle
∧2

E∗ → B, the second exterior power of
the dual bundle of E.

Example 2.4.2 Given any vector bundle E → B, there is a canonical
symplectic bundle structure on the Whitney sum E ⊕ E∗, defined by

ωb(X + η,X ′ + η′) = η(X ′)− η′(X) for X,X ′ ∈ Eb ; η, η′ ∈ E∗
b .

Definition 2.4.3 A complex (bundle) structure on a vector bundle
E → B is a family Jb of complex structures on the fibres Eb , with Jb vary-
ing smoothly in b. Again, this smoothness condition can be phrased more
formally by saying that the map b �→ Jb is a smooth section of the endomor-
phism bundle End (E).

A complex structure on a symplectic vector bundle (E,ω) is called ω–
compatible if Jb is ωb–compatible on Eb for each b ∈ B.

Remarks 2.4.4 (1) A complex bundle structure on the tangent bundle TW

of a manifold W is called an almost complex structure on W .
(2) Given a vector bundle E → B of rank (i.e. fibre dimension) 2n with a

complex structure, one can choose an arbitrary bundle metric on E and then
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construct a Hermitian bundle metric by the steps described in Remarks 1.3.9.
The bundle can then locally be trivialised by n sections that are orthonor-
mal with respect to this Hermitian bundle metric and linearly independent
over C. The transition functions with respect to such local trivialisations
take values in the unitary group U(n). One says that the structure group of
the bundle can be reduced to U(n).

Conversely, if the structure group of the bundle E has been reduced to
U(n), that is, if there are local trivialisations E|U ∼= U×Cn , U ⊂ B, such that
the transition functions take values in U(n), then these transition functions
preserve the complex vector space structure. This means that multiplication
by i in the Cn–factor of these local trivialisations induces a complex bundle
structure J on E.

Proposition 2.4.5 Let (E,ω) be a symplectic vector bundle over the mani-
fold B. Then the space J (ω) of ω–compatible complex bundle structures on
E is non-empty and contractible.

Proof This follows immediately from the proof of the corresponding state-
ment for vector spaces. Let jb be the map as constructed in the proof of
Proposition 1.3.10, associating to any inner product on Eb an ωb–compatible
complex structure. Now choose a smooth bundle metric g on E and define
Jb = jb(gb) for each b ∈ B. Working in a local trivialisation of the bundle,
we see that the smoothness of the map j in the proof of Proposition 1.3.10
implies that Jb depends smoothly on b. The proof of the contractibility of
J (ω) carries over from that proposition without any changes.

Remark 2.4.6 This proposition enables us to speak of the Chern classes
of a symplectic vector bundle (E,ω), defined as the Chern classes of the
complex vector bundle (E, J), where J is any ω–compatible complex bundle
structure on E.

Returning to contact geometry, we now consider a manifold M with a
cooriented contact structure ξ = ker α. As was observed in Remark 1.3.7,
the sub-bundle ξ ⊂ TM together with the 2–form dα|ξ is then a symplectic
vector bundle over M . All the previous considerations carry over to this
particular setting. In fact, if α is replaced by λα, where λ : M → R+ is
some smooth function, then d(λα)|ξ = λ dα|ξ , that is, the conformal class of
the symplectic bundle structure depends only on the (cooriented!) contact
structure ξ. This allows us to make the following definition.
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Definition 2.4.7 (1) An almost contact structure on a (2n + 1)–dimen-
sional manifold M is a triple (η, J, ε) consisting of a cooriented hyperplane
field η ⊂ TM with a complex bundle structure J and a choice of oriented
(and hence trivial) line sub-bundle ε ⊂ TM complementary to η and defining
the coorientation.

(2) Let (M, ξ) be a contact manifold with cooriented contact structure ξ.
A complex bundle structure J on ξ is called ξ–compatible if Jp : ξp → ξp

is a dα–compatible complex structure on ξp for each point p ∈ M , where α

is any contact form defining ξ = ker α with the given coorientation.
(3) With (M, ξ) as in (2), an almost contact structure (η, J, ε) is called ξ–

compatible if η = ξ as cooriented hyperplane fields and J is ξ–compatible.

In the same way that a complex bundle structure on a real vector bundle
induces a reduction of the structure group to the unitary group, an almost
contact structure on a (2n+1)–dimensional manifold M is equivalent to the
reduction of the structure group of the tangent bundle TM to the group
U(n)× 1 ⊂ GL(2n + 1, R).

Proposition 2.4.8 The space of almost contact structures compatible with
a cooriented contact structure ξ is non-empty and contractible.

Proof This follows from Proposition 2.4.5 applied to (ξ, dα) and the fact
that the space of trivial line bundles complementary to ξ is non-empty and
contractible.

Again, this implies that we can speak sensibly of the Chern classes of a
(cooriented) contact structure.

Remark 2.4.9 The terminology of almost contact structures is a little un-
fortunate: contact structures that are not coorientable, like those in Exam-
ple 2.1.11, do not have an underlying almost contact structure.

2.5 Darboux’s theorem and neighbourhood theorems

The flexibility of contact structures, which finds its expression in the Gray
stability theorem and the possibility to construct contact isotopies via con-
tact Hamiltonians, results in a variety of theorems that can be summed up as
saying that there are no local invariants in contact geometry. Such theorems
form the theme of the present section.

In contrast with Riemannian geometry, for instance, where the local struc-
ture coming from the curvature gives rise to a rich theory, the interesting
questions in contact geometry thus appear only at the global level. However,
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it is actually the local flexibility that allows us to prove strong global theo-
rems, such as the existence of contact structures on certain closed manifolds.

2.5.1 Darboux’s theorem

Theorem 2.5.1 (Darboux’s theorem) Let α be a contact form on the
(2n + 1)–dimensional manifold M and p a point on M . Then there are
coordinates x1 , . . . , xn , y1 , . . . , yn , z on a neighbourhood U ⊂ M of p such
that p = (0, . . . , 0) and

α|U = dz +
n∑

j=1

xj dyj .

Remark 2.5.2 Observe that the map (x,y, z) �→ (εx, εy, ε2z) is a contac-
tomorphism of the standard contact structure ξst on R2n+1 for any ε ∈ R+.
Therefore it is an immediate consequence of the Darboux theorem that
there is a contact embedding of the closed unit ball Bst in (R2n+1 , ξst) into
(M, ξ = ker α) which sends the origin to p. Here ‘contact embedding of Bst ’
simply means a contactomorphism of a small open neighbourhood of Bst in
(R2n+1 , ξst) onto its image in (M, ξ); later we shall encounter a more general
concept of contact embeddings.

In fact, by Proposition 2.1.8 and Example 2.1.10 there is a contactomor-
phism of (R2n+1 , ξst) with a relatively compact subset of itself, and hence by
scaling with a subset of Bst . So we can also construct a contactomorphism
between (R2n+1 , ξst) and a neighbourhood of p in (M, ξ).

Proof of Theorem 2.5.1 We may assume without loss of generality that
M = R2n+1 and p = 0 is the origin of R2n+1. Choose linear coordinates

x1 , . . . , xn , y1 , . . . yn , z

on R2n+1 such that

on T0R2n+1 :
{

α(∂z ) = 1, i∂z
dα = 0,

∂xj
, ∂yj

∈ ker α (j = 1, . . . , n), dα =
∑n

j=1 dxj ∧ dyj .

This is simply a matter of linear algebra (the normal form theorem for skew-
symmetric forms on a vector space).

Now set α0 = dz +
∑

j xj dyj and consider the family of 1–forms

αt = (1− t)α0 + tα, t ∈ [0, 1],

on R2n+1. Our choice of coordinates ensures that

αt = α, dαt = dα at the origin.
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Hence, on a sufficiently small neighbourhood of the origin, αt is a contact
form for all t ∈ [0, 1].

We now want to use the Moser trick to find an isotopy ψt of a neighbour-
hood of the origin such that ψ∗

t αt = α0 . This aim seems to be in conflict
with our earlier remark that contact forms are not stable, but as we shall
see presently, locally this equation can always be solved.

Indeed, differentiating ψ∗
t αt = α0 (and assuming that ψt is the flow of

some time-dependent vector field Xt) we find

ψ∗
t

(
α̇t + LXt

αt

)
= 0,

so Xt needs to satisfy

α̇t + d(αt(Xt)) + iXt
dαt = 0. (2.4)

Write Xt = HtRt + Yt with Rt the Reeb vector field of αt , and Yt ∈ ker αt .
Inserting Rt in (2.4) gives

α̇t(Rt) + dHt(Rt) = 0. (2.5)

On a neighbourhood of the origin, a smooth family of functions Ht satisfying
(2.5) can always be found by integration, provided only that this neighbour-
hood has been chosen so small that none of the Rt has any closed orbits
there. Since α̇t is zero at the origin, we may require that Ht(0) = 0 and
dHt |0 = 0 for all t ∈ [0, 1]. Once Ht has been chosen, Yt is defined uniquely
by (2.4), i.e. by

α̇t + dHt + iYt
dαt = 0.

Notice that with our assumptions on Ht we have Xt(0) = 0 for all t.
Now define ψt to be the local flow of Xt . This local flow fixes the origin,

so there it is defined for all t ∈ [0, 1]. Since the domain of definition in
R × M of a local flow on a manifold M is always open (see [38, 8.11]),
we can infer† that ψt is actually defined for all t ∈ [0, 1] on a sufficiently
small neighbourhood of the origin in R2n+1. This concludes the proof of
the theorem (strictly speaking, the local coordinates in the statement of the
theorem are the coordinates xj ◦ ψ−1

1 etc.).

2.5.2 Isotropic submanifolds

Let L ⊂ (M, ξ = ker α) be an isotropic submanifold in a contact manifold
with cooriented contact structure. Write (TL)⊥ ⊂ ξ|L for the sub-bundle of

† To be absolutely precise, one ought to work with a family αt , t ∈ R, where αt ≡ α0 for
t ≤ ε and αt ≡ α1 for t ≥ 1 − ε, i.e. a technical homotopy in the sense of [38]. Then
Xt will be defined for all t ∈ R, and the reasoning of [38] can be applied.
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ξ|L that is symplectically orthogonal to TL with respect to the symplectic
bundle structure dα|ξ . As we have seen in the preceding symplectic interlude,
the conformal class of this symplectic bundle structure only depends on the
contact structure ξ, not on the choice of contact form α defining ξ. So the
bundle (TL)⊥ is determined by ξ.

The fact that L is isotropic implies TL ⊂ (TL)⊥. Lemma 1.3.3 allows us
to make the following definition, see [241].

Definition 2.5.3 The quotient bundle

CSNM (L) := (TL)⊥/TL

with the conformal symplectic structure induced by dα is called the confor-
mal symplectic normal bundle of L in M .

So the normal bundle NL := (TM |L )/TL of L in M can be split as

NL ∼= (TM |L )/(ξ|L )⊕ (ξ|L )/(TL)⊥ ⊕ CSNM (L). (2.6)

Observe that if dimM = 2n+1 and dimL = k ≤ n, then the rank of (TL)⊥

is 2n− k by Lemma 1.3.1, so the ranks of the three summands in the above
splitting are 1, k and 2(n−k), respectively. Our aim in this section is to show
that a neighbourhood of L in M is determined, up to contactomorphism, by
the isomorphism type (as a conformal symplectic bundle) of CSNM (L). As a
first step, we show that the the topological bundle type of the normal bundle
NL is completely determined by the conformal symplectic normal bundle.

The bundle (TM |L )/(ξ|L ) is a trivial line bundle because ξ is cooriented.
The Reeb vector field Rα induces a nowhere vanishing section of this quotient
bundle, so it is convenient to identify (TM |L )/(ξ|L ) with the line sub-bundle
〈Rα 〉 ⊂ TM spanned by Rα .

The next lemma shows that the second summand in the decomposition
(2.6) is determined by the topological type of L alone.

Lemma 2.5.4 The bundle (ξ|L )/(TL)⊥ is isomorphic to the cotangent bun-
dle T ∗L via the well-defined bundle isomorphism

Ψ: (ξ|L )/(TL)⊥ −→ T ∗L

[Y ] �−→ iY dα|T L .

Proof By the definition of (TL)⊥, the bundle homomorphism Ψ is well
defined and injective. Since both bundles have rank k, the result follows.

In the sequel it will often be convenient to identify all three summands on
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the right-hand side of (2.6) with sub-bundles of TM |L . The first summand
has already been identified with 〈Rα 〉.

Proposition 2.5.5 Let J : ξ → ξ be a complex bundle structure on ξ com-
patible with the symplectic bundle structure given by dα, as constructed in
Proposition 2.4.5. Then the bundle (ξ|L )/(TL)⊥ is isomorphic to J(TL),
and the conformal symplectic normal bundle CSNM (L) is isomorphic as a
conformal symplectic bundle to (TL⊕ J(TL))⊥.

Hence, we have a description

NL ∼= 〈Rα 〉 ⊕ J(TL)⊕ (TL⊕ J(TL))⊥

of the normal bundle NL in the desired form. For clarity we shall continue
to write CSNM (L) for the conformal symplectic normal bundle, but we allow
ourselves to interpret it as a sub-bundle of TM |L whenever convenient.

Example 2.5.6 Take M to be the unit sphere in R2n+2 with its standard
contact structure ξ = ker α0 from Example 2.1.7. Let L ⊂ M be the (k−1)–
dimensional sphere defined by the equation x2

1 + · · ·+ x2
k = 1 (and all other

coordinates equal to zero). Recall from that example that the standard
complex structure J on R2n+2 determined by J(∂xj

) = ∂yj
, j = 1, . . . , n+1,

preserves ξ and is compatible with dα0 .
The Reeb vector field R0 of α0 is given by

R0 =
n+1∑
j=1

(
xj ∂yj

− yj ∂xj

)
,

which along L reduces to

R0 |L =
k∑

j=1

xj ∂yj
.

It follows that the bundle 〈R0 |L 〉 ⊕ J(TL) is the linear span of ∂y1 , . . . , ∂yk
,

and CSNM (L) the linear span of ∂xk + 1 , ∂yk + 1 , . . . , ∂xn + 1 , ∂yn + 1 .

Proof of Proposition 2.5.5 This is fibrewise a matter of linear algebra. Thus,
let p ∈ L be an arbitrary point, and suppose that X ∈ (TpL)⊥∩J(TpL) ⊂ ξp .
Then JX ∈ TpL, and hence dα(X,JX) = 0, which implies X = 0. This
shows that (TpL)⊥ ∩ J(TpL) = {0}. Moreover, these two subspaces of ξp

have complementary dimension (2n− k and k, respectively). Hence J(TpL)
is a complement of (TpL)⊥ in ξp , so that ξp/(TpL)⊥ ∼= J(TpL).

In the case of CSNM (L) we argue similarly. First of all, we observe that
TpL⊕J(TpL) is indeed a direct sum: if X ∈ TpL∩J(TpL), then TpL 
 X =
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JY with Y ∈ TpL ⊂ (TpL)⊥, whence dα(Y, JY ) = 0, which implies Y = 0
and therefore X = 0.

Both TpL and (TpL ⊕ J(TpL))⊥ are contained in (TpL)⊥, and their di-
mensions k and 2n−2k add up to the dimension of (TpL)⊥. Hence, in order
to show that CSNM (L)p = (TpL)⊥/TpL is isomorphic to (TpL⊕ J(TpL))⊥,
it suffices to prove that

TpL ∩ (TpL⊕ J(TpL))⊥ = {0}.

Thus, let X be an element of the intersection on the left-hand side. Then in
particular X ∈ (J(TpL))⊥ and JX ∈ J(TpL), so that dα(X,JX) = 0, which
implies X = 0.

Recall from Example 2.4.2 that on the Whitney sum TL ⊕ T ∗L (for any
manifold L) there is a canonical symplectic bundle structure ΩL defined by

ΩL,p(X + η,X ′ + η′) = η(X ′)− η′(X) for X,X ′ ∈ TpL; η, η′ ∈ T ∗
p L.

Lemma 2.5.7 The bundle map

idT L ⊕Ψ: (TL⊕ J(TL), dα) −→ (TL⊕ T ∗L,ΩL )

is an isomorphism of symplectic vector bundles.

Proof We need only check that idT L ⊕ Ψ is a symplectic bundle map. Let
X,X ′ ∈ TpL and Y, Y ′ ∈ Jp(TpL). Write Y = JpZ, Y ′ = JpZ

′ with Z,Z ′ ∈
TpL. It follows that

dα(Y, Y ′) = dα(JZ, JZ ′) = dα(Z,Z ′) = 0,

since L is an isotropic submanifold. For the same reason dα(X,X ′) = 0.
Hence

dα(X + Y,X ′ + Y ′) = dα(Y,X ′)− dα(Y ′,X)

= Ψ(Y )(X ′)−Ψ(Y ′)(X)

= ΩL (X + Ψ(Y ),X ′ + Ψ(Y ′)),

which proves the assertion about the map idT L ⊕Ψ.

Theorem 2.5.8 Let (Mi, ξi), i = 0, 1, be contact manifolds with closed
isotropic submanifolds Li. Suppose there is an isomorphism of conformal
symplectic normal bundles Φ: CSNM 0 (L0) → CSNM 1 (L1) that covers a dif-
feomorphism φ : L0 → L1 . Then this diffeomorphism φ extends to a con-
tactomorphism ψ : N (L0) → N (L1) of suitable neighbourhoods N (Li) of Li

such that the bundle maps Tψ|CSNM 0 (L0 ) and Φ are bundle homotopic (as
conformal symplectic bundle isomorphisms).
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Corollary 2.5.9 If Li ⊂ (Mi, ξi), i = 0, 1, are diffeomorphic (closed) Le-
gendrian submanifolds, then they have contactomorphic neighbourhoods.

Proof The conformal symplectic normal bundle of a Legendrian submanifold
has rank 0, so the conditions in the theorem, apart from the existence of a
diffeomorphism φ : L0 → L1 , are void.

Example 2.5.10 Let L ⊂ (M 3 , ξ) be a Legendrian knot in a contact 3–
manifold. Identify a neighbourhood of L with S1 ×R2 , where L ≡ S1 ×{0}.
Then, with S1–coordinate θ and Cartesian coordinates (x, y) on R2 , the
contact structure

cos θ dx− sin θ dy = 0

provides a model for a neighbourhood of L.

Example 2.5.11 Given any manifold L, one can define the space J1(L)
of 1–jets of (germs of) differentiable functions f : L → R. Let E(x) be the
space of germs of differentiable functions at a point x ∈ L. An equivalence
relation on E(x) is given by

f1 ∼ f2 :⇐⇒ f1(x) = f2(x) and f ′
1(x) = f ′

2(x).

The equivalence class j1
xf of a germ f ∈ E(x) is called a 1–jet at x; see [95]

for some basic information on jets. One can identify J1(L) with the space
R× T ∗L by mapping j1

xf to (f(x), dfx).
Let λ be the Liouville form on T ∗L introduced in Section 1.4, given in

local coordinates q on L and dual coordinates p by λ = p dq. Writing z for
the R–coordinate in R × T ∗L, we have a natural contact structure on the
1–jet space given by ξjet = ker(dz − λ).

Any globally defined function f : L → R gives rise to a Legendrian em-
bedding of L in (J1(S1), ξjet):

L −→ R× T ∗L

x �−→ (f(x), dfx);

this being Legendrian is immediate from the local coordinate description
of ξjet (alternatively, use Lemma 1.4.1). In particular, the identically zero
function corresponds to the zero section L ⊂ T ∗L ⊂ R×T ∗L. By the above
theorem, a neighbourhood of L ⊂ J1(L) provides a universal model for the
neighbourhood of any Legendrian submanifold L ⊂ (M, ξ).

Proof of Theorem 2.5.8 Choose contact forms αi for ξi , i = 0, 1, scaled in
such a way that Φ is actually an isomorphism of symplectic vector bundles
with respect to the symplectic bundle structures on CSNMi

(Li) given by
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dαi . Here we think of CSNMi
(Li) as a sub-bundle of TMi |Li

(rather than
as a quotient bundle).

We identify (TMi |Li
)/(ξi |Li

) with the trivial line bundle spanned by the
Reeb vector field Rαi

. In total, this identifies

NLi = 〈Rαi
〉 ⊕ Ji(TLi)⊕ CSNMi

(Li)

as a sub-bundle of TMi |Li
.

Let ΦR : 〈Rα0 〉 → 〈Rα1 〉 be the obvious bundle isomorphism defined by
requiring that Rα0 (p) map to Rα1 (φ(p)).

Let Ψi : Ji(TLi) → T ∗Li be the isomorphism defined by taking the inte-
rior product with dαi . Notice that

Tφ⊕ (φ∗)−1 : (TL0 ⊕ T ∗L0 ,ΩL0 ) → (TL1 ⊕ T ∗L1 ,ΩL1 )

is an isomorphism of symplectic vector bundles. With Lemma 2.5.7 it follows
that

Tφ⊕Ψ−1
1 ◦ (φ∗)−1 ◦Ψ0 : (TL0 ⊕ J0(TL0), dα0) → (TL1 ⊕ J1(TL1), dα1)

is an isomorphism of symplectic vector bundles.
Now let

Φ̃ : NL0 −→ NL1

be the bundle isomorphism (covering φ) defined by

Φ̃ = ΦR ⊕Ψ−1
1 ◦ (φ∗)−1 ◦Ψ0 ⊕ Φ.

Let τi : NLi → Mi be tubular maps. Recall that this means the following
(I suppress the index i for better readability). The τ are embeddings such
that

• under the identification of L with the zero section of NL, the map
τ |L is the inclusion L ⊂M , and

• with respect to the splittings T (NL)|L = TL ⊕ NL = TM |L , the
differential Tτ induces the identity on NL along L.

Then τ1 ◦ Φ̃◦ τ−1
0 : N (L0) → N (L1) is a diffeomorphism of suitable neigh-

bourhoods N (Li) of Li that induces the bundle map

Tφ⊕ Φ̃ : TM0 |L0 −→ TM1 |L1 .

By construction, this bundle map pulls α1 back to α0 and dα1 to dα0 . Hence,
α0 and (τ1◦Φ̃◦τ−1

0 )∗α1 are contact forms onN (L0) that coincide on TM0 |L0 ,
and so do their differentials.

Now consider the family of 1–forms

βt = (1− t)α0 + t(τ1 ◦ Φ̃ ◦ τ−1
0 )∗α1 , t ∈ [0, 1].
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On TM0 |L0 we have βt ≡ α0 and dβt ≡ dα0 . Since the contact condition
α ∧ (dα)n �= 0 is an open condition, we may assume – shrinking N (L0) if
necessary – that βt is a contact form on N (L0) for all t ∈ [0, 1]. By the Gray
stability theorem (Thm. 2.2.2) and Remark 2.2.3 following its proof, we find
an isotopy ψt of N (L0), fixing L0 , such that ψ∗

t βt = λtα0 for some smooth
family of smooth functions λt : N (L0) → R+. In fact, arguing as in the
proof of Darboux’s theorem (Thm. 2.5.1), we may find an isotopy ψt such
that ψ∗

t βt = α0 .† We conclude that the composition ψ := τ1 ◦ Φ̃ ◦ τ−1
0 ◦ ψ1

is the desired contactomorphism.

Remark 2.5.12 With a little more care one can actually achieve Tψ1 = id
on TM0 |L0 , which implies in particular that Tψ|CSNM 0 (L0 ) = Φ, see [241].
The key point is the generalised Poincaré lemma, see Appendix A, which
allows us to write a closed differential form η, given in a neighbourhood
of the zero section of a bundle and vanishing along that zero section, as
an exact form η = dζ with ζ and its partial derivatives with respect to all
coordinates (in any chart) vanishing along the zero section. This lemma is
applied first to η = d(β1 − β0), in order to find (with the symplectic Moser
trick on a symplectic hypersurface) a diffeomorphism σ of a neighbourhood
of L0 ⊂ M0 with Tσ = id on TM0 |L0 and such that dβ0 = d(σ∗β1). It is
then applied once again to η′ = β0 − σ∗β1 . Further details will be provided
in Chapter 6, where we need this stronger version of the neighbourhood
theorem for isotropic submanifolds (Thm. 6.2.2) in the context of contact
surgery.

Example 2.5.13 Let M0 = M1 = R3 with contact forms α0 = dz + x dy

and α1 = dz + (x + y) dy and L0 = L1 = 0 the origin in R3 . Then

CSNM 0 (L0) = CSNM 1 (L1) = span{∂x, ∂y} ⊂ T0R3 .

We take Φ = idCSN .
Set αt = dz + (x + ty) dy. The Moser trick with Xt ∈ ker αt yields

Xt = −y ∂x , and hence ψt(x, y, z) = (x − ty, y, z). This isotopy satisfies
ψ∗

t αt = α0 . Then

Tψ1 =

 1 −1 0
0 1 0
0 0 1

 ,

† Since N (L0 ) is not a closed manifold, ψt is a priori only a local flow. But on L0
it is stationary and hence defined for all t. As in the proof of the Darboux theorem
we conclude that ψt is defined for all t ∈ [0, 1] in a sufficiently small neighbourhood
of L0 , so shrinking N (L0 ) once again, if necessary, will ensure that ψt is a global flow
on N (L0 ).
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which does not restrict to Φ on CSN.
However, a different solution (again for the equation ψ∗

t αt = α0) is given
by Xt = HtRt with Ht a solution of α̇t +dHt = 0 (see the proof of Darboux’s
theorem). This gives Xt = −y2 ∂z/2 and ψt(x, y, z) = (x, y, z− ty2/2). Here
we get

Tψ1 =

 1 0 0
0 1 0
0 −y 1

 ,

hence Tψ1 |T0 R3 = id, so in particular Tψ1 |CSN = Φ.

Beware that the preceding example is relatively simple, because dα0 =
dα1 ; in other words, we need only the second step of the foregoing remark.
We shall see in Chapter 6 that for this second step a suitable multiple of the
Reeb vector field will always produce the desired flow.

2.5.3 Contact submanifolds

Let (M ′, ξ′ = ker α′) ⊂ (M, ξ = kerα) be a contact submanifold, that is,
TM ′ ∩ ξ|M ′ = ξ′. As before we write (ξ′)⊥ ⊂ ξ|M ′ for the symplectically
orthogonal complement of ξ′ in ξ|M ′ . Since M ′ is a contact submanifold (so
ξ′ is a symplectic sub-bundle of (ξ|M ′ , dα)), we have

TM ′ ⊕ (ξ′)⊥ = TM |M ′ ,

i.e. we can identify (ξ′)⊥ with the normal bundle NM ′. Moreover, dα induces
a conformal symplectic structure on (ξ′)⊥, see Lemma 1.3.4.

Definition 2.5.14 The bundle

CSNM (M ′) := (ξ′)⊥

with the conformal symplectic structure induced by dα is called the confor-
mal symplectic normal bundle of M ′ in M .

Theorem 2.5.15 Let (Mi, ξi), i = 0, 1, be contact manifolds with com-
pact contact submanifolds (M ′

i , ξ
′
i). Suppose there is an isomorphism of

conformal symplectic normal bundles Φ: CSNM 0 (M
′
0) → CSNM 1 (M

′
1) that

covers a contactomorphism φ : (M ′
0 , ξ

′
0) → (M ′

1 , ξ
′
1). Then φ extends to

a contactomorphism ψ of suitable neighbourhoods N (M ′
i ) of M ′

i such that
Tψ|CSN(M 0 ,M ′

0 ) and Φ are bundle homotopic (as conformal symplectic bun-
dle isomorphisms).
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Example 2.5.16 A particular instance of this theorem is the case of a
transverse knot in a contact manifold (M, ξ), i.e. an embedding S1 ↪→ (M, ξ)
transverse to ξ. Since the symplectic group Sp(2n) of linear transformations
of R2n preserving the standard symplectic structure ωst =

∑n
j=1 dxj ∧dyj is

connected, see [177, Prop. 2.22], there is only one conformal symplectic R2n–
bundle over S1 up to conformal equivalence. A model for the neighbourhood
of a transverse knot is given by(

S1 × R2n , ξ = ker
(
dθ +

n∑
j=1

(xj dyj − yj dxj )
))

,

where θ denotes the S1–coordinate; the theorem says that in suitable local
coordinates the neighbourhood of any transverse knot looks like this model.

Proof of Theorem 2.5.15 As in the proof of Theorem 2.5.8 it suffices to find
contact forms αi on Mi and a bundle map TM0 |M ′

0
→ TM1 |M ′

1
, covering φ

and inducing Φ, that pulls back α1 to α0 and dα1 to dα0 ; the proof then
concludes as there with a stability argument.

For this we need to choose the αi judiciously. The essential choice is made
separately on each Mi , so I suppress the subscript i for the time being.
Choose a contact form α′ for ξ′ on M ′. Write R′ for the Reeb vector field
of α′. Given any contact form α for ξ on M we may first scale it such that
α(R′) ≡ 1 along M ′. Then α|T M ′ = α′, and hence dα|T M ′ = dα′. We now
want to scale α further such that its Reeb vector field R coincides with R′

along M ′. To this end we want to find a smooth function f : M → R+ with
f |M ′ ≡ 1 and iR ′d(fα) ≡ 0 on TM |M ′ . This last equation becomes

0 = iR ′d(fα) = iR ′(df ∧ α + f dα) = −df + iR ′dα on TM |M ′ .

Since iR ′dα|T M ′ = iR ′dα′ ≡ 0, such an f exists.
The choices of α′

0 and α′
1 cannot be made independently of each other; we

may first choose α′
1 , say, and then define α′

0 = φ∗α′
1 . Then define α0 , α1 as

described and scale Φ such that it is a symplectic bundle isomorphism of

((ξ′0)
⊥, dα0) −→ ((ξ′1)

⊥, dα1).

Then

Tφ⊕ Φ: TM0 |M ′
0
−→ TM1 |M ′

1

is the desired bundle map that pulls back α1 to α0 and dα1 to dα0 .

Remark 2.5.17 The condition that Ri ≡ R′
i along M ′ is necessary for

ensuring that (Tφ⊕ Φ)(R0) = R1 , which guarantees (with the other stated
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conditions) that (Tφ ⊕ Φ)∗(dα1) = dα0 . The condition dαi |T M ′
i

= dα′
i and

the described choice of Φ alone would only give (Tφ⊕Φ)∗(dα1 |ξ1 ) = dα0 |ξ0 .

2.5.4 Hypersurfaces

Let S be an oriented hypersurface in a contact manifold (M, ξ = ker α) of
dimension 2n + 1. In a neighbourhood of S in M , which we can identify
with S × R (and S with S × {0}), the contact form α can be written as

α = βr + ur dr,

where βr , r ∈ R, is a smooth family of 1–forms on S and ur : S → R

a smooth family of functions. The contact condition α ∧ (dα)n �= 0 then
becomes, with the derivative with respect to r denoted by a dot,

0 �= α ∧ (dα)n

= (βr + ur dr) ∧ (dβr − β̇r ∧ dr + dur ∧ dr)n

= (−nβr ∧ β̇r + nβr ∧ dur + ur dβr ) ∧ (dβr )n−1 ∧ dr. (2.7)

The intersection TS∩ (ξ|S ) determines a distribution (of non-constant rank)
of subspaces of TS. If α is written as above, this distribution is given by
the kernel of β0 , and hence, at a given p ∈ S, defines either the full tangent
space TpS (if β0,p = 0) or a 1–codimensional subspace both of TpS and ξp

(if β0,p �= 0). In the former case, the symplectically orthogonal complement
(TpS ∩ ξp)⊥ (with respect to the conformal symplectic structure dα on ξp)
is {0}; in the latter case, (TpS ∩ ξp)⊥ is a 1–dimensional subspace of ξp

contained in TpS ∩ ξp .
From that it is intuitively clear what one should mean by a ‘singular

1–dimensional foliation’, and we make the following somewhat provisional
definition, where the hypersurface S need not be orientable.

Definition 2.5.18 The characteristic foliation Sξ of a hypersurface S in
(M, ξ) is the singular 1–dimensional foliation of S defined by the distribution
(TS ∩ ξ|S )⊥.

Example 2.5.19 If dimM = 3 and dimS = 2, then (TpS ∩ ξp)⊥ = TpS ∩ ξp

at the points p ∈ S where TpS ∩ ξp is 1–dimensional. Figure 2.2 shows the
characteristic foliation of the unit 2–sphere in (R3 , ξ2), where ξ2 denotes the
standard contact structure of Example 2.1.1: the only singular points are
(0, 0,±1); away from these points the characteristic foliation is spanned by

(xz − y) ∂x + (yz + x) ∂y − (x2 + y2) ∂z .
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Fig. 2.2. The characteristic foliation on S2 ⊂ (R3 , ξ2 ).

The following lemma, where we revert to the assumption that S be ori-
entable, helps to clarify the notion of singular 1–dimensional foliation.

Lemma 2.5.20 Let β0 be the 1–form induced on S by a contact form α

defining ξ, and let Ω be a volume form on S. Then Sξ is defined by the
vector field X satisfying

iX Ω = β0 ∧ (dβ0)n−1 .

Proof First of all, we want to see that β0 ∧ (dβ0)n−1 �= 0 outside the zeros
of β0 . Arguing by contradiction, assume β0,p �= 0 and β0 ∧ (dβ0)n−1 |p = 0
at some p ∈ S. Then (dβ0)n |p �= 0 by (2.7). On the codimension 1 subspace
ker β0,p of TpS the symplectic form dβ0,p has maximal rank 2n−2. It follows
that β0 ∧ (dβ0)n−1 |p �= 0 after all, a contradiction.

Next we want to show that X ∈ ker β0 . We observe

0 = iX (iX Ω) = β0(X)(dβ0)n−1 − (n− 1)β0 ∧ iX dβ0 ∧ (dβ0)n−2 . (2.8)

Taking the exterior product of this equation with β0 we get

β0(X)β0 ∧ (dβ0)n−1 = 0.

By our previous consideration this implies β0(X) = 0.
It remains to show that for β0,p �= 0 we have

dβ0(Xp,v) = 0 for all v ∈ TpS ∩ ξp .

For n = 1 this is trivially satisfied, because in that case v is a multiple of Xp .
I suppress the point p in the following calculation, where we assume n ≥ 2.
From (2.8) and with β0(X) = 0 we have

β0 ∧ iX dβ0 ∧ (dβ0)n−2 = 0. (2.9)

Taking the interior product with v ∈ TS ∩ ξ yields

−dβ0(X,v)β0 ∧ (dβ0)n−2 + (n− 2)β0 ∧ iX dβ0 ∧ ivdβ0 ∧ (dβ0)n−3 = 0.
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(Thanks to the coefficient n − 2 the term (dβ0)n−3 is not a problem for
n = 2.) Taking the exterior product of that last equation with dβ0 , and
using (2.9), we find

dβ0(X,v)β0 ∧ (dβ0)n−1 = 0,

and thus dβ0(X,v) = 0.

Remark 2.5.21 (1) We can now give a more formal definition of ‘oriented
singular 1–dimensional foliation’ as an equivalence class of vector fields [X],
where X is allowed to have zeros, and [X] = [X ′] if there is a nowhere zero
function on all of S such that X ′ = fX. Notice that the non-integrability
of contact structures and the reasoning at the beginning of the proof of the
lemma imply that the zero set of X does not contain any open subsets of S.

(2) If the contact structure ξ is cooriented rather than just coorientable,
so that α is well defined up to multiplication with a positive function, then
this lemma allows one to give an orientation to the characteristic foliation:
changing α to λα with λ : M → R+ will change β0∧(dβ0)n−1 by a factor λn .

(3) A not necessarily orientable singular 1–dimensional foliation can be
defined by requiring only that there be a covering of the manifold M by
open subsets Ui , and vector fields Xi on Ui that are related by Xi = fijXj

on Ui ∩ Uj , with fij a nowhere zero function. This then covers the case of
characteristic foliations Sξ on non-orientable hypersurfaces S, or induced by
a non-coorientable contact structure ξ.

We now restrict attention to surfaces in contact 3–manifolds, where the
notion of characteristic foliation has proved to be particularly useful.

The following theorem is due to Giroux [104].

Theorem 2.5.22 (Giroux) Let Si be closed surfaces in contact 3–manifolds
(Mi, ξi), i = 0, 1 (with ξi cooriented), and φ : S0 → S1 a diffeomorphism
with φ(S0,ξ0 ) = S1,ξ1 as oriented characteristic foliations. Then there is
a contactomorphism ψ : N (S0) → N (S1) of suitable neighbourhoods N (Si)
of Si with ψ(S0) = S1 and such that ψ|S0 is isotopic to φ via an isotopy
preserving the characteristic foliation.

Proof By passing to a double cover, if necessary, we may assume that the Si

are orientable hypersurfaces. Let αi be contact forms defining ξi . Extend φ

to a diffeomorphism (still denoted φ) of neighbourhoods of Si and consider
the contact forms α0 and φ∗α1 on a neighbourhood of S0 , which we may
identify with S0 ×R. We may assume that this extended φ has been chosen
in such a way that α0 and φ∗α1 define the same orientation on S0 × R.
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By rescaling α1 we may assume that α0 and φ∗α1 induce the same form
β0 on S0 ≡ S0 × {0}, and hence also the same form dβ0 .

Observe that the expression on the right-hand side of Equation (2.7) is
linear in β̇r and ur . This implies that convex linear combinations of solutions
of (2.7) (for n = 1) with the same β0 (and dβ0) will again be solutions of
(2.7) for sufficiently small |r|. This reasoning applies to

αt := (1− t)α0 + tφ∗α1 , t ∈ [0, 1].

(I hope the reader will forgive the slight abuse of notation, with α1 denoting
both a form on M1 and its pull-back φ∗α1 to M0 .) As is to be expected, we
now use the Moser trick to find an isotopy ψt with ψ∗

t αt = λtα0 , just as in
the proof of Gray stability (Thm. 2.2.2). In particular, we require as there
that the vector field Xt we want to integrate to the flow ψt lie in the kernel
of αt .

On TS0 we have α̇t ≡ 0 (thanks to the assumption that α0 and φ∗α1 induce
the same form β0 on S0). In particular, if v is a vector tangent to S0,ξ0 at
a non-singular point of this characteristic foliation, then by Equation (2.2)
we have dαt(Xt,v) = 0, which implies that Xt is a multiple of v, hence
tangent to S0,ξ0 . At a singular point of the characteristic foliation, we have
dαt(Xt,v) = 0 for any tangent vector v to S0 , and hence Xt = 0 at these
points. This shows that the flow of Xt preserves S0 and its characteristic
foliation. More formally, we have

LXt
αt = d(αt(Xt)) + iXt

dαt = iXt
dαt,

so with v as above we have LXt
αt(v) = 0, which shows that LXt

αt |T S0 is a
multiple of α0 |T S0 = β0 . This implies that the (local) flow of Xt changes β0

by a conformal factor.
Since S0 is closed, the local flow of Xt restricted to S0 integrates up to

t = 1, and so the same is true† in a neighbourhood of S0 . Then ψ = φ ◦ ψ1

will be the desired diffeomorphism N (S0) → N (S1).

As observed previously in the proof of Darboux’s theorem for contact
forms, the Moser trick allows more flexibility if we drop the condition that
αt(Xt) = 0. We are now going to exploit this extra freedom to strengthen
Giroux’s theorem slightly. This will be important when we want to extend
isotopies of hypersurfaces.

Theorem 2.5.23 Under the assumptions of the preceding theorem we can
find ψ : N (S0) → N (S1) satisfying the stronger condition ψ|S0 = φ.

† See the proof (and the footnote therein) of Darboux’s theorem (Thm. 2.5.1).



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

2.6 Isotopy extension theorems 81

Proof We want to show that the isotopy ψt of the preceding proof may be
assumed to fix S0 pointwise. As there, we may assume α̇t |T S0 ≡ 0.

If the condition that Xt be tangent to ker αt is dropped, the condition Xt

needs to satisfy so that its flow will pull back αt to λtα0 is

α̇t + d(αt(Xt)) + iXt
dαt = µtαt, (2.10)

where µt and λt are related by µt = d
dt (log λt) ◦ ψ−1

t , see the proof of the
Gray stability theorem (Thm. 2.2.2).

Write Xt = HtRt + Yt with Rt the Reeb vector field of αt and Yt ∈ ξt =
ker αt . Then condition (2.10) translates into

α̇t + dHt + iYt
dαt = µtαt. (2.11)

For given Ht one determines µt from this equation by inserting the Reeb
vector field Rt ; the equation then admits a unique solution Yt ∈ ker αt

because of the non-degeneracy of dαt |ξt
.

Our aim now is to ensure that Ht ≡ 0 on S0 and Yt ≡ 0 along S0 . The
latter we achieve by imposing the condition

α̇t + dHt = 0 along S0 (2.12)

(which entails with (2.11) that µt |S0 ≡ 0). The conditions Ht ≡ 0 on S0 and
(2.12) can be simultaneously satisfied thanks to α̇t |T S0 ≡ 0.

We can therefore find a smooth family of smooth functions Ht satisfying
these conditions, and then define Yt by (2.11). The flow of the vector field
Xt = HtRt +Yt then defines an isotopy ψt that fixes S0 pointwise (and thus
is defined for all t ∈ [0, 1] in a neighbourhood of S0). Then ψ = φ ◦ ψ1 will
be the diffeomorphism we wanted to construct.

2.6 Isotopy extension theorems

In this section we show that the isotopy extension theorem of differential
topology – an isotopy of a closed submanifold extends to an isotopy of the
ambient manifold – remains valid both for isotropic and contact submanifolds
of contact manifolds. The neighbourhood theorems proved above provide
the key to the corresponding isotopy extension theorems. For simplicity,
I assume throughout that the ambient contact manifold M is closed; all
isotopy extension theorems remain valid if M has non-empty boundary ∂M ,
provided the isotopy stays away from the boundary. In that case, the isotopy
of M found by extension keeps a neighbourhood of ∂M fixed. A further
convention is that our ambient isotopies ψt are understood to start at ψ0 =
idM . Of course, by a contact isotopy of a contact manifold (M, ξ) we
understand an isotopy consisting of contactomorphisms.
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2.6.1 Isotropic submanifolds

In order to formulate the isotopy extension theorem for isotropic submani-
folds, we first need to give the obvious definition of the corresponding type
of embedding.

Definition 2.6.1 An embedding j : L → (M, ξ = ker α) is called an iso-
tropic embedding if j(L) is an isotropic submanifold of (M, ξ), i.e. every-
where tangent to the contact structure ξ. Equivalently, one needs to require
j∗α ≡ 0.†

Theorem 2.6.2 Let jt : L → (M, ξ = ker α), t ∈ [0, 1], be an isotopy of
isotropic embeddings of a closed manifold L in a contact manifold (M, ξ).
Then there is a compactly supported contact isotopy ψt of (M, ξ) satisfying
ψt ◦ j0 = jt .

Proof Define a time-dependent vector field Xt along jt(L) by

Xt ◦ jt =
d

dt
jt .

To simplify notation later on, we assume that L is a submanifold of M and
j0 the inclusion L ⊂ M . Our aim is to find a (smooth) family of compactly
supported, smooth functions H̃t : M → R whose Hamiltonian vector field
X̃t equals Xt along jt(L). Recall that X̃t is defined in terms of H̃t by

α(X̃t) = H̃t , iX̃ t
dα = dH̃t(Rα )α− dH̃t ,

where, as usual, Rα denotes the Reeb vector field of α.
Hence, we need

α(Xt) = H̃t , iXt
dα = dH̃t(Rα )α− dH̃t along jt(L). (2.13)

Define Ht : jt(L) → R by Ht = α(Xt). To satisfy (2.13) we need

H̃t = Ht along jt(L). (2.14)

This implies

dH̃t(v) = dHt(v) for v ∈ T (jt(L)).

Since jt is an isotopy of isotropic embeddings, we have T (jt(L)) ⊂ ker α. So
a prerequisite for (2.13) is that

dα(Xt,v) = −dHt(v) for v ∈ T (jt(L)). (2.15)

† The (equivalent) conditions T j(T L) ⊂ ξ and j∗α ≡ 0 also make sense for an immer-
sion j, which is then called an isotropic immersion.
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This condition can be rewritten as

d(j∗t iXt
α) + j∗t (iXt

dα) ≡ 0,

and by Lemma B.1 (page 404) this in turn is equivalent to d
dt (j

∗
t α) ≡ 0. But

this last condition is indeed tautologically satisfied, for the fact that jt is an
isotopy of isotropic embeddings can be written as j∗t α ≡ 0.

This means that we can define H̃t by prescribing the value of H̃t along
jt(L) (with (2.14)) and the differential of H̃t along jt(L) (with (2.13)), where
we are free to impose dH̃t(Rα ) = 0, for instance. The calculation we just
performed shows that these two requirements are consistent with each other.
Any function satisfying these requirements along jt(L) can be smoothed out
to zero outside a tubular neighbourhood of jt(L), and the Hamiltonian flow
of this H̃t will be the desired contact isotopy extending jt .

One small technical point is to ensure that the resulting family of functions
H̃t will be smooth in t. To achieve this, we proceed as follows. Set M̂ =
M × [0, 1] and

L̂ =
⋃

q∈L,t∈[0,1]

(jt(q), t),

so that L̂ is a submanifold of M̂ . Let g be an auxiliary Riemannian metric
on M with respect to which Rα is orthogonal to ker α. Identify the normal
bundle NL̂ of L̂ in M̂ with a sub-bundle of TM̂ by requiring its fibre at a
point (p, t) ∈ L̂ to be the g–orthogonal subspace of Tp(jt(L)) in TpM . Let
τ : NL̂→ M̂ be a tubular map.

Now define a smooth function Ĥ : NL̂ → R as follows, where (p, t) always
denotes a point of L̂ ⊂ NL̂.

• Ĥ(p, t) = α(Xt),
• dĤ(p,t)(Rα ) = 0,

• dĤ(p,t)(v) = −dα(Xt,v) for v ∈ ker αp ⊂ TpM ⊂ T(p,t)M̂ ,

• Ĥ is linear on the fibres of NL̂ → L̂.

Let χ : M̂ → [0, 1] be a smooth function with χ ≡ 0 outside a small neigh-
bourhood N0 ⊂ τ(NL̂) of L̂ and χ ≡ 1 in a smaller neighbourhood N1 ⊂ N0

of L̂. For (p, t) ∈ M̂ , set

H̃t(p) =

{
χ(p, t)Ĥ(τ−1(p, t)) for (p, t) ∈ τ(NL̂),
0 for (p, t) �∈ τ(NL̂).

This is smooth in p and t, and the Hamiltonian flow ψt of H̃t (defined globally
since H̃t is compactly supported) is the desired contact isotopy.
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As a special case of this theorem, we may take L to be a point. This
constitutes a homogeneity result for contact manifolds.

Corollary 2.6.3 Let (M, ξ) be a connected contact manifold and p, q ∈ M

two (not necessarily distinct) points of M . Let γ : [0, 1] → M be a smooth
path connecting p = γ(0) with q = γ(1). Then there is a compactly sup-
ported contact isotopy (ψt)t∈[0,1] of M with ψt(p) = γ(t). In particular,
there is a contactomorphism ψ1 with ψ1(p) = q. In other words, the group
of contactomorphisms of (M, ξ) acts transitively on M .

Proofs of this result (without the specification of a curve γ) were first
given by Hatakeyama [124] and Boothby [29].

There is also a version of this corollary for a parametric family of contact
structures, at least for closed manifolds.

Proposition 2.6.4 Let ξt , t ∈ [0, 1], be a smooth family of contact structures
on a closed manifold M , and γ : [0, 1] →M a smooth path in M . Then there
is an isotopy ψt of M with Tψt(ξ0) = ξt and ψt(γ(0)) = γ(t) for all t ∈ [0, 1].

Proof By Gray stability (Thm. 2.2.2) there is an isotopy φt of M with
ξt = Tφt(ξ0). By the preceding corollary, there is a contact isotopy ψ0

t of
(M, ξ0) with ψ0

t (γ(0)) = (φt)−1(γ(t)). Then ψt := φt ◦ ψ0
t is the desired

isotopy.

If M is not closed, we cannot appeal to Gray stability, but we can still
prove a local version of the preceding proposition. Write Bst for the closed
unit ball in R2n+1 with its standard contact structure; the origin of R2n+1

will be denoted by 0. Here 2n + 1 is the dimension of M . Recall that by a
contact embedding of Bst we actually mean such an embedding defined on
a small open neighbourhood of Bst in (R2n+1 , ξst).

Lemma 2.6.5 Let ξt , t ∈ [0, 1], be a smooth family of contact structures
on a manifold M , and γ : [0, 1] → M a smooth path in M . Then there is a
smooth family of contact embeddings jt : Bst → (M, ξt) with jt(0) = γ(t) for
all t ∈ [0, 1].

Proof Let φt be an isotopy of M with φt(γ(0)) = γ(t). (Simply extend
the velocity vector field γ̇ along γ to a compactly supported time-dependent
vector field on M , and define φt to be the globally defined flow of this
vector field.) Choose a smooth family of contact forms αt with ξt = ker αt .
By precomposing φt with an isotopy fixing p := γ(0) we may assume that
φ∗

t αt |Tp M = α0 |Tp M and φ∗
t (dαt)|Tp M = dα0 |Tp M , see the bundle-theoretic
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arguments in the proof of Theorem 2.5.8. By the argument in the proof of
Darboux’s theorem (Thm. 2.5.1), we find an isotopy ψt of a neighbourhood
U of γ(0) ∈ M that fixes this point and satisfies ψ∗

t φ∗
t αt |U = α0 |U . Let

j0 : Bst → (U, ξ0) be a contact embedding sending 0 to γ(0), given by a
Darboux chart around γ(0). Then jt := φt ◦ ψt ◦ j0 is the desired family of
contact embeddings.

In the above lemma and its proof we assumed implicitly that M is without
boundary. However, with the obvious minor modification in the statement,
the lemma also holds for manifolds with boundary, since a contact structure
can always be extended over a thin collar attached to the boundary (by the
openness of the contact condition).

As a further generalisation, we now want to adapt this lemma to a para-
metric family of paths. This will be relevant for the classification of so-called
overtwisted contact structures on 3–manifolds (Section 4.7).

Lemma 2.6.6 Let ξt , t ∈ [0, 1], be a smooth family of contact structures
on a manifold M and γt : [a, b] → M , t ∈ [0, 1], a smooth family of paths.
Then there exists a partition a = s0 < s1 < . . . < sk = b of the interval [a, b]
and smooth families ji

t : Bst → (M, ξt), t ∈ [0, 1], i = 1, . . . , k, of contact
embeddings such that γt([si−1 , si ]) ⊂ ji

t (Bst).

Proof For each fixed s ∈ [a, b] there is – by the preceding lemma, applied to
the path t �→ γt(s) – a family of contact embeddings

j
(s)
t : Bst −→ (M, ξt), t ∈ [0, 1],

with j
(s)
t (0) = γt(s). The lemma then follows by a simple compactness

argument (first in the parameter t, then in the parameter s).

2.6.2 The contact disc theorem

In this section we record a further observation about contact embeddings of
the ball Bst . It generalises the disc theorem [132, Thm. 8.3.1] from differen-
tial topology and has corresponding consequences, e.g. the uniqueness up to
contactomorphism of the connected sum operation for contact manifolds, as
described in Chapter 6 below.

Theorem 2.6.7 (Contact disc theorem) Any two contact embeddings ji,
i = 0, 1, of Bst into a connected contact manifold (M, ξ) (with dim Bst =
dim M = 2n + 1) are contact isotopic. Here it is understood that ξst and
ξ are cooriented, and the ji are meant to preserve this coorientation, i.e.
Tji(ξst) = ξ as cooriented hyperplane fields.



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

86 Contact manifolds

Remark 2.6.8 An isotopy jt , t ∈ [0, 1], of contact embeddings of the closed
unit ball Bst is, per definitionem, an isotopy of contact embeddings into
(M, ξ) of some open neighbourhood U of Bst in (R2n+1 , ξst). This defines a
time-dependent Hamiltonian vector field Xt over jt(U), and hence a Hamil-
tonian function Ht = α(Xt), given a contact form α defining ξ = ker α. One
can then find a smooth family H̃t of smooth functions defined on all of M ,
with H̃t = Ht on jt(U ′), with U ′ ⊂ U a slightly smaller open neighbourhood
of Bst . This means that any isotopy of contact embeddings of Bst extends
to an ambient contact isotopy, defined by the flow of the Hamiltonian vector
field XH̃t

.

The proof of this theorem will take up the rest of this section. The only
point where this proof differs significantly from the usual proof of the (topo-
logical) disc theorem is the argument for showing that any contact embed-
ding of Bst into (R2n+1 , ξst) is isotopic to its ‘linearisation’ (suitably under-
stood). Here we have to work with a version of the Alexander trick adapted
to the contact setting. Throughout this section we write the standard con-
tact structure ξst in the form

ξst = ker(dz + x dy).

Here x,y stand for (x1 , . . . , xn ) and (y1 , . . . , yn ) respectively, and x dy has to
be read as

∑n
k=1 xk dyk . The same applies to analogous expressions below.

In the discussion that follows I shall use R2n+1
st as shorthand notation for

(R2n+1 , ξst).
Instrumental at various stages in the argument will be the contact dilation

δt(x,y, z) := (tx, ty, t2z), t ∈ R+,

which is obviously a contactomorphism for ξst .

(1) Let ji : Bst → (M, ξ), i = 0, 1, be two contact embeddings. Since M

is connected, we may, thanks to Corollary 2.6.3, assume after a first contact
isotopy that j0(0) = j1(0).

(2) According to Remark 2.5.2 we can find a neighbourhood of j0(0) =
j1(0) contactomorphic to R2n+1

st . After isotopies of the form

(x,y, z; t) �−→ ji ◦ δ(1−t+tε)(x,y, z), i = 0, 1,

with ε > 0 chosen sufficiently small, we may assume that both j0 and j1 map
into that neighbourhood, so that we may regard them as contact embeddings

(Bst ,0) −→
(
R2n+1

st ,0
)
.

(3) Given a contact embedding j as just described, we now want to find a
contact isotopy to its ‘linearisation’. The following considerations will serve
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to find the candidate for this ‘linearisation’. Observe that the differential
T0j has no reason, in general, to be a contactomorphism of R2n+1

st . Write j

in the form

(x,y, z) �−→
(
X(x,y, z),Y(x,y, z), Z(x,y, z)

)
.

Then the condition for j to be a contact embedding becomes

dZ + X dY = λ(dz + x dy),

with λ : Bst → R+. This can be rewritten as the following system of equa-
tions: 

∂Z

∂xk
+ X

∂Y
∂xk

= 0, k = 1, . . . , n,

∂Z

∂yk
+ X

∂Y
∂yk

= λxk , k = 1, . . . , n,

∂Z

∂z
+ X

∂Y
∂z

= λ.

By taking various partial derivatives of these equations and evaluating at
0 we find (for all k, l = 1, . . . , n and with δkl denoting the Kronecker symbol)

∂2Z

∂xk ∂xl
(0) +

∂X
∂xk

(0)
∂Y
∂xl

(0) = 0,

∂2Z

∂yk ∂yl
(0) +

∂X
∂yk

(0)
∂Y
∂yl

(0) = 0,

∂2Z

∂xk ∂yl
(0) +

∂X
∂yl

(0)
∂Y
∂xk

(0) = 0,

∂2Z

∂xk ∂yl
(0) +

∂X
∂xk

(0)
∂Y
∂yl

(0) = λ(0)δkl .

Notice that from the third equation of the first system we have

∂Z

∂z
(0) = λ(0).

Interpret X,Y as column vectors, and form the n× n matrices

A =
(

∂X
∂x1

(0), . . . ,
∂X
∂xn

(0)
)

=
(

∂X
∂x

(0)
)

,

B =
(

∂X
∂y1

(0), . . . ,
∂X
∂yn

(0)
)

=
(

∂X
∂y

(0)
)

,

C =
(

∂Y
∂x1

(0), . . . ,
∂Y
∂xn

(0)
)

=
(

∂Y
∂x

(0)
)

,

D =
(

∂Y
∂y1

(0), . . . ,
∂Y
∂yn

(0)
)

=
(

∂Y
∂y

(0)
)

.
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Since the second partial derivatives of Z commute, the above system gives
AtC = CtA,

BtD = DtB,

AtD − CtB = λ(0)In ,

with In denoting the n × n identity matrix. It is a straightforward check
that this is equivalent to saying that the linear map(

x
y

)
�−→

(
A B

C D

)(
x
y

)
is (positively) conformally symplectic for the standard symplectic structure
on R2n given by

Ω
((

x
y

)
,

(
x′

y′

))
= xy′ − yx′.

We write CSp+(2n) for the group of such 2n × 2n matrices. Since µI2n ∈
CSp+(2n) for µ ∈ R \ {0}, and the symplectic group Sp(2n) of linear maps
preserving Ω is connected, see [177, Prop. 2.22], the group CSp+(2n) is
likewise connected.

Observe that the first partial derivative of Z with respect to z and the
second partial derivatives of Z with respect to the x– and y–coordinates (all
derivatives taken at the point 0) are completely determined by this linear
conformally symplectic map.

Lemma 2.6.9 Let
(

A B
C D

)
be an element of CSp+(2n), with conformality

factor λ0 ∈ R+ . Then the map given by

X = Ax + By

Y = Cx + Dy

Z = λ0z −
1
2
xtAtCx− xtCtBy − 1

2
ytBtDy

is a contactomorphism of R2n+1
st .

Proof The map is bijective and its Jacobian is easily seen to have full rank at
every point, so the map is a diffeomorphism of R2n+1. Moreover, a straight-
forward computation gives dZ + X dY = λ0(dz + x dy).

Now return to the given contact embedding j : (Bst ,0) → (R2n+1
st ,0),

(x,y, z) �→ (X,Y, Z). Let S0j be the contact embedding of Bst given by
the map from the foregoing lemma, with the conformally symplectic matrix
determined by the partial derivatives of j at 0 as in the discussion preceding
the lemma.
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Proposition 2.6.10 (Contact Alexander trick) There is an isotopy of
contact embeddings (Bst ,0) → (R2n+1

st ,0) between S0j and j, given by

(x,y, z; t) �−→
{

δ−1
t ◦ j ◦ δt(x,y, z) for t ∈ (0, 1],

S0j(x,y, z) for t = 0.

Proof Recall the lemma of Morse, see [153, p. 226], which allows us to write
X(x,y, z) in the form

X(x,y, z) = A(x,y, z)x + B(x,y, z)y + c(x,y, z)z

with A(0) =
(

∂X
∂x

(0)
)

, B(0) =
(

∂X
∂y

(0)
)

, and c(0) =
∂X
∂z

(0). Indeed,

simply work out the differentiation in the integrand of

X(x,y, z) =
∫ 1

0

d

ds
X(sx, sy, sz) ds.

For Y we have a similar expression.
The contact condition implies the vanishing of the first partial derivatives

of Z with respect to the x– and y–coordinates at 0. So we can iterate
the lemma of Morse on these derivatives and obtain an expression for Z

containing a linear term in z and quadratic terms in all variables, again with
variable coefficients which give the corresponding partial derivatives of Z

when evaluated at 0.
When we conjugate these expressions with δt , we see that in the expres-

sions for X and Y only the linear terms in x and y survive as t goes to 0;
likewise, in the expression for Z only the linear term in z and the quadratic
terms in x and y survive. From the contact condition one finds that these
linear/quadratic expressions are indeed the ones that define S0j.

(4) Finally, we want to construct a contact isotopy from S0j to the in-
clusion map Bst ⊂ R2n+1

st . I mentioned before that the group CSp+(2n)
is connected. Therefore, any two contact embeddings Bst → R2n+1

st as in
Lemma 2.6.9 can indeed be connected by an isotopy via contact embeddings
of that type. This concludes the proof of Theorem 2.6.7.

2.6.3 Contact submanifolds

In the preceding section we spoke of contact embeddings of Bst into an equi-
dimensional contact manifold. We now extend this concept by dropping the
condition on dimensions.
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Definition 2.6.11 An embedding j : (M ′, ξ′) → (M, ξ) is called a contact
embedding if (j(M ′), T j(ξ′)) is a contact submanifold of (M, ξ), i.e.

T (j(M ′)) ∩ ξ|j (M ′) = Tj(ξ′).

If ξ = ker α, this can be reformulated as ker j∗α = ξ′.

Theorem 2.6.12 Let jt : (M ′, ξ′) → (M, ξ), t ∈ [0, 1], be an isotopy of
contact embeddings of the closed contact manifold (M ′, ξ′) in the contact
manifold (M, ξ). Then there is a compactly supported contact isotopy ψt of
(M, ξ) with ψt ◦ j0 = jt .

Proof We follow a slightly different strategy from the one in the isotropic
case. Instead of directly finding an extension of the Hamiltonian function
Ht : jt(M ′) → R, we first use the neighbourhood theorem for contact sub-
manifolds to extend jt to an isotopy of contact embeddings of tubular neigh-
bourhoods. Again we assume that M ′ is a submanifold of M and j0 the
inclusion M ′ ⊂M . As earlier, NM ′ denotes the normal bundle of M ′ in M .
We also identify M ′ with the zero section of NM ′, and we use the canonical
identification

T (NM ′)|M ′ = TM ′ ⊕NM ′.

By the usual isotopy extension theorem from differential topology we find
an isotopy

φt : NM ′ →M

with φt |M ′ = jt .
Choose contact forms α, α′ defining ξ and ξ′, respectively. Define αt =

φ∗
t α. Then TM ′ ∩ ker αt = ξ′. Let R′ denote the Reeb vector field of α′.

Analogous to the proof of Theorem 2.5.15, we first find a smooth family of
smooth functions gt : M ′ → R+ such that gtαt |T M ′ = α′, and then a family
ft : NM ′ → R+ with ft |M ′ ≡ 1 and

dft = iR ′d(gtαt) on T (NM ′)|M ′ .

Then βt = ftgtαt is a family of contact forms on NM ′ representing the
contact structures ker(φ∗

t α), and with the properties

βt |T M ′ = α′,

dβt |T M ′ = dα′,

ker(dβt) = 〈R′〉 along M ′.

The family (NM ′, dβt) of symplectic vector bundles may be thought of as a
symplectic vector bundle over M ′× [0, 1], which is necessarily isomorphic to
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a bundle pulled back from M ′ × {0} (see [140, Cor. 3.4.4]). In other words,
there is a smooth family of symplectic bundle isomorphisms

Φt : (NM ′, dβ0) −→ (NM ′, dβt).

Then

idT M ′ ⊕ Φt : T (NM ′)|M ′ −→ T (NM ′)|M ′

is a bundle map that pulls back βt to β0 and dβt to dβ0 .
By the now familiar stability argument we find a smooth family of em-

beddings

ϕt : N (M ′) −→ NM ′

for some neighbourhood N (M ′) of the zero section M ′ in NM ′ with ϕ0 =
inclusion, ϕt |M ′ = idM ′ and ϕ∗

t βt = λtβ0 , where λt : N (M ′) → R+. This
means that

φt ◦ ϕt : N (M ′) −→ M

is a smooth family of contact embeddings of (N (M ′), ker β0) in (M, ξ).
Define a time-dependent vector field Xt along φt ◦ ϕt(N (M ′)) by

Xt ◦ φt ◦ ϕt =
d

dt
(φt ◦ ϕt).

This Xt is clearly an infinitesimal automorphism of ξ: by differentiating the
equation ϕ∗

t φ
∗
t α = µtφ

∗
0α (where µt : N (M ′) → R+) with respect to t we

get

ϕ∗
t φ

∗
t (LXt

α) = µ̇tφ
∗
0α =

µ̇t

µt
ϕ∗

t φ
∗
t α,

so LXt
α is a multiple of α (since φt ◦ϕt is a diffeomorphism onto its image).

By the theory of contact Hamiltonians, Xt is the Hamiltonian vector field
of a Hamiltonian function Ĥt defined on φt◦ϕt(N (M ′)). Cut off this function
with a bump function so as to obtain Ht : M → R with Ht ≡ Ĥt near
φt◦ϕt(M ′) and Ht ≡ 0 outside a slightly larger neighbourhood of φt◦ϕt(M ′).
Then the Hamiltonian flow ψt of Ht satisfies our requirements.

2.6.4 Surfaces in 3–manifolds

Theorem 2.6.13 Let jt : S → (M, ξ = ker α), t ∈ [0, 1], be an isotopy
of embeddings of a closed surface S in a 3–dimensional contact manifold
(M, ξ). If all jt induce the same characteristic foliation on S, then there is
a compactly supported isotopy ψt : M →M with ψt ◦ j0 = jt .
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Proof Extend jt to a smooth family of embeddings φt : S × R → M , and
identify S with S × {0}. The assumptions say that all φ∗

t α induce the same
characteristic foliation on S. By the proof of Theorem 2.5.23 and in analogy
with the proof of Theorem 2.6.12 we find a smooth family of embeddings

ϕt : S × (−ε, ε) −→ S × R

for some ε > 0 with ϕ0 = inclusion, ϕt |S×{0} = idS and ϕ∗
t φ

∗
t α = λtφ

∗
0α,

where λt : S × (−ε, ε) → R+. In other words, φt ◦ ϕt is a smooth family of
contact embeddings of (S × (−ε, ε), ker φ∗

0α) in (M, ξ).
The proof now concludes exactly as the proof of Theorem 2.6.12.
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3

Knots in contact 3–manifolds

‘Quem faz nós, quem os desata’

José Saramago,
Fado Adivinha

The study of knots in 3–manifolds is a venerable subject in its own right, the
main question being the classification of knots in 3–space up to isotopy. But
knots also play an important supporting role in the geometric topology of 3–
manifolds, for instance via the surgery construction discussed in Chapter 1.

When we turn to contact 3–manifolds, the situation is analogous. Here
there are two distinguished classes of knots: the Legendrian and the trans-
verse ones. Again, these are interesting objects in their own right, and much
can be said about the classification of these knots (up to isotopy through
knots of the given type). A comprehensive survey about these matters is
given by Etnyre [82].

In the present chapter I shall concentrate on those aspects of the theory of
Legendrian and transverse knots that are relevant for the construction and
classification of contact 3–manifolds via surgical constructions along such
knots.

Section 3.1 contains the basic definitions. In Section 3.2 we discuss how
Legendrian and transverse knots can be visualised by two kinds of 2–dimen-
sional projections adapted to the contact structure, viz., the front and the
Lagrangian projection. These will be used in Section 3.3 for proving that
every knot can be approximated both by a Legendrian or by a transverse knot
in the same topological isotopy class. Then follows a topological interlude
in Section 3.4 on linking numbers and the representation of homology cycles
by submanifolds. Finally, Section 3.5 introduces the classical invariants,
viz., the Thurston–Bennequin invariant and rotation number of Legendrian
knots, and the self-linking number of transverse knots. We discuss relations
between these invariants and compute them from the knot projections.

93
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3.1 Legendrian and transverse knots

Recall that a knot in a 3–manifold M is simply an embedding of S1 . (I shall
try to be as consistent as possible in distinguishing the actual embedding
from its image; usually I write something like γ for the former and K for
the latter.) A large part of our discussion, for the time being, will centre on
curves parametrised on intervals. I usually write s for a parameter ranging
over an interval, and θ for a parameter ranging over S1 ≡ R/2πZ. We write
γ′(s) = Tsγ(∂s) for the tangent or ‘velocity’ vector of the parametrised curve
s �→ γ(s) at the point γ(s).

We have already introduced Legendrian submanifolds of contact manifolds
in full generality, so it is clear what is meant by a Legendrian knot. For better
reference, I summarise the definitions in the present setting.

Definition 3.1.1 A Legendrian knot in a contact 3–manifold (M, ξ) is a
Legendrian embedding γ : S1 →M , that is, an embedding satisfying γ′(θ) ∈
ξγ (θ) for all θ ∈ S1 .

A transverse knot in (M, ξ) is an embedding γ : S1 →M that is every-
where transverse to ξ, i.e. we require γ′(θ) �∈ ξγ (θ) for all θ ∈ S1 . If ξ = ker α

is cooriented, one speaks of a positively or negatively transverse knot
depending on whether α(γ′(θ)) > 0 or α(γ′(θ)) < 0 for all θ ∈ S1 .

Remark 3.1.2 As always, I adhere to J. H. C. Whitehead’s dictum, quoted
after [132]: ‘Transversal is a noun; the adjective is transverse.’

We shall frequently have to associate with some given Legendrian knot a
transverse or a second Legendrian knot (where this associated knot ought to
be canonically defined up to transverse or Legendrian isotopy, respectively).
This happens, for instance, when we want to prove the analogue for trans-
verse knots of a result already proved for Legendrian knots (see the proof
of the transverse case of Theorem 3.3.1 on page 103 below), or when we
consider surgeries along such canonically associated knots (see Proposition
6.4.5). For better reference, I collect the relevant definitions here.

Let γ : S1 → K ⊂ M be a Legendrian knot. By Example 2.5.10, a
neighbourhood of K in (M, ξ) is contactomorphic to a neighbourhood of the
Legendrian knot

θ �−→ (θ, x = 0, y = 0) ∈ S1 × R2 , θ ∈ S1 ,

with contact structure on S1 × R2 given by the contact form

α = cos θ dx− sin θ dy.

We identify γ with this model Legendrian S1 . Observe that the radial vector
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field X := x ∂x + y ∂y is a contact vector field by Lemma 1.5.8, since LX α =
α, as one computes easily with the help of the Cartan formula.

On the boundary torus S := {x2 + y2 = δ}, for δ ∈ R+ small, of a thin
cylinder around K, there are two distinguished curves† where X is tangent
to ξ, namely,

γ±(θ) := (θ, x = ±δ sin θ, y = ±δ cos θ), θ ∈ S1 .

Observe that γ± is obtained from γ by pushing it in the direction of the vector
field ±(sin θ ∂x + cos θ ∂y ) tangent to ξ (but transverse to γ′). Moreover, we
have α(γ′

±) = ±δ. Different choices of δ ∈ R+ yield knots that are isotopic as
transverse knots. We therefore call γ± the positive or negative, respectively,
transverse push-off of γ.

The torus S is foliated by the Legendrian curves

θ �−→ (θ, x0 , y0), θ ∈ S1 ,

with x2
0 +y2

0 = δ. But there are two further distinguished Legendrian curves
on S, along which the contact planes are tangent to S. These are given by

γL(θ) := (θ, x = ±δ cos θ,∓δ sin θ), θ ∈ S1 .

Notice that these Legendrian curves lie in the same homotopy class (as curves
on S) as γ±. We call either of them a Legendrian push-off of K. By vary-
ing the parameter δ we see that these Legendrian push-offs are Legendrian
isotopic to K.

Finally, given a transverse knot in a contact 3–manifold, we may think of
it (by Example 2.5.16) as the knot

γT(θ) := (θ, x = 0, y = 0), θ ∈ S1

in S1 × R2 with contact structure given by dθ + x dy − y dx = 0. This has
Legendrian push-offs, but in contrast with the previous cases there is no
canonical choice. For instance, for any k ∈ Z∗ we can form the Legendrian
push-off

θ �−→
(
θ, x =

1
k

cos(k2θ), y = −1
k

sin(k2θ)
)
, θ ∈ S1 .

3.2 Front and Lagrangian projection

For questions such as surgery descriptions of contact 3–manifolds, the (Le-
gendrian or transverse) knots of primary interest are those in S3 with its
standard contact structure. Given any link in S3 , we may assume that it

† These curves will later play a prominent role in the theory of so-called convex surfaces,
see Sections 4.6.2 and 4.8.
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misses a given point and regard it as a link in R3 . By Proposition 2.1.8 the
same is true in contact geometry: any link in S3 with its standard contact
structure may be regarded as a link in R3 with its standard contact structure
ξst = ker αst , where

αst = dz + x dy.

Remark 3.2.1 The reader should be warned that almost every possible
convention for writing this standard contact structure – with a minus instead
of a plus sign, or with the roles of x and y reversed – has been used in the
literature. Therefore, the knot diagrams we are going to draw below will have
a different appearance in other books and papers, depending on whichever
school of thought the author follows. I stick to what I believe is one of the
more common conventions.

Consider embeddings γ of S1 or an open interval into (R3 , ξst). Write
γ(s) = (x(s), y(s), z(s)). Then

αst(γ′) = z′ + xy′,

so the condition for a Legendrian curve reads z′ + xy′ ≡ 0; for a positively
or negatively transverse curve it becomes z′ + xy′ > 0 or < 0, respectively.

In order to visualise curves or knots in 3–space, one draws their projection
onto some plane in R3 . In the contact geometric setting, there are two
distinguished types of such projections.

Definition 3.2.2 The front projection of a parametrised curve γ(s) =
(x(s), y(s), z(s)) in (R3 , ξst) is the curve

γF(s) = (y(s), z(s));

its Lagrangian projection is the curve

γL(s) = (x(s), y(s)).

3.2.1 Legendrian curves

If γ(s) = (x(s), y(s), z(s)) is a Legendrian curve in (R3 , ξst), then y′ = 0
implies z′ = 0, so there the front projection has a singular point. Indeed,
the curve s �→ (s, 0, 0) is an example of a Legendrian curve whose front
projection is a single point. We call a Legendrian curve generic if y′ = 0
only holds at isolated points (which we call cusp points), and there y′′ �= 0.
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Lemma 3.2.3 Let γ : (a, b) → (R3 , ξst) be a Legendrian immersion. Then
its front projection γF(s) = (y(s), z(s)) does not have any vertical tangencies.
Away from the cusp points, γ is recovered from its front projection via

x(s) = −z′(s)
y′(s)

= −dz

dy
,

i.e. x(s) is the negative slope of the front projection. The curve γ is embedded
if and only if γF has only transverse self-intersections.

By a C∞–small perturbation of γ we can obtain a generic Legendrian curve
γ̃ isotopic to γ; by a C2–small perturbation we may achieve that the front
projection has only semi-cubical cusp singularities, i.e. around a cusp point
at s = 0 the curve γ̃ looks like

γ̃(s) = (s + a, λs2 + b,−λ(2s3/3 + as2) + c)

with λ �= 0, see Figure 3.1.
Any regular curve in the (y, z)–plane with semi-cubical cusps and no ver-

tical tangencies can be lifted to a unique Legendrian curve in R3 .

Fig. 3.1. The cusp of a front projection.

Proof The Legendrian condition is z′ + xy′ = 0. Hence y′ = 0 forces z′ = 0,
so γF cannot have any vertical tangencies.

Away from the cusp points, the Legendrian condition tells us how to re-
cover x as the negative slope of the front projection. In particular, a self-
intersecting front projection lifts to a non-intersecting curve if and only if the
slopes at the intersection point are different, i.e. if and only if the intersection
is transverse.

That γ can be approximated in the C∞–topology by a generic immersion
γ̃ follows from the usual transversality theorem (in its simplest form, viz.,
applied to the function y(s); the function x(s) may be left unchanged, and
the new z(s) is then found by integrating the new −xy′).

At a cusp point of γ̃ we have y′ = z′ = 0. Since γ̃ is an immersion,
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this forces x′ �= 0, so γ̃ can be parametrised around a cusp point by the x–
coordinate, i.e. we may choose the curve parameter s such that the cusp lies
at s = 0 and x(s) = s+a. Since y′′(0) �= 0 by the genericity condition, we can
write y(s) = s2g(s) + y(0) with a smooth function g(s) satisfying g(0) �= 0;
this is proved like the lemma of Morse in [153, p. 226]. A C0–approximation
of g(s) by a function h(s) with h(s) ≡ g(0) for s near zero and h(s) ≡ g(s)
for |s| greater than some small ε > 0 yields a C2–approximation of y(s) with
the desired form around the cusp point.

Remark 3.2.4 By continuity, the equation x = −dz/dy also makes sense at
generic cusp points. This describes the slope of the tangent line (understood
in the obvious sense) at the cusp. So these tangencies cannot be vertical
either.

Example 3.2.5 Figure 3.2 shows the left-handed and right-handed trefoil
knot. Figure 3.3 gives the front projections of Legendrian realisations of
these knots.

Fig. 3.2. The left and right trefoil knot.

Fig. 3.3. Front projections of Legendrian left and right trefoil.

Here is the corresponding discussion of the Lagrangian projection of Le-
gendrian curves.



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

3.2 Front and Lagrangian projection 99

Lemma 3.2.6 Let γ : (a, b) → (R3 , ξst) be a Legendrian immersion. Then
its Lagrangian projection γL(s) = (x(s), y(s)) is also an immersed curve.
The curve γ is recovered from γL via

z(s1) = z(s0)−
∫ s1

s0

x(s)y′(s) ds.

A Legendrian immersion γ : S1 → (R3 , ξst) has a Lagrangian projection that
encloses zero area. Moreover, γ is embedded if and only if every loop in γL

(except, in the closed case, the full loop γL) encloses a non-zero oriented
area.

Any curve (defined on an interval) immersed in the (x, y)–plane is the
Lagrangian projection of a Legendrian curve in (R3 , ξst), unique up to trans-
lation in the z–direction. A closed immersed curve γL in the (x, y)–plane,
i.e. an immersion of S1 in R2 , lifts to a Legendrian immersion of S1 in
(R3 , ξst) precisely if

∮
γL

x dy = 0.

Proof The Legendrian condition z′ + xy′ implies that if y′ = 0 then z′ = 0,
and hence, since γ is an immersion, x′ �= 0. So γL is an immersion.

The formula for z follows by integrating the Legendrian condition. For
a closed curve γL in the (x, y)–plane, the integral

∮
γL

x dy computes the
oriented area enclosed by γL. From this observation all the other statements
follow.

Example 3.2.7 Figure 3.4 shows the Lagrangian projection of a Legendrian
unknot.

AA −2A

Fig. 3.4. Lagrangian projection of a Legendrian unknot.

The Lagrangian projection has the apparent advantage that it gives rise
to immersed curves in R2 rather than curves with cusp singularities, as is
the case with the front projection. However, in most situations the front
projection wins hands down, on account of the fact that it allows one to
read off directly, even from a qualitative picture, whether the corresponding
Legendrian curve is embedded, or whether a front corresponds to a closed
curve. In the Lagrangian projection, either of these questions gives rise
to an awkward quantitative condition. In Section 6.3.1 we combine both
viewpoints in order to derive the classification of Legendre immersions of S1
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in (R3 , ξst) from the classification of immersions of S1 in R2 (known as the
Whitney–Graustein theorem) – and vice versa.

3.2.2 Transverse curves

The condition for a parametrised curve γ(s) = (x(s), y(s), z(s)) in R3 to be
positively transverse to the standard contact structure ξ = ker(dz + x dy) is
that z′ + xy′ > 0. Hence,

if y′ = 0, then z′ > 0,

if y′ > 0, then x > −z′/y′,

if y′ < 0, then x < −z′/y′.

The first statement says that there are no vertical tangencies oriented
downwards in the front projection. The second statement says in particular
that for y′ > 0 and z′ < 0 we have x > 0; the third, that for y′ < 0 and z′ < 0
we have x < 0. This implies that the situations shown in Figure 3.5 are not
possible in the front projection of a positively transverse curve. I leave it
to the reader to check that all other oriented crossings are possible in the
front projection of a positively transverse curve, and that any curve in the
(y, z)–plane without the forbidden crossing or downward vertical tangencies
admits a lift to a positively transverse curve.

Fig. 3.5. Impossible front projections of positively transverse curve.

Example 3.2.8 Figure 3.6 shows the front projection of a positively trans-
verse trefoil knot.

3.3 Approximation theorems

In this section I present elementary ad hoc proofs that every knot in a contact
3–manifold can be C0–approximated both by a Legendrian and by a (pos-
itively or negatively) transverse knot in the same topological isotopy class.
As mentioned earlier, there is a general h–principle that allows one to prove
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Fig. 3.6. Front projection of a positively transverse trefoil knot.

corresponding statements for isotropic submanifolds in contact manifolds in
arbitrary dimension, see Section 6.3.1.

Theorem 3.3.1 Let γ : S1 → (M, ξ) be a knot in a contact 3–manifold.
Then γ can be C0–approximated by a Legendrian knot isotopic to γ. If ξ is
cooriented, γ can be C0–approximated by a positively as well as a negatively
transverse knot isotopic to γ.

Observe that such a statement has no chance of being true for an integrable
tangent 2–plane field.

3.3.1 Legendrian knots

Proof of Theorem 3.3.1 – Legendrian case First of all, we consider a curve γ

in standard R3 . In order to find a C0–close Legendrian approximation of γ,
we simply need to choose a C0–close approximation of its front projection γF

by a regular curve without vertical tangencies and with isolated cusps (we
call such a curve a front) in such a way, that the slope of the front at the
parameter value s is close to −x(s) (see Figure 3.7). Then the Legendrian
lift of this front is the desired C0–approximation of γ.

If γ is defined on a closed interval, then the Legendrian approximation of
γ may be assumed to have the same endpoints, simply by choosing the slope
of the front (in the above construction) appropriately at the endpoints. If γ

is already Legendrian near its endpoints, then the approximation of γF may
be assumed to coincide with γF near the endpoints, so that the Legendrian
lift coincides with γ near the endpoints.

Hence, given a knot in an arbitrary contact 3–manifold, we can cut it
(by the Lebesgue lemma) into finitely many little pieces that lie in Dar-
boux charts. There we can use the preceding recipe to find a Legendrian
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y

z

Fig. 3.7. Legendrian C0–approximation via front projection.

approximation. Since, as just observed, one can find such approximations on
intervals with given boundary condition, this procedure yields a Legendrian
approximation of the full knot.

Locally (i.e. in R3) the described procedure does not introduce any self-
intersections in the approximating curve, provided we approximate γF by
a front with only transverse self-intersections. Since the original knot was
embedded, the same will then be true for its Legendrian C0–approximation.
Likewise, in the local procedure we can avoid introducing any non-trivial
knotting; then the Legendrian C0–approximation will be (topologically) iso-
topic to the knot we started with.

The same result may be derived using the Lagrangian projection.

Alternative proof of Theorem 3.3.1 – Legendrian case Again we consider a
curve γ in standard R3 defined on an interval. The generalisation to arbitrary
contact manifolds and closed curves is achieved as in the proof using front
projections.

In order to find a C0–approximation of γ by a Legendrian curve, one only
has to approximate its Lagrangian projection γL by an immersed curve whose
‘area integral’

z(s0)−
∫ s

s0

x dy

lies as close to the original z(s) as one wishes. This can be achieved by
using small loops oriented positively or negatively (see Figure 3.8). If γL has
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self-intersections, this approximating curve can be chosen in such a way that
along loops properly contained in that curve the area integral is non-zero,
so that again we do not introduce any self-intersections in the Legendrian
approximation of γ.

x

y

Fig. 3.8. Legendrian C0–approximation via Lagrangian projection.

3.3.2 Transverse knots

The quickest proof of the transverse case of Theorem 3.3.1 is via the Le-
gendrian case.

Proof of Theorem 3.3.1 – transverse case By the Legendrian case of this
theorem, the given knot γ can be C0–approximated by a Legendrian knot.
This, in turn, can be C0–approximated by a positive or negative transverse
push-off, as described on page 95.

Remark 3.3.2 If γ is defined on a closed interval, the above construction
can easily be modified so that the transverse approximation coincides with
γ at the endpoints.

The following parametric version of this approximation result will be used
in the classification of overtwisted contact structures on 3–manifolds (Sec-
tion 4.7).
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Lemma 3.3.3 Let ξt , t ∈ [0, 1], be a continuous family of cooriented contact
structures on a 3–manifold M , and γt : [a, b] → M , t ∈ [0, 1], a continuous
family of embeddings. Then, arbitrarily C0–close to this family of embed-
dings, one can find a continuous family of embeddings γ̃t : [a, b] → M with
γ̃t positively transverse to ξt and γ̃t(a) = γ(a), γ̃t(b) = γ(b) for all t ∈ [0, 1].

Proof As in the non-parametric case, we are going to find the transverse
approximation by first constructing a Legendrian approximation. In order
for this to work in families, we have to specify canonical constructions in the
proof of Theorem 3.3.1.

We begin with the situation that (M, ξt) equals R3 with its standard con-
tact structure ker(dz + x dy) for all t ∈ [0, 1]. Given an embedded curve
γ : [a, b] → R3 , for any given n ∈ N† a canonical approximation of its front
projection γF by a front can be constructed as follows. We partition the
interval [a, b] into n intervals of length (b − a)/n. Consider γ on the subin-
terval [a, a + (b − a)/n]; on the other subintervals the construction will be
analogous. We prescribe a front by the following data.

• At s = a and s = a + (b − a)/n, the front passes through γF(s)
with slope −x(s) (in other words, the corresponding Legendrian curve
passes through γ(a) and γ(a + (b− a)/n)).

• At s = a + (b − a)/3n the front has a cusp on the right of slope
−x(a + (b− a)/3n) at the point with coordinates

y = max{y(a), y(a + (b− a)/n)}+ 1/n and z = z(a + (b− a)/3n).

• At s = a + 2(b − a)/3n the front has a cusp on the left of slope
−x(a + 2(b− a)/3n) at the point with coordinates

y = min{y(a), y(a + (b− a)/n)} − 1/n and z = z(a + 2(b− a)/3n).

• Between these points, the front is given by a canonical choice of
curves, determined by their endpoints and the slopes there. This
choice can be made in such a way that the resulting front lifts to a
smooth curve.

If n is chosen sufficiently large, the resulting Legendre curve will be as C0–
close to γ as we wish. Because the choice in the third point above can be
made canonical, this procedure yields a C0–approximation of a whole family
γt of curves. (For sufficiently large n the construction will also guarantee
that the resulting family consists again of embeddings.)

† My convention is that the natural numbers N are the positive integers 1, 2, . . .
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The construction extends to arbitrary M and a family ξt of contact struc-
tures with the help of Lemma 2.6.6 by performing the above procedure on
the curves (in the notation of that lemma) (ji

t )
−1 ◦ γt |[si−1 ,si ] .

In a similar ad hoc fashion, the construction of the transverse approxima-
tions can be ‘canonised’ to allow the approximation in families.

3.4 Interlude: topology of submanifolds

As a first step towards a classification of Legendrian or transverse knots up
to Legendrian or transverse isotopy, respectively, one tries to find numerical
invariants under such isotopies. For the definition of such invariants, we
need to discuss the linking of knots in 3–manifolds. Textbooks on knot
theory traditionally only deal with knots in R3 or S3 ; in order to understand
linking in general 3–manifolds we need some topological preparations, in
particular concerning the realisation of homology cycles by submanifolds.
Similar questions will be addressed in Section 4.2 in the process of classifying
2–plane fields on 3–manifolds. In the present section we also collect some
results that will only become relevant there. First we make a short digression
on some topological background material which is fairly standard but not
explicitly contained in basic textbook references such as Bredon [35].

3.4.1 Hopf’s Umkehrhomomorphismus

If f : Mm → Nn is a continuous map between smooth, oriented manifolds,
one can define a homomorphism ϕ : Hn−p(N) → Hm−p(M) on homology
classes represented by oriented submanifolds as follows. Given a homology
class [L]N ∈ Hn−p(N) represented by an oriented codimension p submani-
fold L, replace f by a smooth approximation transverse to L and define
ϕ([L]N ) = [f−1(L)]M . Here the submanifold f−1(L) of M is oriented as
follows. Since f is transverse to L, the differential Tf induces a fibrewise
isomorphism between the normal bundles of f−1(L) and L. The orientations
of N and L induce an orientation of the normal bundle of L in N (orienta-
tion of L followed by normal orientation is the orientation of N). Under Tf

this pulls back to an orientation of the normal bundle of f−1(L) in M , and
together with the orientation of M this defines an orientation of f−1(L).

This homomorphism ϕ is essentially the Umkehrhomomorphismus intro-
duced by Hopf [139], except that he worked with combinatorial manifolds
of equal dimension and made no assumptions on the homology class. The
following theorem, which in spirit is contained in [90], shows that ϕ is in-
dependent of choices (of submanifold L representing a class and smooth



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

106 Knots in contact 3–manifolds

transverse approximation to f) and actually a homomorphism of intersec-
tion rings. This statement is not as well known as it should be, and I know
of a proof in the literature only for the special case where L is a point [115].
In [35] this map is called transfer map,† but is only defined indirectly via
Poincaré duality (though implicitly the statement of the following theorem
is contained in [35], see for instance page 377 there).

Theorem 3.4.1 Let f : Mm → Nn be a smooth map between closed, ori-
ented manifolds and Ln−p ⊂ Nn a closed, oriented submanifold of codimen-
sion p such that f is transverse to L. Write u ∈ Hp(N) for the Poincaré
dual of [L]N , that is, u ∩ [N ] = [L]N . Then [f−1(L)]M = f∗u ∩ [M ]. In
other words: if u is Poincaré dual to [L]N , then f∗u ∈ Hp(M) is Poincaré
dual to [f−1(L)]M .

Proof We find (closed) tubular neighbourhoods W → L and V = f−1(W ) →
f−1(L) (considered as disc bundles) such that f : V → W is a fibrewise
isomorphism. Write [V ]0 and [W ]0 for the orientation classes in the homology
groups Hm (V, V \ f−1(L)) and Hn (W,W \L), respectively. We can identify
these homology groups with Hm (V, ∂V ) and Hn (W,∂W ), respectively. Let
τW ∈ Hp(W,∂W ) and τV ∈ Hp(V, ∂V ) be the Thom classes of these disc
bundles, defined by

τW ∩ [W ]0 = [L]N ,

τV ∩ [V ]0 = [f−1(L)]M .

Notice that f∗τW = τV since f : W → V is fibrewise isomorphic and the
Thom class of an oriented disc bundle is the unique class whose restriction
to each fibre is a positive generator of Hp(Dp, ∂Dp). Writing i : M →
(M,M \ f−1(L)) and j : N → (N,N \ L) for the inclusion maps we have

[f−1(L)]M = τV ∩ [V ]0 = f∗τW ∩ [V ]0 = f∗τW ∩ i∗[M ],

where we identify Hm (M,M \ f−1(L)) with Hm (V, V \ f−1(L)) under the
excision isomorphism. Then we have further

[f−1(L)]M = i∗f∗τW ∩ [M ] = f∗j∗τW ∩ [M ].

So it remains to identify j∗τW as the Poincaré dual u of [L]N . Indeed,

j∗τW ∩ [N ] = τW ∩ j∗[N ] = τW ∩ [W ]0 = [L]N ,

where we have used the excision isomorphism between the homology groups
Hn (W,W \ L) and Hn (N,N \ L).

† More general transfer maps are discussed in [115].
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3.4.2 Representing homology classes by submanifolds

We now want to prove various statements about the realisation of homology
cycles by submanifolds. Apart from the Hopf Umkehrhomomorphismus, the
other essential ingredient for proving such results is the homotopy-theoretic
description of the homology functor.

Recall that for any abelian group π and natural number n there is a so-
called Eilenberg–MacLane space K(π, n), a CW–complex with the property
that all its homotopy groups vanish except πn (K(π, n)), which is isomorphic
to π. (For n = 1, the group π is not required to be abelian for K(π, 1) to
exist, but for the following statement it will be.) Moreover, there is a natural
isomorphism of functors

Hn (−;π) ∼= [−,K(π, n)],

see [35, VII.12], where brackets denote homotopy classes† of maps. The
element in Hn (M ;π) (with M any topological space) corresponding to a
homotopy class [f ] of maps M → K(π, n) is given by f∗u0 , where u0 is a
so-called characteristic element of Hn (K(π, n);π), that is, any element
corresponding to an isomorphism Hn (K(π, n); Z) → π.

Proposition 3.4.2 Let M be a closed, oriented 3–manifold. Every homology
class c ∈ H1(M ; Z) is represented by a knot Kc in M .

Proof Given c ∈ H1(M ; Z), set u = PD(c) ∈ H2(M ; Z), where PD denotes
the Poincaré duality homomorphism from integral homology to cohomology.
We now use the isomorphism

H2(M ; Z) ∼= [M,K(Z, 2)] = [M, CP∞].

So u corresponds to a homotopy class of maps f : M → CP∞ such that
f∗u0 = u, where u0 is the positive generator of H2(CP∞) (that is, the
one that pulls back to the Poincaré dual of [CPk−1 ]CP k under the natural
inclusion CPk ⊂ CP∞). Since dim M = 3, any map f : M → CP∞ is
homotopic to a smooth map f0 : M → CP 1 . Let p be a regular value of f0 .
Then

PD(c) = u = f∗
0 u0 = f∗

0 PD[p]CP 1 = PD[f−1
0 (p)]M

by Theorem 3.4.1, and hence c = [f−1
0 (p)]. So Lc = f−1

0 (p) is a link of
embedded 1–spheres representing the class c. By forming the connected

† It does not make any difference here whether we work in the pointed category (spaces
with base point preserved by maps and homotopies) or not, as long as the functor is
only applied to connected spaces; see [125, 4.3].
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sum of the components of Lc one can obtain a knot Kc representing that
same class c.

Remark 3.4.3 It is important to note that in spite of what we have just said
it is not true that [M, CP∞] = [M, CP 1 ], since a map F : M× [0, 1] → CP∞

with F (M ×{0, 1}) ⊂ CP 1 is not, in general, homotopic rel (M ×{0, 1})† to
a map into CP 1 . However, we do have [M, CP∞] = [M, CP 2 ].

Proposition 3.4.4 Let M be a closed, oriented 3–manifold. Every homology
class c ∈ H2(M ; Z) is represented by a (smoothly embedded) closed, oriented
surface Σc ⊂M .

Remark 3.4.5 In general, Σc will have several components.

Proof This proof is completely analogous to the preceding one, except that
K(Z, 2) has to be replaced by K(Z, 1) = S1 . That is, for c ∈ H2(M ; Z) we
set u = PD(c) ∈ H1(M ; Z). Under the isomorphism

H1(M ; Z) ∼= [M,K(Z, 1)] ∼= [M,S1 ],

the class u corresponds to a homotopy class of maps f : M → S1 with f∗u0 =
u, where u0 is a positive generator of H1(S1 ; Z) for a chosen orientation of S1 .

Let p be a regular value of f . Then

PD(c) = u = f∗u0 = f∗PD[p]S 1 = PD[f−1(p)]M ,

so we can set Σc = f−1(p).

Remark 3.4.6 The proofs of the two preceding propositions work for arbi-
trary dimension of M and homology classes of codimension 2 and 1, respec-
tively.

Proposition 3.4.7 Let M be a closed 3–manifold (which is not required
to be orientable). Every homology class c ∈ H2(M ; Z2) is represented by
a smoothly embedded, possibly non-orientable closed surface Σ. Moreover,
if [K] ∈ H1(M ; Z2) is a class represented by a smoothly embedded circle
K ⊂ M , and the intersection product [K] • c is equal to 1 (over Z2), then Σ
can be chosen to have exactly one transverse intersection point with K.

Proof For the first part, we argue as before. The Eilenberg–MacLane space

† Here ‘rel A’ is used as shorthand for ‘relative to A’, meaning that the subset A stays
pointwise fixed during the homotopy.
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K(Z2 , 1) can be realised as the infinite projective space RP∞. The char-
acteristic element u0 is the generator of H1(RP∞; Z2) = Z2 . Notice that
this u0 pulls back to the Poincaré dual of [RPk−1 ]RP k (over Z2) under the
natural inclusion RPk ⊂ RP∞.

Set u = PD(c) ∈ H1(M ; Z2), where PD now denotes the Poincaré duality
map from homology to cohomology with Z2–coefficients. The isomorphism

H1(M ; Z2) ∼= [M,K(Z2 , 1)] ∼= [M, RP∞]

tells us that u corresponds to a homotopy class of maps f : M → RP∞ such
that f∗u0 = u. Because of dim M = 3, any such map f is homotopic to a
smooth map f0 : M → RP 3 . Moreover, f0 can be chosen transverse to RP 2 .
Then

PD(c) = u = f∗
0 u0 = f∗

0 PD[RP 2 ]RP 3 = PD[f−1
0 (RP 2)]M .

Then Σ = f−1
0 (RP 2) is an embedded surface in M representing the class c.

If, furthermore, a class [K] is given as described, we can make Σ transverse
to K. The fact that the intersection product of [K] and [Σ] equals 1 over
Z2 translates into saying that geometrically K and Σ have an odd number
of intersection points. By adding a cylinder to Σ around a segment on
C between two adjacent intersection points, and removing two discs in Σ
around these intersection points, that pair of intersections can be removed†
at the cost of increasing the genus of Σ (but without changing the homology
class it represents). Iterating this procedure, we can reduce to a single point
of intersection.

The next proposition is an example of a relative version of the preceding
results. This will be relevant for the definition of linking numbers of knots
in 3–manifolds.

Proposition 3.4.8 Let K be a nullhomologous oriented knot in a closed, ori-
ented 3–manifold M , that is, [K]M = 0 ∈ H1(M), with integral coefficients
for homology understood. Let c ∈ H2(M,K) be a relative class that maps
to ∂∗c = [K], the generator of H1(K), under the boundary homomorphism
∂∗ : H2(M,K) → H1(K); such a class exists by the homology long exact
sequence of the pair (M,K). Then there is an embedded compact, oriented
surface Σc in M with ∂Σc = K (as oriented manifolds) and [Σc ](M,K ) = c.

Proof As earlier, we write νK for a tubular neighbourhood of K. The pair
(M,K) is homotopy equivalent to the pair (M,νK), hence

H2(M,K) ∼= H2(M,νK) ∼= H2(M \ νK, ∂(νK)),

† This argument will be described more carefully in the proof of Lemma 8.2.11.
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where the second isomorphism is induced by excision and retraction. We
identify H2(M,K) with H2(M \ νK, ∂(νK)) under this isomorphism. More-
over, we have a Poincaré duality isomorphism

PD : H2(M \ νK, ∂(νK)) −→ H1(M \ νK).

As in the proof of Proposition 3.4.4, this implies that PD(c) corresponds
to a homotopy class of maps f : M \ νK → S1 , and we find an embedded
surface Σ′

c ⊂ M \ νK as the inverse image of a regular value of f .
Theorem 3.4.1 also holds in the relative case; the same proof goes through

without change. (Observe that the Thom class is also defined for neat sub-
manifolds in the sense of [132, Section 1.4], see [35, Section VI.11].) This
implies that Σ′

c represents the class c, interpreted as a class in the homology
group H2(M \ νK, ∂(νK)). Since ∂∗c = [K], it follows that ∂Σc ⊂ ∂(νK)
is a longitude, that is, a simple closed curve isotopic (as an oriented curve
in νK) to the spine K of νK, or possibly a collection of parallel longitudes,
with some oriented positively and one less oriented negatively. This implies
that we can add a collar to Σ′

c so as to obtain a surface Σc ⊂ M with
∂Σc = K and [Σc ] = c; if ∂Σ′

c has several components, we can join positive
and negative longitudes in pairs by an annulus (beginning with a pair of
adjacent longitudes), and then add a collar to the one remaining positive
longitude.

Definition 3.4.9 Let K be a nullhomologous knot in a closed, oriented
3–manifold. An embedded connected, compact, orientable surface Σ with
boundary ∂Σ = K is called a Seifert surface for K.

By the preceding proposition, such a surface always exists. While the
surface Σc constructed in that proposition may have several components, all
but one of them will be closed, and the one component with boundary K

will be a Seifert surface. Notice that in that proposition we assumed our
3–manifold to be closed. The only non-closed 3–manifold where we want
to appeal to the existence of Seifert surfaces is R3 . Here one can apply
the proposition by passing to the one-point compactification S3 ; the Seifert
surface can always be assumed to miss that one extra point.

3.4.3 Linking numbers

Let M be an oriented 3–manifold and K ⊂ M a nullhomologous oriented
knot. We continue to write νK for a tubular neighbourhood of K and µ, λ

for (oriented) meridian and a chosen longitude for K.
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By excision and homotopy equivalence, we have

H2(M,M \K) ∼= H2(νK, ∂(νK)),

generated by a meridional disc (as follows from considering the homology
long exact sequence of the pair (S1×D2 , T 2)). The homology exact sequence
of the pair (M,M \K) then shows that the kernel of the homomorphism

H1(M \K) −→ H1(M)

induced by inclusion is isomorphic to Z, generated by the homology class [µ].

Definition 3.4.10 Let K ′ be a second nullhomologous oriented knot disjoint
from K. Then the homology class [K ′]M \K lies in the kernel of the above
homomorphism, hence

[K ′]M \K = n[µ]

for a uniquely determined n ∈ Z. This number, which is clearly an isotopy
invariant, is called the linking number lk(K,K ′) of K and K ′.

Observe that the linking number is additive in the following sense. Given
two disjoint nullhomologous oriented knots K ′

1 ,K
′
2 in the complement of

K, the homology class [K ′
1 + K ′

2 ]M \K represented by their connected sum
K ′

1 + K ′
2 is the sum of the homology classes represented by the two knots,

hence

lk(K,K ′
1 + K ′

2) = lk(K,K ′
1) + lk(K,K ′

2).

Moreover, it is obvious that lk(K,µ) = 1. In particular, adding a right-
handed twist to K ′ with respect to K, i.e. passing to the connected sum
K ′ + µ, increases the linking number by 1. Finally, notice that lk(K,K ′)
changes its sign if the orientation of either K or K ′ is reversed.

Here is a different interpretation of this linking number. Let Σ′ be a Seifert
surface for K ′, which we may assume to be transverse to K. Then K and Σ′

intersect in finitely many points; counting these points with sign gives the
intersection number K •Σ′. (If the orientation of K at the intersection point
followed by the orientation of Σ′ gives the orientation of M , the intersection
point counts positively; negatively otherwise.)

Proposition 3.4.11 lk(K,K ′) = K • Σ′.

Proof Set n = K • Σ′. Figure 3.9 shows that the connected sum K ′ − nµ

of K ′ with n copies of −µ (for n > 0) or −n copies of µ (for n < 0) bounds
a surface disjoint from K. This implies that [K ′ − nµ]M \K = 0, hence
[K ′]M \K = n[µ], which by definition means that lk(K,K ′) = n.
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K ′

K

µ

Σ′

Fig. 3.9. Removing a (positive) intersection point.

Corollary 3.4.12 The linking number is symmetric, that is, for any two dis-
joint nullhomologous oriented knots K,K ′ we have lk(K,K ′) = lk(K ′,K).

Proof Let Σ,Σ′ be Seifert surfaces for K,K ′, respectively. We may assume
that these surfaces intersect transversely, so the intersection Σ ∩Σ′ consists
of a finite collection of circles and arcs with endpoints on K or K ′. These
endpoints are exactly the intersection points of K with Σ′ or K ′ with Σ. If
an arc joins two points of the first kind or two of the second kind, then these
points can be seen to have opposite orientation, so they do not contribute to
K •Σ′ or K ′•Σ, respectively. If an arc in Σ∩Σ′ joins a point of K∩Σ′ with a
point of K ′∩Σ, then both points have the same sign, see Figure 3.10. Hence
K • Σ′ = K ′ • Σ, and therefore lk(K,K ′) = lk(K ′,K) by the preceding
proposition.

Remark 3.4.13 The fact that adding a right-handed twist to K ′ with re-
spect to K increases the linking number by 1 can also be seen from the
computation of lk(K,K ′) as K ′ • Σ, for adding a right-handed twist to K ′

will produce one additional positive intersection with the Seifert surface Σ.

From this observation it is easy to derive a recipe for computing the linking
number of two knots in 3–space. Given disjoint knots K,K ′ in R3 , represent
them by their images under a generic projection onto a 2–plane in R3 , i.e.
choose the 2–plane in such a way that the projected knots are immersed
except for transverse double points. We call the image of a knot or link
under such a projection a knot or link diagram, respectively.



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

3.4 Interlude: topology of submanifolds 113

K ′

Σ K

Σ′

Fig. 3.10. Arc in Σ ∩ Σ′ joining two positive intersections.

With each crossing in an oriented knot or link diagram we associate a sign
as in Figure 3.11.

+1−1

Fig. 3.11. Signs of crossings in a knot or link diagram.

Proposition 3.4.14 For two disjoint oriented knots K,K ′ ⊂ R3 , given by
a link diagram, the linking number lk(K,K ′) equals the number of crossings
where K ′ crosses under K, counted with sign.

Proof A positive crossing of K ′ under K can be turned into an overcrossing
by replacing K ′ with the connected sum K ′ − µ; analogously, a negative
undercrossing can be turned into an overcrossing by passing to K ′+µ. Hence,
if n ∈ Z denotes the total number of times the knot K ′ crosses under K, then
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K ′ − nµ crosses over K at all crossings. This implies lk(K,K ′ − nµ) = 0,
and hence lk(K,K ′) = n.

3.5 The classical invariants

After these topological preparations, we now discuss the three invariants –
a couple for Legendrian knots and one for transverse knots – that are com-
monly referred to as the ‘classical’ ones. The definition of these invariants is
given only for homologically trivial knots, although it is possible to extend
the definition to some other cases, for instance linear Legendrian curves on
the 3–torus with its standard contact structure (Example 1.2.4), see [144]
and [101].

3.5.1 Legendrian knots

In the following definitions we make a little more hullabaloo than is strictly
necessary for introducing the classical invariants of Legendrian knots. These
definitions, however, will come into prominence in our discussion of surgery
on contact 3–manifolds.

Definition 3.5.1 Let K be a Legendrian knot in a 3–manifold M with
cooriented contact structure ξ. Since TpK ⊂ ξp for all p ∈ K, the normal
bundle NK = (TM |K )/TK of K in M splits into a Whitney sum of trivial
line bundles

NK ∼= (TM |K )/(ξ|K )⊕ (ξ|K )/TK.

The contact framing of K is the trivialisation of NK defined by this
splitting.

This is a rather roundabout way of expressing something geometrically
very simple. In order to define a framing of K, we need to specify a parallel
curve to K, which we take as a longitude on the boundary of a tubular
neighbourhood of K. The contact framing is the one corresponding to the
parallel curve we get by pushing K in a direction transverse to ξ. In the
formal definition above, this would correspond to choosing a section of the
factor (TM |K )/(ξ|K ). Alternatively, we may take as longitude a parallel
curve obtained by pushing K in a direction tangent to ξ but transverse
to K. This would correspond to choosing a section of (ξ|K )/TK, and yields
the same overall trivialisation of NK.

Definition 3.5.2 Let K be a homologically trivial knot in an oriented 3–
manifold M , and let Σ be a Seifert surface for K. The surface framing
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of K is the trivialisation of the normal bundle NK corresponding to the
parallel curve obtained by pushing K along Σ.

Remark 3.5.3 An equivalent characterisation of the surface framing is that
it is determined by a parallel curve that has linking number 0 with K. (On
page 43 we referred to this parallel curve as the preferred longitude.) In
particular, the definition of the surface framing is independent of the choice
of Seifert surface.

Definition 3.5.4 Let K be a homologically trivial Legendrian knot in a
contact 3–manifold (M, ξ). The Thurston–Bennequin invariant of K,
denoted by tb(K), is the twisting of the contact framing relative to the
surface framing of K, with right-handed twists being counted positively.
In other words (see Remark 3.4.13), if we choose a vector field along K

transverse to ξ and define a parallel knot K ′ by pushing K along this vector
field, then tb(K) equals the linking number lk(K,K ′) of K with K ′. (Here
K is given any orientation, and K ′ is given the corresponding orientation
that makes K and K ′ isotopic as oriented knots.)

Remark 3.5.5 It follows from the Legendrian isotopy extension theorem
(Thm. 2.6.2) that tb(K) is indeed invariant under Legendrian isotopies of K.
Moreover, observe that tb(K) does not depend on the choice of orientation
for K.

Remark 3.5.6 In order to speak of linking numbers, an orientation for M

needs to be chosen. Our convention throughout is that the orientation of a
3–dimensional contact manifold (M, ξ) is the one that turns ξ into a positive
contact structure, i.e. such that, for any local 1–form α defining ξ = ker α,
the 3–form α ∧ dα is a positive volume form for M , see Remark 1.1.6.

Example 3.5.7 In S3 ⊂ R4 with its standard contact structure ξst = ker α,
where

α = x1 dy1 − y1 dx1 + x2 dy2 − y2 dx2 ,

consider the Legendrian unknot

K = {x2
1 + x2

2 = 1, y1 = y2 = 0}.

This circle bounds the 2–disc

Σ = {x2
1 + x2

2 + y2
1 = 1, y1 ≥ 0, y2 = 0},

so the surface framing of K is given by the vector field ∂y1 (or, equiva-
lently, ∂y2 ).
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In order to compute tb(K), we choose an orientation of K, say the one
defined by the unit tangent vector field T := x1 ∂x2 − x2 ∂x1 . Along K, the
volume form α ∧ dα on S3 takes the form

(α ∧ dα)|K = 2x1 dy1 ∧ dx2 ∧ dy2 + 2x2 dy2 ∧ dx1 ∧ dy1 .

The inner product of this volume form with T is −2 dy1 ∧ dy2 . So with
respect to the chosen orientation of K, the oriented surface framing is given
by the ordered basis {∂y2 , ∂y1 }.

The vector field N := x1 ∂y2 −x2 ∂y1 along K lies in ξst , and together with
T it spans the contact planes. Therefore, tb(K) is given by the number of
rotations of N relative to the ordered basis {∂y2 , ∂y1 } as we traverse K once
in the chosen positive direction. It is easily seen that this yields tb(K) = −1.

Example 3.5.8 In the front projection picture for Legendrian knots in
(R3 , ξst), consider the ‘shark’ K, see Figure 3.12. Since the vector field ∂z is
everywhere transverse to the standard contact structure ξst = ker(dz+x dy),
a parallel Legendrian knot K ′ corresponding to the contact framing is simply
given by pushing the front projection of the knot in the z–direction. In this
particular example we find that tb(K) = lk(K,K ′) = −2.

K ′

K

Fig. 3.12. Topological unknot K with tb(K) = −2.

We now want to generalise this example and give a recipe for computing
the Thurston–Bennequin invariant of a Legendrian knot in standard R3 from
its front projection. Apart from the cusps, we shall also have to take the
self-crossings of the front projection into account. Recall that the writhe
of an oriented knot diagram is the signed number of self-crossings of the
diagram, where the sign of the crossing is given in Figure 3.11. Notice that
the writhe of a knot diagram is independent of the chosen orientation of the
knot, for if the orientation is reversed, both strands at each crossing reverse
their direction, which leaves the sign of the crossing unchanged.
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Proposition 3.5.9 Let K be a Legendrian knot in (R3 , ξst). Write KF for
the knot diagram of K obtained by the front projection. Then the Thurston–
Bennequin invariant of K is given by

tb(K) = writhe(KF)− 1
2
#(cusps(KF)).

Proof By slight abuse of notation we ignore the distinction between K

and KF. Fix an orientation for K. We compute tb(K) as in the example, i.e.
we define a parallel copy K ′ of K, with the induced orientation, by pushing
(the front projection of) K in the z–direction, and then compute tb(K) as
linking number lk(K,K ′). That linking number, in turn, we compute by
counting the crossings of K ′ under K with sign.

It is easy to see that a self-crossing of K will contribute a crossing of K ′

under K of the same sign, a cusp on the right† will give a negative crossing
of K ′ under K, and a cusp on the left will give a crossing of K ′ over K.
Since there are as many cusps on the left as cusps on the right, the claimed
formula follows.

Remark 3.5.10 An alternative way to see that tb(K) is a Legendrian
isotopy invariant, at least for Legendrian knots in (R3 , ξst), would be to es-
tablish the Legendrian analogues of Reidemeister moves for front projection
pictures, and then to verify that tb(K), computed by the above formula, is
invariant under those moves, see [82].

Here is the corresponding formula in the Lagrangian projection.

Proposition 3.5.11 The Thurston–Bennequin invariant tb(K) of a Legen-
drian knot K in (R3 , ξst) is equal to the writhe of its Lagrangian projection.

Proof Write KL for the knot diagram of K obtained by the Lagrangian
projection. The parallel copy K ′ of K may be obtained by pushing K

in a direction tangent to ξst but transverse to K. Under the Lagrangian
projection, ξst projects isomorphically onto the (x, y)–plane. This implies
that K ′ can be represented by a diagram K ′

L parallel to KL in the (x, y)–
plane. The result now follows from the definitions and Proposition 3.4.14.

We now come to the definition of the second classical invariant for Legen-
drian knots, the so-called rotation number. Let K be an oriented Legen-
drian knot in an oriented contact 3–manifold (M, ξ) with oriented contact
structure. Let Σ be a Seifert surface for K, oriented in such a way that

† By Remark 3.2.4 we can sensibly speak of left and right cusps.
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the given orientation of K equals its orientation as boundary of Σ. Write
c ∈ H2(M,K) for the relative homology class represented by Σ. (Notice
that not all relative homology classes can be represented in this way, since
by definition Σ is assumed to be connected, and its orientation is fixed by
that of K.) As a surface with boundary, Σ retracts onto its 1–skeleton
(which, by the classification of surfaces, is a bouquet of 2g copies of S1).
Since the only orientable 2–plane bundle over S1 is the trivial one, we can
find a trivialisation of ξ|Σ (compatible with the given orientation of ξ).

Let γ : S1 → K ⊂M be a (regular) parametrisation of K compatible with
its orientation. Given a trivialisation ξ|Σ = Σ × R2 (as oriented bundles†),
this induces a map γ′ : S1 → R2 \ {0}.

Definition 3.5.12 The rotation number rot(K, c) of the nullhomologous
oriented Legendrian knot K relative to the class c ∈ H2(M,K) is the degree
of that map γ′. In other words, rot(K, c) counts the number of rotations of
the (positive) tangent vector to K relative to the trivialisation of ξ|Σ as we
go once around K.

Remark 3.5.13 Here, too, the Legendrian isotopy extension theorem im-
plies that rot(K, c) is invariant under such isotopies. However, in contrast
with the Thurston–Bennequin invariant, the rotation number does depend
on the choice of orientation of K. If K denotes K with reversed orientation,
we have rot(K, c) = −rot(K,−c). Also, the sign of the rotation number
(but not that of tb) depends on the choice of orientation for ξ.

In order to justify our terminology, we need to show that rot(K, c) is
independent of the choices in this construction. For greater clarity, we write
rot(K,Σ) for the time being.

Lemma 3.5.14 The rotation number rot(K,Σ) does not depend on the
choice of trivialisation of ξ|Σ .

Proof With an appropriate choice of labels a1 , b1 , . . . , ag , bg for the circles
making up the 1–skeleton of Σ, the boundary K = ∂Σ is homotopic (in Σ)
to the word

∏g
i=1[ai, bi ], a product of commutators. The trivialisation of

ξ|Σ is determined, up to homotopy, by choosing a trivialisation along the
1–skeleton. Since K is homotopic to a word involving each loop in the 1–
skeleton together with its inverse, any two trivialisations of ξ|Σ will have
zero relative rotation when going once around K.

Slightly more formally, one may argue as follows. A trivialisation of the

† This will always be understood here when we speak of a ‘trivialisation’.
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oriented plane field ξ|Σ is determined by the choice of a non-vanishing sec-
tion. Suppose we have two different trivialisations, corresponding to non-
vanishing sections X1 ,X2 of ξ|Σ. The difference between the rotation number
computed relative to X1 and that computed relative to X2 is the degree of
the map S1 ∼= K → S1 associating to p ∈ K the oriented angle between X1

and X2 at p (where we have chosen an auxiliary metric on ξ). This degree can
be computed via the induced homomorphism Z ∼= H1(K) → H1(S1) ∼= Z in
homology. But the trivialisations are defined over Σ, so the map K → S1

factors through Σ, and the corresponding factorisation of the induced ho-
momorphism on the first homology group forces that homomorphism to be
trivial.

Proposition 3.5.15 Let Σ,Σ′ be Seifert surfaces for K representing the
classes c, c′ ∈ H2(M,K). Then

rot(K,Σ)− rot(K,Σ′) = 〈e(ξ), c− c′〉,

where c − c′ is regarded as a class in H2(M), and e(ξ) denotes the Euler
class of the (oriented) 2–plane bundle ξ.

In particular, by taking c = c′ in this proposition we see that the rota-
tion number rot(K,Σ) does not depend on the choice of Seifert surface Σ
representing a given class c, which justifies our notation rot(K, c).

Proof Consider the closed orientable surface Σ − Σ′, obtained by gluing Σ
and Σ′ (with reversed orientation) along K. By a homotopy we may assume
that the trivialisations of ξ|Σ and ξ|Σ′ coincide along an interval in K; they
then define a trivialisation of ξ over Σ − Σ′ with a disc D2 removed. See
Figure 3.13; here K ∩D2 makes up the complementary interval in K. With
the indicated orientation of K (which determines that of Σ), the orientation
of D2 is the standard one.

Over D2 there is a unique trivialisation of ξ up to homotopy, which may
be assumed to coincide along K ∩ D2 with the trivialisation defined by
the positive tangent vector to K. (Homotopically, we can think of ξ|D 2

as coinciding with the tangent bundle TD2 and of the trivialisation as the
one given by a constant vector field.) Then the Euler number 〈e(ξ), c − c′〉
measures the number of rotations of the trivialisation of ξ over (Σ−Σ′)\D2

along ∂D2 (traversed in counterclockwise direction) relative to this constant
vector field.

On the other hand, when computing the difference rot(K,Σ)−rot(K,Σ′),
our assumptions imply that we need only consider the relative rotations of
the appropriate vector fields along K ∩ D2 . The relevant contribution of
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−Σ′Σ

D2

K

Fig. 3.13. Computing the rotation number.

the term rot(K,Σ) is the number of rotations of the constant vector field
relative to the trivialisation of ξ|Σ along the path K ∩D2 , which is oriented
homotopic rel endpoints to ∂D2 ∩ Σ traversed in clockwise direction. This
equals the contribution to the Euler number (on the right-hand side of our
equation) coming from ∂D2 ∩ Σ, since both the relative roles of the vector
fields and the direction of traversal are reversed.

When comparing the contribution of the term rot(K,Σ′) with the con-
tribution to the Euler number from ∂D ∩ Σ′, we notice that only the roles
of the vector fields are interchanged, but not the direction of traversal of
∂D2 ∩ Σ′. This accounts for the minus sign in the equation and proves the
proposition.

Corollary 3.5.16 If e(ξ) = 0, then the rotation number rot(K, c) is inde-
pendent of c. Conversely, if rot(K, c) depends on K only, for each Legen-
drian knot K in (M, ξ), then e(ξ) = 0.

Proof The equality in the preceding proposition may be read as

rot(K, c)− rot(K, c′) = 〈e(ξ), c− c′〉.

Hence, if e(ξ) = 0, then rot(K, c) = rot(K, c′) for any c, c′ ∈ H2(M,K)
that can be represented by a Seifert surface for K.

Conversely, assume that the rotation number is independent of the choice
of relative homology class. Given any absolute class c̃ ∈ H2(M), represent it
(using Proposition 3.4.4) by a closed, orientable surface Σ̃ embedded in M .
Assume that Σ̃ is connected; the general case follows by considering the
components of Σ̃ individually. Choose any oriented simple closed curve on Σ̃
separating Σ̃ into two components and isotope it to an oriented Legendrian
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knot K (Thm. 3.3.1). By the topological isotopy extension theorem, there
is an ambient isotopy that will move Σ̃ to a surface, still representing the
homology class c̃, that contains K as a separating curve. The splitting of this
new surface along K into two components translates into a splitting c̃ = c−c′

with c, c′ ∈ H2(M,K). Hence, the fact that the rotation numbers do not
depend on the choice of relative homology class, together with the preceding
proposition, yields 〈e(ξ), c̃〉 = 0. Since the choice of c̃ was arbitrary, this
gives e(ξ) = 0.

Remark 3.5.17 The first part of this corollary admits an easy proof without
reference to the preceding proposition. The condition e(ξ) = 0 is equivalent
to saying that ξ is a trivial 2–plane bundle (see the comments after Theorem
4.3.1 below or the more formal argument in the proof of Proposition 8.1.1).
So the rotation number of an oriented Legendrian knot K may be computed
by counting the number of rotations of the (positive) tangent vector to K

relative to a global trivialisation of ξ. Even in that case, however, the con-
dition that K be homologically trivial is necessary for the rotation number
not to depend on the choice of global trivialisation.

Whenever rot(K, c) is independent of c, we shall simply write rot(K).

Example 3.5.18 Consider the standard Legendrian unknot K in the stan-
dard 3–sphere (S3 , ξst) as in Example 3.5.7. The vector field

x1 ∂x2 − x2 ∂x1 + y2 ∂y1 − y1 ∂y2

is a nowhere zero section of ξst that coincides along K with the tangent
vector field u to K. This shows that rot(K) = 0.

The contact manifold (R3 , ξst) is a further example to which the above
corollary applies. The next proposition gives a formula for computing the
rotation number of a knot from its front projection. Notice that the orienta-
tion of K allows us to speak of cusps being oriented upwards or downwards.

Proposition 3.5.19 Let K be an oriented Legendrian knot in (R3 , ξst),
with ξst cooriented by the vector field ∂z . Write λ+ or λ− for the number
(in the front projection of K) of left cusps oriented upwards or downwards,
respectively; similarly we write ρ± for the number of right cusps with one
or the other orientation. Finally, we write c± for the total number of cusps
oriented upwards or downwards, respectively. Then the rotation number of
K is given by

rot(K) = λ− − ρ+ = ρ− − λ+ =
1
2
(c− − c+).
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Proof Observe that the vector fields e1 = ∂x and e2 = ∂y − x ∂z define a
positively oriented trivialisation of ξst . Therefore, rot(K) can be computed
by counting (with sign) how often the positive tangent vector to K crosses
∂x as we travel once along K.

Since x equals the negative slope of the front projection, points of K where
the (positive) tangent vector equals ∂x are exactly the left cusps oriented
downwards (see Figure 3.14) and the right cusps oriented upwards.

y

x

z

Fig. 3.14. Contribution of a cusp to rot(K).

At a left cusp oriented downwards, the tangent vector to K, expressed
in terms of e1 , e2 , changes from having a negative component in the e2–
direction to a positive one, i.e. such a cusp yields a positive contribution
to rot(K). Analogously, one sees that a right cusp oriented upwards gives
a negative contribution to the rotation number. This proves the formula
rot(K) = λ− − ρ+.

The second expression for the rotation number is obtained by counting
crossings through −e1 instead; the third expression is found by averaging
the first two.

As mentioned earlier, the front projection is usually more convenient to
work with than the Lagrangian projection, so the preceding proposition is
important in that respect. However, the rotation number of Legendrian
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knots in (R3 , ξst) actually admits a much simpler interpretation in the La-
grangian projection. First recall the following definition:

Definition 3.5.20 The rotation number rot(γ) of an immersion γ : S1 →
R2 is the degree of its differential γ′ : S1 → R2 \ {0}.

In other words, rot(γ) can be computed by counting (with sign) how often
γ′ crosses ∂x . Since a global trivialisation of ξst is given by the vector fields
∂x and ∂y − x ∂z , the following proposition is immediate.

Proposition 3.5.21 Let γ : S1 → K ⊂ R3 be a regular parametrisation of
an oriented Legendrian knot K in (R3 , ξst) and γL its Lagrangian projection.
Then rot(K) = rot(γL).

Remark 3.5.22 The two preceding propositions allow us to define the ro-
tation number also for Legendrian immersions of S1 in (R3 , ξst). This will
be discussed further in Section 6.3.1.

There are various relations between the Thurston–Bennequin invariant
and the rotation number of Legendrian realisations of a given knot type.
Arguably the most important one is the Bennequin inequality

tb(K) + |rot(K)| ≤ −χ(Σ),

where χ(Σ) denotes the Euler characteristic of a Seifert surface Σ for the
Legendrian knot K in (R3 , ξst). This will be proved (for Legendrian knots in
more general contact manifolds) in Section 4.6.5. For the moment, we only
prove a very simple relation.

Proposition 3.5.23 Let K be a Legendrian knot in (R3 , ξst). Then

tb(K) + rot(K) ≡ 1 mod 2.

Proof From Propositions 3.5.9 and 3.5.19 we have

tb(K) + rot(K) = writhe(K)− 1
2
(c− + c+) +

1
2
(c− − c+)

= writhe(K)− c+ .

For computing the expression writhe(K) − c+, we may replace the front
projection of K by a smooth knot diagram, with c+ counting the (isolated)
vertical tangencies oriented upwards. If we change a crossing in this diagram,
the writhe changes by an even number. We may therefore assume that the
diagram represents the unknot, since any knot can be transformed to the
unknot by crossing changes (see [209, Thm. 3.8] for a nice proof of that simple
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fact). By the Reidemeister theorem [209, Thm. 1.7], such a knot diagram can
be transformed to the trivial diagram (i.e. a simple closed curve in the plane)
by Reidemeister moves and planar isotopies. It is easy to see, from Remark
3.5.24 (2) below, that the number writhe(K) − c+ mod 2 is an invariant of
such moves, and for the circle it equals 1.

Remarks 3.5.24 (1) This congruence relation holds for homologically trivial
Legendrian knots in arbitrary contact 3–manifolds, see Remark 4.6.35.

(2) The invariance of writhe(K) − c+ mod 2 under the three Reidemei-
ster moves is a simple check. Under planar isotopies, writhe(K) is clearly
invariant. Observe that c+ mod 2 may be regarded as the mod 2 degree
of the Gauß mapping K → S1 . A planar isotopy corresponds to a smooth
homotopy of that Gauß map, and the invariance of the mod 2 degree under
such a smooth homotopy, while fairly obvious in this particular case, is a
general fact; see Chapter 4 of Milnor’s little gem [186].

Example 3.5.25 When K is the unknot, we may take the Seifert surface Σ
to be a disc. So the Bennequin inequality reads

tb(K) + |rot(K)| ≤ −1.

This yields the restriction tb(K) ≤ −1. For tb(K) = −m, m ∈ N, the
Bennequin inequality and the parity condition from Proposition 3.5.23 imply
that

rot(K) ∈ {−m + 1,−m + 3, . . . , m− 3,m− 1}.

Figure 3.15 shows that any combination of tb and rot permitted by these
conditions can indeed be realised by a Legendrian unknot. The Legendrian
unknot with a front projection diagram as shown, with c− = 2n− + 1 down
cusps and c+ = 2n+ + 1 up cusps (n−, n+ ∈ N0) and no crossings, has

tb = −1− (n− + n+), rot =
1
2
(n− − n+).

The example in the picture has n− = 2 and n+ = 1.

It is natural to ask to what extent these classical invariants classify Le-
gendrian knots. In other words, given two Legendrian knots of the same
topological knot type and with equal Thurston–Bennequin invariants and
rotation numbers, are these knots Legendrian isotopic? This question has
generated some deep mathematics. The first result in this direction is due
to Eliashberg and Fraser [74].
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Fig. 3.15. A Legendrian unknot.

Theorem 3.5.26 (Eliashberg–Fraser) Let K,K ′ be two topologically triv-
ial Legendrian knots in (R3 , ξst). Then they are Legendrian isotopic if and
only if tb(K) = tb(K ′) and rot(K) = rot(K ′).

Remark 3.5.27 In fact, Eliashberg and Fraser prove this theorem for topo-
logically trivial Legendrian knots in arbitrary tight contact 3–manifolds.

This result has been extended to some topologically non-trivial knot types
by Etnyre and Honda [85], see also [82] and [53]. In general, however, the
classical invariants do not suffice for classifying Legendrian knots in a given
knot type.

Chekanov ([45], [46]) found an example of two topologically isotopic Le-
gendrian knots in (R3 , ξst) with the same classical invariants which can be
shown not to be Legendrian isotopic with the help of a more subtle invari-
ant. This invariant derives from a combinatorial version of what is known
as ‘contact homology’, see [75].

3.5.2 Transverse knots

Now let K be a homologically trivial transverse knot in a contact 3–manifold
(M, ξ), with M oriented such that ξ is a positive contact structure. Let Σ be
a Seifert surface for K. As in the definition of the rotation number, we make
use of the fact that the plane field ξ|Σ is trivial. Choose a non-vanishing
section X of ξ|Σ and push K in the direction of X to obtain a parallel copy
K ′ of K. Choose any orientation for K, and give K ′ the corresponding
orientation. The following definition will not depend on this choice.

Definition 3.5.28 The self-linking number sl(K,Σ) of the transverse
knot K relative to the Seifert surface Σ is the linking number of K and K ′.
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Remarks 3.5.29 (1) A transverse knot can be regarded as a 1–dimensional
contact submanifold in the sense of Definition 2.1.14, see Remark 2.1.15.
So the invariance of sl(K,Σ) under isotopies within the class of transverse
knots follows from the isotopy extension theorem for contact submanifolds
(Thm. 2.6.12).

(2) The fact that sl(K,Σ) is independent of the choice of X (the non-
vanishing section of ξ|Σ) follows by the argument used in the proof of Lem-
ma 3.5.14. The dependence on the choice of Σ will be discussed presently. In
contrast with the notation for rotation numbers, we do not write sl(K, c),
with c ∈ H2(M,K) the class represented by Σ, because this would force us
to fix (compatible) orientations of Σ and K.

Proposition 3.5.30 Let Σ,Σ′ be oriented Seifert surfaces for K, inducing
the same (boundary) orientation of K. Let c, c′ ∈ H2(M,K) be the relative
homology classes represented by Σ,Σ′, respectively. Choose a coorientation
(and hence orientation) of the contact structure ξ, and write e(ξ) for the
Euler class of this oriented 2–plane bundle. Then

sl(K,Σ)− sl(K,Σ′) = ∓〈e(ξ), c− c′〉,

where, as in Proposition 3.5.15, c − c′ is regarded as a class in H2(M).
The sign in this equation depends on whether K is positively or negatively
transverse to ξ for the given choice of coorientation.

Proof Given oriented Seifert surfaces Σ,Σ′ (and hence an orientation of K),
we may without loss of generality choose the coorientation of ξ such that K

is positively transverse.
Now the argument is modelled on that for proving Proposition 3.5.15.

With the notation as in that proof – refer once more to Figure 3.13 – we
may assume again that the trivialisations of ξ|Σ and ξ|Σ′ (given by the choice
of a non-vanishing vector field X in ξ) coincide along the interval K \ D2 ,
and hence induce a trivialisation of ξ over (Σ− Σ′) \D2 . We may be more
specific and require X along K \D2 to be given by the outward normal to Σ.

Homotopically, we may think of ξ|D 2 as the trivial bundle of ‘horizontal’
planes in Figure 3.13, with standard orientation when seen from above, and
with trivialisation given by a constant vector field X0 . The Euler number
〈e(ξ), c − c′〉, as before, measures the number of rotations of X relative to
X0 along ∂D2 (traversed in a counterclockwise direction).

On the other hand, the self-linking number sl(K,Σ) is given by the linking
number lk(K,K ′), where K ′ is obtained by pushing K in the direction of X.
By Proposition 3.4.11, this is the same as the intersection number K ′ • Σ.

Our choices imply that along the interval K \D2 we get no contribution to
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this intersection number. Along K ∩D2 , which is homotopic rel endpoints
to the left half of ∂D2 in Figure 3.13, but with opposite orientation, this
intersection number is given by the rotations of X relative to X0 .

Likewise, sl(K,Σ′) = K ′ • Σ′ measures the rotations of X relative to X0

as we travel along K ∩ D2 , or the right half of ∂D2 in Figure 3.13, now
with the correct orientation, since we are dealing with −Σ′ in that figure.
Thus, −sl(K,Σ′) is again the opposite of what we get when we compute
the relevant contribution to 〈e(ξ), c− c′〉.

Putting this together, we have the claimed formula for a positively trans-
verse knot K.

The following corollary is proved by essentially the same argument as
Corollary 3.5.16.

Corollary 3.5.31 If e(ξ) = 0, then the self-linking number sl(K,Σ) does
not depend on the choice of Seifert surface Σ; we then simply write sl(K).
Conversely, if sl(K,Σ) depends on K only, for each transverse knot K in
(M, ξ), then e(ξ) = 0.

For transverse knots in (R3 , ξst), this invariant, too, can easily be com-
puted from the front projection.

Proposition 3.5.32 The self-linking number sl(K) of a transverse knot K

in (R3 , ξst) is equal to the writhe of its front projection.

Proof This argument is completely analogous to that used for proving Propo-
sition 3.5.11. We can take X = ∂x in the definition of sl(K). This means
that K ′ is obtained from K by pushing it vertically (with respect to the
front projection). Hence, by a small isotopy we may assume that the front
projection of K ′ is a parallel curve to the front projection of K. We then
observe that each crossing of the front projection of K contributes a crossing
of K ′ underneath K of the corresponding sign. By Proposition 3.4.14 this
implies

sl(K) = lk(K,K ′) = writhe (K),

as claimed.

Remark 3.5.33 The analogue of Theorem 3.5.26 for transverse knots has
been proved by Eliashberg [70]: topologically trivial transverse knots in
(R3 , ξst) (or in fact an arbitrary tight contact 3–manifold) with the same
self-linking number are isotopic as transverse knots.
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The next proposition will be relevant for the construction of contact struc-
tures on 3–manifolds (see the proof of Theorem 4.3.1 at the end of Sec-
tion 4.3).

Proposition 3.5.34 Every integer can be realised as the self-linking number
of some transverse link in (R3 , ξst).

Proof Figure 3.16 shows front projections of positively transverse knots
with self-linking number ±3. From that figure the construction principle for
realising any odd integer should be clear. With a two-component link any
even integer can be realised.

+3−3
Fig. 3.16. Transverse knots with self-linking number ±3.

Remark 3.5.35 It is no accident that I do not give an example of a trans-
verse knot with even self-linking number, see Remark 4.6.35.

3.5.3 Transverse push-offs

We end this chapter by proving an important relation between the Thurston–
Bennequin invariant and rotation number of a homologically trivial Legen-
drian knot on the one hand, and the self-linking number of its positive or
negative transverse push-off (as defined on page 95) on the other.

Proposition 3.5.36 Let K be a homologically trivial oriented Legendrian
knot, with compatibly oriented Seifert surface Σ, in a contact 3–manifold
(M, ξ). Let K± be the positive or negative, respectively, transverse push-off
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of K. We may regard Σ also as a Seifert surface for K± (since K and K±
are topologically isotopic). Then

sl(K±,Σ) = tb(K)∓ rot(K, [Σ]). (3.1)

Proof Let X be a nowhere zero section of ξ|Σ. We may (and will) think of X

as a section of ξ defined in a neighbourhood of Σ that has Σ as deformation
retract. First suppose that rot(K, [Σ]) = 0. With γ : S1 → K a positively
oriented parametrisation of K, this means that the total number of rotations
of γ′ relative to X is zero as we traverse K. We may therefore change X

by a homotopy so that it is everywhere transverse to γ′. Then K± can
be obtained from K by pushing it in the direction of ±X. (We may have
to replace X by −X so that the signs correspond nicely.) Let K ′

± be the
knot obtained by pushing K± a little further in the direction of ±X. Then
lk(K,K±) = lk(K±,K ′

±). But, by the definitions, the first linking number
is precisely tb(K), the second, sl(K±,Σ).

In the general case, beside the section X of ξ|Σ we also consider a section
X0 of ξ over a neighbourhood of K, transverse to γ′ along K. The knots
K± can now be defined by pushing K in the direction of ±X0 . The knots
K ′

± we define as before by pushing K± in the direction of ±X, and we let
K0

± be the knots obtained by pushing K± further in the direction of ±X0 .
Then

lk(K,K±) = lk(K±,K0
±) = tb(K) (3.2)

and

lk(K±,K ′
±) = sl(K±,Σ). (3.3)

Moreover, rot(K, [Σ]) is given by the number of rotations of X0 relative to
X as we traverse K once in positive direction. For the positively transverse
knot K+, rotations of X0 relative to X contribute positively to lk(K+ ,K0

+)
relative to lk(K+ ,K ′

+). For the negatively transverse knot K−, the sign of
this contribution changes. This means that

lk(K±,K0
±) = lk(K±,K ′

±)± rot(K, [Σ]). (3.4)

Equations (3.2), (3.3) and (3.4) imply Equation (3.1).

Remark 3.5.37 In [26], Bennequin denotes the positively transverse push-
off of a Legendrian knot γ by γ−, the negatively transverse push-off by γ+.
This has led to some sign errors in the literature regarding Equation (3.1).
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Contact structures on 3–manifolds

‘Singularity is almost invariably a clue.’

Arthur Conan Doyle,
The Boscombe Valley Mystery

Throughout the present chapter, M will denote a connected, closed, ori-
entable 3–manifold. Our first major aim here is to prove the one-to-one cor-
respondence between isotopy classes of so-called overtwisted contact struc-
tures on M on the one hand, and homotopy classes of tangent 2–plane fields
on M on the other.

This programme is carried out in the following steps. In Section 4.1 I
present what is essentially Martinet’s [175] proof of the existence of a con-
tact structure on every 3–manifold. This construction is based on the surgery
description of 3–manifolds due to Lickorish and Wallace (Thm. 1.7.5). The
key point is to show how suitable contact forms defined near the boundary of
a solid torus can be extended over the whole solid torus. This will enable us
to perform Dehn surgeries (along transverse knots) on contact 3–manifolds.
For this extension procedure we use an approach due to Thurston and Win-
kelnkemper [233]; this yields a slight simplification of Martinet’s original
construction.

In Section 4.2 we show that every orientable 3–manifold is parallelisable
and then build on this to classify cooriented tangent 2–plane fields up to
homotopy.

In Section 4.3 we study the so-called Lutz twist, a topologically trivial
Dehn surgery on a contact manifold (M, ξ) which yields a contact structure
ξ′ on M that is not, in general, homotopic (as 2–plane field) to ξ. We then
use this to show that every tangent 2–plane field on a given 3–manifold M

is homotopic to a contact structure. These results are contained in Lutz’s
thesis [168], albeit in a language that differs markedly from the one used be-
low: for instance, the concept of self-linking number of transverse knots had

130
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not been available at the time. Of Lutz’s published work, the announcement
[167] deals only with the 3–sphere; [169], too, deals only with a restricted
problem. I learned the key steps of the construction from an exposition given
in Ginzburg’s thesis [103], but I have added proofs of many topological de-
tails. Sections 4.1 to 4.3 have appeared previously, with minor variations,
in [97].

Further proofs of Martinet’s theorem are presented in Section 4.4: one by
Gonzalo, based on a description of 3–manifolds as branched covers over the
3–sphere, and one by Thurston and Winkelnkemper, based on open book
decompositions of 3–manifolds.

In Section 4.5 we discuss the fundamental dichotomy between tight and
overtwisted contact structures, introduced by Eliashberg. It turns out that
the contact structures found by the Lutz–Martinet construction may always
be assumed to be overtwisted. Thus, the proof of the result advertised
above is completed (in Section 4.7) by showing that two overtwisted contact
structures that are homotopic as plane fields are in fact isotopic as contact
structures. This result is due to Eliashberg [64], who in fact proved a stronger
statement also involving the higher homotopy groups of the corresponding
spaces (a precise formulation will be given below).

This proof relies in an essential way on an understanding of surfaces in
contact 3–manifolds and properties of their characteristic foliations. These
are investigated systematically in Section 4.6. We include there also the ma-
terial that will be used later in the classification of tight contact structures:
elements of convex surface theory, the elimination lemma for reducing the
number of singularities of a characteristic foliation, restrictions on the Euler
classes realisable by tight contact structures, and the Bennequin inequality
for Legendrian or transverse knots in a tight contact 3–manifold.

Section 4.8 contains a more systematic introduction to convex surface
theory, i.e. the theory of surfaces that admit a transverse contact vector field.
This concept is central to many developments in modern contact topology,
and has proved indispensable for the classification of tight contact structures.

There are at least a couple of approaches towards this classification ques-
tion. The one I develop in Section 4.9 is tomography, as introduced by
Giroux, i.e. the study of contact structures on a product manifold S×[−1, 1],
where S is a closed, oriented surface, via the characteristic foliations induced
on each S × {z}. This is then used in Section 4.10 to classify tight contact
structures on S3 , R3 , S2 × S1 , and on the 3–ball.

Section 4.11 contains the proof of Cerf’s theorem as advertised in Section
1.7.1 (modulo the technique of filling by holomorphic discs, which is only
sketched).
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Finally, in Section 4.12 it is shown that the prime decomposition theorem
for 3–manifolds has a direct analogue for tight contact 3–manifolds.

4.1 Martinet’s construction

The first step towards the classification of overtwisted contact structures on
3–manifolds is the following theorem of Martinet [175].

Theorem 4.1.1 (Martinet) Every closed, orientable 3–manifold M admits
a contact structure.

In view of the theorem of Lickorish and Wallace and the fact that S3

admits a contact structure, Martinet’s theorem is a direct consequence of
the following result.

Theorem 4.1.2 Let ξ0 be a contact structure on a 3–manifold M0 . Let
M be the manifold obtained from M0 by a Dehn surgery along a knot K.
Then M admits a contact structure ξ which coincides with ξ0 outside the
neighbourhood of K where we perform surgery.

Proof By Theorem 3.3.1 we may assume that K is positively transverse to ξ0 .
Then, by the contact neighbourhood theorem (Example 2.5.16), we can find
a tubular neighbourhood νK of K diffeomorphic to S1 × D2

δ0
, where K is

identified with S1 × {0} and D2
δ0

denotes a disc of radius δ0 , such that the
contact structure ξ0 is given as the kernel of dθ + r2dϕ, with θ denoting the
S1–coordinate and (r, ϕ) polar coordinates on D2

δ0
. Notice that this contact

structure is rotationally symmetric about S1×{0}, so a transverse knot does
not inherit any preferred framing from the contact structure. (We have seen
in Definition 3.5.1 that the situation is markedly different for Legendrian
knots.)

Now perform a Dehn surgery along K. In order to describe that surgery,
we fix an identification of (νK, ξ0) with(

S1 ×D2
δ0

, ker(dθ + r2dϕ)
)

and give K the framing defined by this identification. This means that we
cut out S1×D2

δ ⊂ S1×D2
δ0

for some δ < δ0 , and we write µ for the meridian
∗ × ∂D2

δ and λ for the longitude S1 × ∗, with ∗ denoting a point in S1 or
∂D2

δ , respectively.
Now glue back a copy of S1×D2

δ , whose meridian and longitude we denote
by µ0 and λ0 . If the surgery coefficient of the Dehn surgery with respect to
the framing given by λ is p/q ∈ Q ∪ {∞}, this means that the gluing map
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will be described by

µ0 �−→ pµ + qλ, λ0 �−→ mµ + nλ

with
( p m

q n

)
∈ GL(2, Z), see Section 1.7.2.

Write (θ; r, ϕ) for the coordinates on the copy of S1 × D2
δ that we are

gluing back. Then the gluing map can be described explicitly by

θ = nθ + qϕ, ϕ = mθ + pϕ.

So the contact form dθ + r2dϕ given on S1 × D2
δ0
⊂ M pulls back (along

S1 × ∂D2
δ ) to the contact form

d(nθ + qϕ) + r2 d(mθ + pϕ)

on the copy of S1 × D2
δ that we want to glue in. This form is defined on

all of S1 × (D2
δ \ {0}), and to complete the proof it only remains to find a

contact form on S1 ×D2
δ that coincides with this form near S1 × ∂D2

δ .

Lemma 4.1.3 There is a contact form on S1 × D2
δ that coincides with

(n + mr2) dθ + (q + pr2) dϕ near r = δ and with ±dθ + r2 dϕ near r = 0.

Proof We make the ansatz

α = h1(r) dθ + h2(r) dϕ

with smooth functions h1(r), h2(r). Then

dα = h′
1 dr ∧ dθ + h′

2 dr ∧ dϕ

and

α ∧ dα =
∣∣∣∣ h1 h2

h′
1 h′

2

∣∣∣∣ dθ ∧ dr ∧ dϕ.

So to satisfy the contact condition α ∧ dα �= 0 all we have to do is to find a
parametrised curve

r �−→ (h1(r), h2(r)), 0 ≤ r ≤ δ,

in the plane satisfying the following conditions:

(1) h1(r) = ±1 and h2(r) = r2 near r = 0,
(2) h1(r) = n + mr2 and h2(r) = q + pr2 near r = δ,
(3) (h1(r), h2(r)) is never parallel to (h′

1(r), h
′
2(r)) for r �= 0.†

Since np−mq = ±1, the vector (m, p) is not a multiple of (n, q). Figure 4.1
shows possible solution curves for the two cases np−mq = ±1.

† At r = 0, the contact condition is guaranteed by condition 1. The determinant h1 h′
2 −

h2 h′
1 vanishes to first order at r = 0, as it should, since the volume form really ought

to be written as dθ ∧ r dr ∧ dϕ.
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h1h1 1−1

h2h2

(n, q) (n + m, q + p)

(n, q)

(n + m, q + p)

Fig. 4.1. Dehn surgery.

This completes the proof of the lemma and, in consequence, that of Theorem
4.1.2.

In Section 4.3 we are going to show that in fact every tangent 2–plane
field on M is homotopic to a contact structure. Before that, we have to deal
with the homotopical classification of such 2–plane fields.

4.2 2–plane fields on 3–manifolds

First we need the following well-known fact. It is unavoidable that at this
point we use a little more algebraic or geometric topology than we have done
so far. In order to ease the pain, I present three proofs, based on entirely
different methods.

Theorem 4.2.1 Every closed, orientable 3–manifold M is parallelisable,
that is, the tangent bundle TM is trivial.

First Proof – obstruction theoretic The main point will be to show the van-
ishing of the second Stiefel–Whitney class w2(M) = w2(TM) ∈ H2(M ; Z2).
Recall the following facts, which can be found in [35]; for the interpretation
of Stiefel–Whitney classes as obstruction classes see also [188].

There are Wu classes vi ∈ Hi(M ; Z2) defined by

〈Sqi(u), [M ]〉 = 〈vi ∪ u, [M ]〉

for all u ∈ H3−i(M ; Z2), where Sq denotes the Steenrod squaring operations.
Since Sqi(u) = 0 for i > 3− i, the only (potentially) non-zero Wu classes are
v0 = 1 and v1 . The Wu classes and the Stiefel–Whitney classes are related



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

4.2 2–plane fields on 3–manifolds 135

by wq =
∑

j Sqq−j (vj ). Hence v1 = Sq0(v1) = w1 , which is the zero class,
because M is orientable. We conclude w2 = 0.

Let V2(R3) = SO(3)/SO(1) = SO(3) be the Stiefel manifold of oriented,
orthonormal 2–frames in R3 . This is connected, so there exists a section over
the 1–skeleton† of M of the 2–frame bundle V2(TM) associated with TM

(with a choice of Riemannian metric on M understood‡). The obstruction
to extending this section over the 2–skeleton is equal to w2 , which vanishes
as we have just seen. The obstruction to extending the section over all of M

lies in H3(M ;π2(V2(R3))), which is the zero group because of π2(SO(3)) = 0.
(For that latter fact, recall that SO(3) is diffeomorphic to RP 3 , or appeal
to the general result that the second homotopy group of any compact Lie
group is trivial, see [37, Thm. V.7.1].)

We conclude that TM has a trivial 2–dimensional sub-bundle ε2 . The
complementary 1–dimensional bundle λ = TM/ε2 is orientable and hence
trivial since 0 = w1(TM) = w1(ε2) + w1(λ) = w1(λ). Thus TM = ε2 ⊕ λ is
a trivial bundle.

Second Proof – geometric topological We begin by observing that the 3–
sphere is parallelisable. An explicit parallelisation of S3 ⊂ R4 is given by

X1(x0 , x1 , x2 , x3) = (−x1 , x0 ,−x3 , x2),

X2(x0 , x1 , x2 , x3) = (−x2 , x3 , x0 ,−x1),

X3(x0 , x1 , x2 , x3) = (−x3 ,−x2 , x1 , x0),

where
∑3

ν=0 x2
ν = 1. This parallelisation is found by identifying R4 with the

quaternions

H = {x0 + ix1 + jx2 + kx3 : x0 , x1 , x2 , x3 ∈ R},

where i2 = j2 = k2 = ijk = −1, and hence ij = −ji = k. Then

n(x1 , x2 , x3 , x4) := (x1 , x2 , x3 , x4)

defines the normal vector field to S3 , and X1 ,X2 ,X3 are given as in, jn, kn.
A theorem of Hilden, Montesinos and Thickstun [130] states that for every

closed, orientable 3–manifold M there is a branched covering§ p : M → S3 ,
branched along a simple closed curve in M that bounds an embedded disc.
(Moreover, the cover can be chosen 3–fold and simple, i.e. the monodromy
representation of π1(S3 \ K), where K – a knot in S3 – is the downstairs

† Every differential manifold has the homotopy type of a CW–complex, see [132], and in
arguments like these it is understood that such a cell decomposition has been chosen.

‡ This is not necessary, of course. One may also work with arbitrary 2–frames without
reference to a metric. This does not affect the homotopical data.

§ The notion of a branched covering will be introduced more formally in Section 4.4.1
and, for higher-dimensional manifolds, in Section 7.5.
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branch set, represents the meridian of K by a transposition in the symmetric
group S3 . This, however, is not relevant for our discussion.)

Now, given M and a branched covering p : M → S3 of the type described,
there is a 3–ball D3 ⊂ M containing the upstairs branch set in its interior.
Outside of† Int (D3), the covering p is unbranched, so the 3–frame X1 ,X2 ,X3

on S3 can be lifted to a frame field on M \ Int (D3).
The bundle TM |D 3 is trivial, so relative to a chosen trivialisation of this

bundle, the frame field defined previously determines an element of SO(3)
(see the first footnote in the preceding proof) at each point of ∂D3 . Since
π2(SO(3)) = 0, this frame field extends over D3 .

For the third proof of this theorem we need a preparatory lemma.

Lemma 4.2.2 Let Σ ⊂ M be an embedded (possibly non-orientable) closed,
connected surface and E the total space of the normal disc bundle of Σ in M .
Then w2(E) = 0.

Proof Write η for this normal disc bundle and π : E → Σ for the bundle
projection. The space E retracts to Σ, so

w2(E) = π∗(w2(TE|Σ)
)

= π∗(w2(TΣ⊕ η)
)

= π∗(w2(Σ) + w1(Σ)w1(η)
)
.

If Σ is orientable, then both w1(Σ) and w2(Σ) vanish (since w2 is the mod 2
reduction of the Euler class), hence w2(E) = 0 in this case.

If Σ is non-orientable, then Σ is diffeomorphic to a connected sum of h

copies of RP 2 for some natural number h, with H1(Σ; Z2) ∼= Zh
2 , with each

summand Z2 corresponding to a summand RP 2 . Then w1(Σ) = (1, . . . , 1).
Since M is orientable, every orientation-reversing loop in Σ for TΣ is also
orientation-reversing for η, hence w1(η) = (1, . . . , 1), too. We conclude,
identifying H2(E; Z2) ∼= H2(Σ; Z2) with Z2 , that

w2(E) = π∗(w2(Σ) + w1(Σ)w1(η)
)

= 2− h + (1, . . . , 1)2 = 2− h + h = 0,

as was to be shown.

Third Proof of Theorem 4.2.1 – spin structures This proof is due to Kir-
by [146] and is based on the classification of spin structures. For the present
purpose we follow Kirby in defining a spin structure on the 3–manifold
M as a homotopy class of trivialisations of TM over the 1–skeleton of M

that extend over the 2–skeleton. This is in analogy with the definition of an
orientation as a homotopy class of trivialisations of TM over the 0–skeleton
that extend over the 1–skeleton.

† We write Int (−) for the interior of a manifold with boundary.
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The key facts about spin structures (for which a proof can be found in the
cited reference) are that a spin structure exists if and only if w2(M) is the
zero class, and spin structures are then in one-to-one correspondence with
elements of the cohomology group H1(M ; Z2). As in the first proof, we want
to show w2(M) = 0; the present proof then concludes like the first one.

Arguing by contradiction, we assume that w2(M) �= 0. Since M has
vanishing Euler characteristic, it admits a nowhere vanishing vector field,
see [188, §12] or [35, VI.12], that is, the tangent bundle TM splits into a
trivial line bundle and a complementary orientable plane bundle. It follows
that w2(M) is the mod 2 reduction of the Euler class of this plane bundle.
So the Poincaré dual of w2(M) in H1(M ; Z2) likewise admits an integral lift
and can therefore be represented by an embedded circle K ⊂ M . If [F ] is
a class in H2(M \K; Z2), then the Kronecker product 〈w2(M), [F ]〉 equals
the intersection product [K] • [F ] = 0. This means that under the inclusion
map M \K → M , the class w2(M) pulls back to w2(M \K) = 0. In other
words, M \K has a spin structure σ that does not extend over K. Now let
Σ ⊂ M be an embedded surface, perhaps non-orientable, that is dual to K

in the sense of Proposition 3.4.7. Let p be the single point of intersection
between K and Σ.

By Lemma 4.2.2 (and with the notation used there), the total space E of
the normal disc bundle over Σ admits a spin structure σ. Spin structures on
E are classified by the group H1(E; Z2) ∼= H1(Σ; Z2), which is isomorphic
to the group H1(Σ \ {p}; Z2) classifying spin structures on E|Σ\{p}. So the
spin structure on E|Σ\{p} given by the restriction of σ must agree with one
on E, which means that σ extends over K, contradicting our choice of σ.

This contradiction gives w2(M) = 0, as was to be shown.

Fix an arbitrary Riemannian metric on M and a trivialisation of the unit
tangent bundle STM ∼= M × S2 . By associating with a cooriented 2–plane
distribution in TM the positively orthonormal vector field, we have a one-to-
one correspondence between the following sets, where all maps, homotopies
etc., are understood to be smooth.

• Homotopy classes of unit vector fields X on M .

• Homotopy classes of cooriented 2–plane distributions ξ in TM .

• Homotopy classes of maps f : M → S2 .

(Recall that I use the term 2–plane distribution synonymously with ‘2–
dimensional sub-bundle of the tangent bundle’.) The map f = fξ is the
‘Gauß map’ associated with the plane field ξ.
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Remark 4.2.3 With a Riemannian metric chosen on an oriented 3–manifold
M , a cooriented (and hence oriented) tangent 2–plane field ξ can also be
interpreted as an almost contact structure: the complex bundle structure
on ξ is defined by rotation by π/2 in positive direction with respect to the
metric and orientation on ξ; the complementary trivial line bundle is the
bundle orthogonal to ξ.

Let ξ1 , ξ2 be two arbitrary 2–plane distributions (always understood to be
cooriented). By elementary obstruction theory, there is an obstruction

d2(ξ1 , ξ2) ∈ H2(M ;π2(S2)) ∼= H2(M ; Z)

for ξ1 to be homotopic to ξ2 over the 2–skeleton of M and, if d2(ξ1 , ξ2) = 0
and after homotoping ξ1 to ξ2 over the 2–skeleton, an obstruction (which
will depend, in general, on that first homotopy)

d3(ξ1 , ξ2) ∈ H3(M ;π3(S2)) ∼= H3(M ; Z) ∼= Z

for ξ1 to be homotopic to ξ2 over all of M . (The identification of H3(M ; Z)
with Z is determined by the orientation of M .) However, rather than relying
on general obstruction theory, we shall interpret d2 and d3 geometrically,
which will later allow us to give a geometric proof that every homotopy class
of 2–plane fields ξ on M contains a contact structure.

The only fact that I want to quote here is that, by the Pontrjagin–Thom
construction, homotopy classes of maps f : M → S2 are in one-to-one cor-
respondence with framed cobordism classes of framed (and oriented) links
of 1–spheres in M . The general theory can be found in [35] and [153]; a
beautiful and elementary account is given in [186].

For given f , the correspondence is defined by choosing a regular value
p ∈ S2 for f and a positively oriented basis b of TpS

2 , and associating with
it the oriented framed link (f−1(p), f∗b), where f∗b is the pull-back of b

under the fibrewise bijective map Tf : T (f−1(p))⊥ → TpS
2 . The orientation

of f−1(p) is the one which together with the frame f∗b gives the orientation
of M .

For a given framed link L, the corresponding f is defined by projecting
a (trivial) disc bundle neighbourhood L × D2 of L in M onto the fibre
D2 ∼= S2 \ {p∗}, where 0 is identified with p, and p∗ denotes the antipode
of p, and sending M \ (L×D2) to p∗. Notice that the orientations of M and
the components of L determine that of the fibre D2 , and hence determine
the map f .

Before proceeding to define the obstruction classes d2 and d3 , we make
another short topological digression.
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4.2.1 Cobordism classes of links

We now want to relate elements in H1(M ; Z) to cobordism classes of links
in M .

Theorem 4.2.4 Let M be a closed, oriented 3–manifold. Any homology class
c ∈ H1(M ; Z) is represented by an embedded, oriented link (of 1–spheres) Lc

in M . Two links L0 , L1 represent the same class [L0 ] = [L1 ] if and only
if they are oriented cobordant in M , that is, there is an embedded, oriented
surface S in [0, 1]×M with

∂S = L1 � L0 ⊂ {1} ×M � {0} ×M,

where � denotes disjoint union and L the link L with reversed orientation.

Proof The first part was already proved in Proposition 3.4.2. We retain the
notation used there.

If two links L0 , L1 are cobordant in M , then clearly

[L0 ] = [L1 ] ∈ H1([0, 1]×M ; Z) ∼= H1(M ; Z).

For the converse, suppose we are given two links L0 , L1 ⊂ M with [L0 ] =
[L1 ]. Choose arbitrary framings for these links and use this, as described
above, to define smooth maps f0 , f1 : M → S2 with common regular value
p ∈ S2 such that f−1

i (p) = Li , i = 0, 1. Now identify S2 with the standardly
embedded CP 1 ⊂ CP 2 . Let P ⊂ CP 2 be a second copy of CP 1 , embedded
in such a way that [P ]CP 2 = [CP 1 ]CP 2 and P intersects CP 1 transversely in
p only. This is possible since CP 1 ⊂ CP 2 has self-intersection one. Then the
maps f0 , f1 , regarded as maps into CP 2 , are transverse to P and we have
f−1

i (P ) = Li , i = 0, 1. Hence

f∗
i u0 = f∗

i (PD[P ]CP 2 ) = PD[f−1
i (P )]M = PD[Li ]M

is the same for i = 0 or 1, and from the identification

[M, CP 2 ]
∼=−→ H2(M, Z)

[f ] �−→ f∗u0

we conclude that f0 and f1 are homotopic as maps into CP 2 .
Let F : [0, 1]×M → CP 2 be a homotopy between f0 and f1 , which we may

assume to be constant near 0 and 1. This F can be smoothly approximated
by a map F ′ : [0, 1]×M → CP 2 that is transverse to P and coincides with
F near {0} ×M and {1} ×M (since there the transversality condition was
already satisfied). In particular, F ′ is still a homotopy between f0 and f1 ,
and S = (F ′)−1(P ) is a surface with ∂S = L1 � L0 .
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Notice that in the course of this proof we have observed that oriented
cobordism classes of oriented links in M – equivalently: classes in H1(M ; Z)
– correspond to homotopy classes of maps M → CP 2 , whereas oriented
framed cobordism classes of oriented framed links correspond to homotopy
classes of maps M → CP 1 .

4.2.2 Framed cobordisms

We have seen that if L1 , L2 ⊂ M are links with [L1 ] = [L2 ] ∈ H1(M ; Z),
then L1 and L2 are cobordant in M .† In general, however, a given framing
on L1 and L2 does not extend over the cobordism. The following observation
will be useful later on.

Write (S1 , n) for a contractible loop in M with framing n ∈ Z (by which
we mean that S1 and a second copy of S1 obtained by pushing it away in the
direction of one of the vectors in the frame have linking number n). When
writing L = L′ � (S1 , n) it is understood that (S1 , n) is not linked with any
component of L′.

Suppose we have two framed links L0 , L1 ⊂ M with [L0 ] = [L1 ]. Let
S ⊂ [0, 1]×M be an embedded surface with

∂S = L1 � L0 ⊂ {1} ×M � {0} ×M.

With D2 a small disc embedded in S, the framing of L1 and L2 in M extends
to a framing of S \D2 in [0, 1]×M (since S \D2 deformation retracts to a
1–dimensional complex containing L0 and L1 , and over such a complex any
orientable 2–plane bundle is trivial). Now we embed a cylinder [0, 1] × S1

into [0, 1]×M such that

[0, 1]× S1 ∩ {0} ×M = ∅,

[0, 1]× S1 ∩ {1} ×M = {1} × S1 ,

and

[0, 1]× S1 ∩ (S \ Int (D2)) = {0} × S1 = ∂D2 ,

see Figure 4.2. This shows that L0 is framed cobordant in M to L1 � (S1 , n)
for suitable n ∈ Z.

4.2.3 Definition of the obstruction classes

We are now in a position to define the obstruction classes d2 and d3 . With a
choice of Riemannian metric on M and a trivialisation of STM understood,

† As before, all links and cobordisms are understood to be oriented.
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L1 ⊂ {1} × M

L0 ⊂ {0} × M

D2

[0, 1] × S1

S

Fig. 4.2. The framed cobordism between L0 and L1 � (S1 , n).

a 2–plane distribution ξ on M defines a map fξ : M → S2 and hence an
oriented framed link Lξ as described above. Let [Lξ ] ∈ H1(M ; Z) be the
homology class represented by Lξ . This depends only on the homotopy class
of ξ, since under homotopies of ξ, or choice of different regular values of fξ ,
the cobordism class of Lξ remains invariant. We define

d2(ξ1 , ξ2) = PD[Lξ1 ]− PD[Lξ2 ].

With this definition, d2 is clearly additive, that is,

d2(ξ1 , ξ2) + d2(ξ2 , ξ3) = d2(ξ1 , ξ3).

The following lemma shows that d2 is indeed the desired obstruction class.

Lemma 4.2.5 The 2–plane distributions ξ1 and ξ2 are homotopic over the
2–skeleton M (2) of M if and only if d2(ξ1 , ξ2) = 0.

Proof Suppose d2(ξ1 , ξ2) = 0, that is, [Lξ1 ] = [Lξ2 ]. By Theorem 4.2.4 we
find a surface S in [0, 1]×M with

∂S = Lξ2 � Lξ1 ⊂ {1} ×M � {0} ×M.

From the discussion on framed cobordism above, we know that for suitable
n ∈ Z we find a framed surface S′ in [0, 1]×M such that

∂S′ =
(
Lξ2 � (S1 , n)

)
� Lξ1 ⊂ {1} ×M � {0} ×M

as framed manifolds.
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Hence ξ1 is homotopic to a 2–plane distribution ξ′1 such that Lξ ′
1

and Lξ2

differ only by one contractible framed loop (not linked with any other com-
ponent). Then the corresponding maps f ′

1 , f2 differ only in a neighbourhood
of this loop, which is contained in a 3–ball, so f ′

1 and f2 (and hence ξ′1 and
ξ2) agree over the 2–skeleton.

Conversely, if ξ1 and ξ2 are homotopic over M (2) , we may assume ξ1 = ξ2

on M \ D3 for some embedded 3–disc D3 ⊂ M without changing [Lξ1 ]
and [Lξ2 ]. Now [Lξ1 ] = [Lξ2 ] follows from H1(D3 , S2) = 0.

Remark 4.2.6 By [224, §37], the obstruction to homotopy between ξ and
ξ0 (corresponding to the constant map fξ0 : M → S2) over the 2–skeleton
of M is given by f∗

ξ u0 , where u0 is the positive generator of H2(S2 ; Z). So
u0 = PD[p] for any p ∈ S2 , and taking p to be a regular value of fξ we have

f∗
ξ u0 = f∗

ξ PD[p] = PD[f−1
ξ (p)] = PD[Lξ ] = d2(ξ, ξ0).

This gives an alternative way to see that our geometric definition of d2 does
indeed coincide with the one in classical obstruction theory.

Now suppose d2(ξ1 , ξ2) = 0. We may then assume that ξ1 and ξ2 coincide
on M \ Int (D3), and we define d3(ξ1 , ξ2) to be the Hopf invariant H(f) of
the map f : S3 → S2 defined as f1 ◦π+ on the upper hemisphere and f2 ◦π−
on the lower hemisphere, where π+ , π− are the orthogonal projections of the
upper and lower hemisphere, respectively, onto the equatorial disc, which
we identify with D3 ⊂M . Here, given an orientation of M , we orient S3 in
such a way that π+ is orientation-preserving and π− orientation-reversing;
the orientation of S2 is inessential for the computation of H(f). Recall that
H(f) is defined as the linking number of the preimages of two distinct regular
values of a smooth map homotopic to f . Since the Hopf invariant classifies
homotopy classes of maps S3 → S2 (it is in fact an isomorphism π3(S2) →
Z), this is a suitable definition for the obstruction class d3 . Moreover, the
homomorphism property of H(f) and the way addition in π3(S2) is defined
entail the additivity of d3 analogous to that of d2 .

4.3 The Lutz twist

Consider a 3–manifold M with cooriented contact structure ξ, and an ori-
ented 1–sphere K ⊂ M embedded transversely to ξ such that the positive
orientation of K coincides with the positive coorientation of ξ. Then, as we
have seen in Section 4.1, in suitable local coordinates we can identify K with
S1 × {0} ⊂ S1 × D2 such that ξ = ker(dθ + r2 dϕ) and ∂θ corresponds to
the positive orientation of K. Strictly speaking, this formula for ξ holds on
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S1 ×D2
δ for some, possibly small, δ > 0. However, to simplify notation we

usually work with S1 ×D2 as local model.
We say that ξ′ is obtained from ξ by a Lutz twist along K, and write

ξ′ = ξK , if on S1 ×D2 the new contact structure ξ′ is defined by

ξ′ = ker(h1(r) dθ + h2(r) dϕ)

with (h1(r), h2(r)) as in Figure 4.3, and ξ′ coincides with ξ outside the solid
torus S1 ×D2 .

h1−1 1

h2

r = r0

Fig. 4.3. Lutz twist.

More precisely, (h1(r), h2(r)) is required to satisfy the conditions

(1) h1(r) = −1 and h2(r) = −r2 near r = 0,
(2) h1(r) = 1 and h2(r) = r2 near r = 1,
(3) (h1(r), h2(r)) is never parallel to (h′

1(r), h
′
2(r)) for r �= 0.

This is the same as applying the construction of Section 4.1 to the topolog-
ically trivial Dehn surgery given by the gluing map µ0 �→ −µ, λ0 �→ −λ.

It will be useful later on to understand more precisely the behaviour of the
map fξ ′ : M → S2 . For the definition of this map, we assume – this assump-
tion will be justified below – that on S1×D2 the map fξ was defined in terms
of the standard metric dθ2 + du2 + dv2 (with (u, v) Cartesian coordinates
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on D2 corresponding to the polar coordinates (r, ϕ)) and the trivialisation
∂θ , ∂u , ∂v of T (S1 ×D2). Since ξ′ is spanned by ∂r and h2(r) ∂θ − h1(r) ∂ϕ

(or, for r = 0, by ∂u , ∂v ), a vector positively orthogonal to ξ′ is given by
h1(r) ∂θ + h2(r) ∂ϕ , which makes sense even for r = 0. Observe that the
ratio h1(r)/h2(r) (for h2(r) �= 0) is a strictly monotone decreasing function,
for by the third condition above we have

(h1/h2)′ = (h′
1h2 − h1h

′
2)/h2

2 < 0.

This implies that any value on S2 other than (1, 0, 0) (corresponding to ∂θ )
is regular for the map fξ ′ ; the value (1, 0, 0) is attained along the torus
{r = r0}, with r0 > 0 determined by h2(r0) = 0, and hence not regular.

If S1 × D2 is endowed with the orientation defined by the volume form
dθ∧r dr∧dϕ = dθ∧du∧dv (so that ξ and ξ′ are positive contact structures)
and S2 ⊂ R3 is given its ‘usual’ orientation defined by the volume form
x dy∧dz+y dz∧dx+z dx∧dy, then f−1

ξ ′ (−1, 0, 0) = S1×{0} with orientation
given by −∂θ , since fξ ′ maps the slices {θ}×D2

r0
in an orientation-reversing

manner onto S2 .
More generally, for any p ∈ S2 \{(1, 0, 0)} the preimage f−1

ξ ′ (p) (inside the
domain {(θ, r, ϕ) : h2(r) < 0} = {r < r0}) is a circle S1 ×{u}, u ∈ D2 , with
orientation given by −∂θ .

We are now ready to prove what is commonly known as the Lutz–Martinet
theorem (see the references given in the introduction to this chapter).

Theorem 4.3.1 (Lutz–Martinet) Every cooriented tangent 2–plane field
on a closed, orientable 3–manifold is homotopic to a contact structure.

The idea of the proof is to start with an arbitrary contact structure, and
then to perform suitable Lutz twists. First we deal with homotopy over the
2–skeleton. One way to proceed would be to prove directly, with notation
as above, that d2(ξK , ξ) = −PD[K]. However, it is somewhat easier to
compute d2(ξK , ξ) in the case where ξ is a trivial 2–plane bundle and the
trivialisation of STM is adapted to ξ. Since I would anyway like to present
an alternative argument for computing the effect of a Lutz twist on the Euler
class of the contact structure, and thus relate d2(ξ1 , ξ2) to the Euler classes
of ξ1 and ξ2 , it seems opportune to do this first and use it to show the
existence of a contact structure with Euler class zero. In the next section we
shall actually discuss a direct geometric proof of the existence of a contact
structure with Euler class zero (Remark 4.4.2).

Recall that the Euler class e(ξ) ∈ H2(B; Z) of a 2–plane bundle over a
complex B (of arbitrary dimension) is the obstruction to finding a nowhere
zero section of ξ over the 2–skeleton of B. Since πi(S1) = 0 for i ≥ 2, all
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higher obstruction groups Hi+1(B;πi(S1)) are trivial, so a 2–dimensional
orientable bundle ξ is trivial if and only if e(ξ) = 0, no matter what the
dimension of B.

Now let ξ be an arbitrary cooriented 2–plane distribution on an oriented
3–manifold M . Then TM ∼= ξ ⊕ ε, where ε denotes a trivial line bundle.
Hence w2(ξ) = w2(ξ ⊕ ε) = w2(TM) = 0, and since w2(ξ) is the mod 2
reduction of e(ξ) we infer that e(ξ) has to be even.

Proposition 4.3.2 For any even element e ∈ H2(M ; Z) there is a contact
structure ξ on M with e(ξ) = e.

Proof Start with an arbitrary contact structure ξ0 on M with e(ξ0) = e0

(which we know to be even). Given any even e1 ∈ H2(M ; Z), represent the
Poincaré dual of (e0 − e1)/2 by a collection of embedded oriented circles
positively transverse to ξ0 .† Choose a section of ξ0 transverse to the zero
section of ξ0 , that is, a vector field in ξ0 with generic zeros. We may assume
that there are no zeros on the curves representing PD−1(e0 − e1)/2. Now
perform a Lutz twist as described above along these curves, and call ξ1 the
resulting contact structure. It is easy to see that, in the local model for the
Lutz twist, a constant vector field tangent to ξ0 along ∂(S1 ×D2

r0
) extends

to a vector field tangent to ξ1 over S1 × D2
r0

with zeros of index +2 along
S1 ×{0} (Figure 4.4). So the vector field in ξ0 extends to a vector field in ξ1

with new zeros of index +2 along the curves representing PD−1(e1 − e0)/2
(sic; notice that a Lutz twist along a positively transverse knot K turns K

into a negatively transverse knot). Since the self-intersection class of M in
the total space of a vector bundle is Poincaré dual to the Euler class of that
bundle, see [35, Prop. VI.12.8], this proves e(ξ1) = e(ξ0) + e1 − e0 = e1 .

We now fix a contact structure ξ0 on M with e(ξ0) = 0 and give M

the orientation induced by ξ0 (i.e. the one for which ξ0 is a positive contact
structure). Moreover, we fix a Riemannian metric on M and define X0 as the
vector field positively orthonormal to ξ0 . Since ξ0 is a trivial plane bundle,
X0 extends to an orthonormal frame X0 ,X1 ,X2 , hence a trivialisation of
STM , with X1 ,X2 tangent to ξ0 and defining the orientation of ξ0 . With
these choices, ξ0 corresponds to the constant map fξ0 : M → (1, 0, 0) ∈ S2 .

Proposition 4.3.3 Let K ⊂ M be an embedded, oriented circle positively
transverse to ξ0 . Then d2(ξK

0 , ξ0) = −PD[K].

† Here by (e0 − e1 )/2 I mean some class whose double equals e0 − e1 ; in the presence of
2–torsion there is of course a choice of such classes.
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Fig. 4.4. Effect of Lutz twist on Euler class.

Proof Identify a tubular neighbourhood of K ⊂ M with S1 × D2 with
framing defined by X1 , and ξ0 given in this neighbourhood as the kernel
of dθ + r2 dϕ = dθ + u dv − v du. We may then change the trivialisation
X0 ,X1 ,X2 by a homotopy, fixed outside S1 ×D2 , such that X0 = ∂θ , X1 =
∂u and X2 = ∂v near K; this does not change the homotopical data of 2–
plane distributions computed via the Pontrjagin–Thom construction. Then
fξ0 is no longer constant, but its image still does not contain the point
(−1, 0, 0).

Now perform a Lutz twist along K×{0}. Our discussion at the beginning
of this section shows that (−1, 0, 0) is a regular value of the map fξ : M → S2

associated with ξ = ξK
0 and f−1

ξ (−1, 0, 0) = K. Hence, by definition of the
obstruction class d2 we have d2(ξK

0 , ξ0) = −PD[K].

Remark 4.3.4 From this proposition, the additivity of d2 , and the proof of
Proposition 4.3.2, we conclude that

2d2(ξ, ξ′) = e(ξ)− e(ξ′)

for any contact structures (or in fact arbitrary 2–plane distributions) ξ, ξ′

on M .

Proof of Theorem 4.3.1 Let η be a 2–plane distribution on M , and let ξ0

be the contact structure on M with e(ξ0) = 0 that we fixed earlier on. Ac-
cording to our discussion in Section 3.4.2 and Theorem 3.3.1, we can find
an oriented knot K positively transverse to ξ0 with −PD[K] = d2(η, ξ0).
Then d2(η, ξ0) = d2(ξK

0 , ξ0) by the preceding proposition, and therefore
d2(ξK

0 , η) = 0.
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We may then assume that η = ξK
0 on M \ D3 , where we choose D3 so

small that ξK
0 is in Darboux normal form there (and identical with ξ0).

By Proposition 3.5.34 we can find a link K ′ in D3 transverse to ξK
0 with

self-linking number sl(K ′) equal to d3(η, ξK
0 ).

Now perform a Lutz twist of ξK
0 along each component of K ′ and let ξ

be the resulting contact structure. Since this does not change ξK
0 over the

2–skeleton of M , we still have d2(ξ, η) = 0.
Observe that fξK

0
|D 3 does not contain the point (−1, 0, 0) ∈ S2 , and – since

fξK
0

(D3) is compact – there is a whole neighbourhood U ⊂ S2 of (−1, 0, 0)
not contained in fξK

0
(D3). Let f : S3 → S2 be the map used to compute

d3(ξ, ξK
0 ), that is, f coincides on the upper hemisphere with fξ |D 3 and on

the lower hemisphere with fξK
0
|D 3 . By the discussion on page 143 et seq.,

the preimage f−1(u) of any u ∈ U \ {(−1, 0, 0)} will be a push-off of K
′

determined by the trivialisation of ξK
0 |D 3 = ξ0 |D 3 . So the linking number of

f−1(u) with f−1(−1, 0, 0), which is by definition the Hopf invariant H(f) =
d3(ξ, ξK

0 ), will be equal to sl(K ′). By our choice of K ′ and the additivity
of d3 this implies d3(ξ, η) = 0. So ξ is a contact structure that is homotopic
to η as a 2–plane distribution.

4.4 Other proofs of Martinet’s theorem

This section will provide further evidence that contact structures are very
flexible topological objects: virtually any known structure theorem for 3–
manifolds can be used to prove the existence of a contact structure on every
(closed, orientable) 3–manifold.

4.4.1 Branched covers

The notion of branched covers can be defined in various degrees of generality,
see [88], [209], [215]. It turns out that 3–manifolds can be presented as
branched cover of the 3–sphere in a very special way. We describe this
in the following theorem, which is due independently to Hilden [129] and
Montesinos [191]. In Section 4.2 I alluded to a stronger branched covering
theorem, obtained by these authors in collaboration with Thickstun. For the
present purposes, the original theorem will be sufficient. For a more general
notion of branched covers (in higher dimensions) see Section 7.5.

Theorem 4.4.1 (Hilden, Montesinos) Let M be a closed, connected,
orientable 3–manifold. There is a 3–fold branched covering p : M → S3 ,
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branched along a knot K ⊂ S3 . This means that

p|M \p−1 (K ) : M \ p−1(K) −→ S3 \K

is a (smooth) 3–fold covering in the usual sense. The set p−1(K) consists of
two knots K1 and K2 in M . Along K1 , the covering is unbranched; along
K2 , the branching index is 2. One can identify neighbourhoods of K2 and K

with S1×D2 (where K or K2 , respectively, becomes identified with S1×{0})
with S1–coordinate θ and polar coordinates r, ϕ on the D2–factor in such a
way that p is given by (θ, r, ϕ) �→ (θ, r, 2ϕ) in these coordinates.

Notice that the local description of the branched covering near K2 is not
smooth. It turns out that this description is more convenient for lifting a
contact form on S3 to one on M than the smooth one (with r replaced by r2

on the right). For a very readable proof of the Hilden–Montesinos theorem
see [209, §23].

Gonzalo [112] observed that the Hilden–Montesinos theorem allows one
to give a very simple proof of Martinet’s theorem (Thm. 4.1.1). Start with
any contact form α on S3 defining the standard contact structure ξ. By
Theorem 3.3.1 we may assume that K is transverse to ξ. The local coordinate
description of the branched covering near K2 and K defines a framing of K

(given by ϕ = 0, say) and thus a trivialisation of the (conformal symplectic)
normal bundle of K in (S3 , ξ). By Theorem 2.5.15 we may assume that
α = dθ + r2 dϕ near K.

Outside K2 ⊂ M the branched covering map p is a local diffeomorphism,
so there the 1–form p∗α is obviously a contact form. In the coordinates
(θ, r, ϕ) near K2 , this 1–form is given (a priori only for r > 0) by dθ+2r2 dϕ.
This explicit description shows that p∗α extends smoothly as a contact form
over K2 .

Remark 4.4.2 According to the stronger theorem of Hilden, Montesinos
and Thickstun [130], one may in addition assume that K2 bounds an em-
bedded disc in M , so in particular we find a 3–ball D3 ⊂ M that contains
K2 in its interior. Over M \ Int (D3), the contact structure ξ found by the
above construction is trivial, as a 2–plane bundle, since there it is the lift
of the standard contact structure on S3 . Likewise, ξ|D 3 admits a trivialisa-
tion. Since π2(SO(2)) = 0, the trivialisation given over M \ Int (D3) extends
over D3 , see the second proof of Theorem 4.2.1 on page 135.
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4.4.2 Open books

According to a theorem of Alexander [10], every closed, connected, orientable
3–manifold M admits a so-called open book decomposition. The following
theorem is phrased in terms of a variant of the definition of open books that
is now often referred to as an abstract open book.

Given a topological space W and a homeomorphism φ : W → W , the
mapping torus W (φ) is the quotient space obtained from W × [0, 2π] by
identifying (x, 2π) with (φ(x), 0) for each x ∈ W . If W is a differential
manifold and φ a diffeomorphism equal to the identity near the boundary
∂W , then W (φ) is in a natural way a differential manifold with boundary
∂W × S1 .

Theorem 4.4.3 (Alexander) Let M be a closed, connected, orientable
3–manifold. Then there is a compact, orientable surface Σ with boundary
∂Σ = S1 and a diffeomorphism φ : Σ → Σ, equal to the identity near the
boundary, such that M is diffeomorphic to

M(φ) := Σ(φ) ∪id (∂Σ×D2),

i.e. the manifold obtained by gluing Σ(φ) and a solid torus ∂Σ × D2 along
their boundary, using the identity map to identify ∂(Σ(φ)) = ∂Σ × S1 with
∂(∂Σ×D2).

For a proof of this theorem see [215]; see also [83].
Write K ⊂ M for the knot corresponding to ∂Σ×{0} under this identifi-

cation. Then we can define a fibration p : M \K → S1 := R/2πZ by

p([x, ϕ]) = [ϕ] for [x, ϕ] ∈ Σ(φ)

and

p(θ, reiϕ ) = [ϕ] for (θ, reiϕ ) ∈ ∂Σ×D2 ⊂ ∂Σ× C.

This gives rise to the following definition.

Definition 4.4.4 An open book decomposition of an n–dimensional
manifold N consists of a codimension 2 submanifold B, called the binding,
and a (smooth, locally trivial) fibration p : N \ B → S1 . The fibres p−1(ϕ),
ϕ ∈ S1 , are called the pages. Moreover, it is required that the binding B

have a trivial tubular neighbourhood B×D2 in which p is given by the angular
coordinate in the D2–factor.

Observe that the closure of each page is a codimension 1 submanifold of N

with boundary B. This is illustrated in Figure 4.5. A nice little survey of the
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many applications of open book decompositions is given by Winkelnkemper
in an appendix to Ranicki’s book [212].

B

S1

p−1 (ϕ)

Fig. 4.5. An open book near the binding.

We have seen how an abstract open book (Σ, φ), where Σ may in principle
be a manifold of arbitrary dimension with non-empty (but not necessarily
connected) boundary, gives rise to an open book decomposition with pages
diffeomorphic to the interior of Σ and binding ∂Σ.

Conversely, the abstract open book may be recovered from an open book
decomposition as follows. Define Σ as the intersection of the page p−1(0),
say, with the complement of an open tubular neighbourhood B× Int (D2

1/2).
Choose an auxiliary Riemannian metric on N such that the vector field ∂ϕ

on B×(D2 \{0}) is orthogonal to the pages. Extend this to a vector field on
N \B orthogonal to the pages that projects under the differential Tp to the
vector field ∂ϕ on S1 ; this extends to a smooth vector field on N vanishing
along B. By slight abuse of notation, we write ∂ϕ for the vector field on N

thus defined. The time-2π-map of the flow of this vector field sends Σ to
itself; this ‘monodromy’ map is the desired φ.

Example 4.4.5 Figure 4.6 shows an open book decomposition of S3 with
binding S1 and the pages (open) 2–discs. Here we regard S3 as R3 ∪ {∞},
and one has to rotate the picture around the axis (which passes through
the point ∞) as shown to get R3 ∪ {∞}. The two thickened points yield
the binding S1 under this rotation; each indicated arc yields a page. The
two horizontal half-lines emanating from the binding in this figure really
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constitute an arc passing through ∞, and this arc, too, becomes a disc
under rotation. The monodromy map φ : D2 → D2 is the identity.

Fig. 4.6. The 3–sphere as open book.

It appears that the original paper by Alexander is vague on the question of
the connectedness of the binding. The sources [215] and [83] cited above leave
it as an exercise (the latter with copious hints) to show that an open book
decomposition of a 3–manifold may always be assumed to have a connected
binding. Proofs of this result can be found in [197] and [172].

Here is a slight variation on a simple argument of Thurston and Winkeln-
kemper [233] for producing a contact structure on any (abstract) open book;
in conjunction with Alexander’s theorem this constitutes yet another proof
of Martinet’s theorem.

Choose an orientation for Σ, and give ∂Σ the induced boundary orien-
tation. For ease of notation we assume ∂Σ to be connected. Let θ ∈ S1

be the coordinate along ∂Σ, and s a collar parameter for ∂Σ in Σ, with
∂Σ = {s = 0}, and s < 0 in the interior of Σ. We assume that this parame-
ter s has been chosen in such a way that the diffeomorphism φ : Σ → Σ is
the identity on [−2, 0]× ∂Σ ⊂ Σ.

Lemma 4.4.6 The set of 1–forms β on Σ satisfying

(i) β = esdθ on [−3/2, 0]× ∂Σ ⊂ Σ,
(ii) dβ is an area form on Σ of total area 2π,

is non-empty and convex.

Proof Start with an arbitrary 1–form β0 on Σ with β0 = esdθ on the collar
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[−2, 0]× ∂Σ. Then, by Stokes’s theorem,∫
Σ

dβ0 =
∫

∂Σ
β0 =

∫
∂Σ

dθ = 2π.

Let ω be any area form on Σ of total area 2π and with ω = esds∧ dθ on the
collar; notice that∫

[−2,0]×∂Σ
esds ∧ dθ = 2π(1− e−2) < 2π.

Then ∫
Σ

ω − dβ0 = 0 and ω − dβ0 ≡ 0 on [−2, 0]× ∂Σ.

The compactly supported de Rham cohomology of the open surface

Σ \
([
−3

2
, 0
]
× ∂Σ

)
is isomorphic to R, and the isomorphism is given by integration of 2–forms
over the surface, see [31, Cor. 5.8]. It follows that ω−dβ0 = dβ1 for some 1–
form β1 on Σ that vanishes on [−3/2, 0]×∂Σ. Then the 1–form β := β0 +β1

is an element of the set of 1–forms described in the lemma, so that set is
non-empty.

Given any other 1–form β′ satisfying conditions (i) and (ii), one readily
checks that (1− t)β + tβ′ does also satisfy those conditions for any t ∈ [0, 1].

Now let β be any 1–form as just described. Let µ : [0, 2π] → [0, 1] be
a smooth function that is identically 1 near ϕ = 0 and identically 0 near
ϕ = 2π. Then the 1–form

µ(ϕ)β + (1− µ(ϕ))φ∗β

on Σ× [0, 2π] descends to a 1–form on the mapping torus Σ(φ). We continue
to denote this 1–form by β. Notice that the restriction of this β to (the
tangent bundle of) the fibre of Σ(φ) over any ϕ ∈ S1 = R/2πZ satisfies
conditions (i) and (ii) of Lemma 4.4.6, and in fact we have β = esdθ on the
collar [

−3
2
, 0
]
× ∂Σ(φ) =

[
−3

2
, 0
]
× ∂Σ× S1 .

Now a contact form α on Σ(φ) can be defined by setting α = β +C dϕ for
some sufficiently large positive constant C, such that in the expression

α ∧ dα = (β + C dϕ) ∧ dβ

the non-zero term dϕ ∧ dβ dominates.
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It remains to extend this α as a contact form over ∂Σ ×D2 . In order to
ensure smoothness of the resulting 1–form, we modify the definition of the
open book. The M(φ) in Alexander’s theorem can be represented as

M(φ) ∼=
(
Σ(φ) + (∂Σ×D2

2 )
)
/∼,

where, in the quotient space on the right-hand side, we identify

(s, θ, ϕ) ∈ [−1, 0]× ∂Σ× S1

with

(θ, r = 1− s, ϕ) ∈ ∂Σ× [1, 2]× S1 ⊂ ∂Σ×D2
2 .

Mimicking the Lutz twist, we make the ansatz α = h1(r) dθ + h2(r) dϕ on
∂Σ × D2

2 . The boundary conditions in the present situation may be taken
to be

(1) h1(r) = 2 and h2(r) = r2 near r = 0,
(2) h1(r) = e1−r and h2(r) = C for r ∈ [1, 2].

The condition α ∧ dα �= 0 translates, as before, into

(3) (h1(r), h2(r)) is never parallel to (h′
1(r), h

′
2(r)) for r �= 0.

Figure 4.7 shows a curve r �→ (h1(r), h2(r)), r ∈ [0, 2], that satisfies these
conditions. This concludes the proof of Martinet’s theorem via open books.

h121

r = 0

r = 1r = 2

C

h2

Fig. 4.7. Extension of the contact structure over the binding.

The contact structure obtained via this construction has two special fea-
tures that we summarise in the following definition. We phrase this definition
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in such a way that it applies to contact manifolds and open books of arbitrary
dimension.

Definition 4.4.7 Let M be an odd-dimensional oriented manifold with an
open book decomposition (B, p), where B is likewise oriented. The pages
p−1(ϕ) are oriented by the requirement that the induced orientation on the
boundary of (the closure of) each page coincides with the orientation of B.
This is the same as saying that ∂ϕ together with the orientation of the page
gives the orientation of M .†

A contact structure ξ = ker α on M is said to be supported by the open
book decomposition (B, p) of M if

(o) the contact form α induces the positive orientation of M ,
(i) the 2–form dα induces a symplectic form on each page, defining its

positive orientation, and
(ii) the 1–form α induces a positive contact form on B.

In our construction above, we see that α induces the 1–form 2 dθ on the
binding ∂Σ × {0}. This is condition (ii). The 2–form dα restricts to the
area (hence symplectic) form dβ on (the tangent bundle of) any fibre of the
mapping torus Σ(φ). On the collar [−2, 0] × ∂Σ this area form is given by
dβ = esds∧dθ, and ∂s is the outward normal vector along ∂Σ. This partially
verifies condition (i).

Inside the tubular neighbourhood ∂Σ × D2
2 , the pages are given by the

condition ϕ = const. (and r > 0). Here the restriction of dα is the 2–form
h′

1(r) dr ∧ dθ, so we need to ensure that h′
1(r) < 0. This is not a problem;

for instance, we may choose h1(r) = 2− r2 near r = 0.

Another observation is worth making: the curve r �→ (h1(r), h2(r)), with
r ∈ [0, 2], may be assumed not to pass the h2–axis, that is, h1(r) �= 0 for
all r ∈ [0, 2]. In the 3–dimensional setting this is not essential (and the
Thurston–Winkelnkemper ansatz lacked that feature), but it is crucial when
one tries to generalise this construction to higher dimensions – as we shall
do in Section 7.3 – because then dθ will have to be replaced by a 1–form
on the boundary ∂Σ of a higher-dimensional page Σ, and powers of h1 will
enter the contact condition α ∧ (dα)n �= 0.

Example 4.4.8 Regard S3 as the subset of C2 given by

S3 = {(z1 , z2) ∈ C2 : |z1 |2 + |z2 |2 = 1}.
† If b is a positive basis for (the tangent space to a point of) B ≡ ∂Σ, then b, ∂r , ∂ϕ is

a positive basis for B × D2 ⊂ M . The orientation for Σ is given by −∂r , b, since −∂r

is the outer normal of Σ. The orientations −∂r , b, ∂ϕ and b, ∂r , ∂ϕ coincide, since B is
odd-dimensional.
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Write the standard contact form α in polar coordinates as

α = r2
1 dϕ1 + r2

2 dϕ2 .

(1) Set

B = {(z1 , z2) ∈ S3 : z1 = 0},

and consider the fibration

p : S3 \B −→ S1 ⊂ C

(z1 , z2) �−→ z1

|z1 |
.

In polar coordinates this map is given by

p : (r1eiϕ1 , r2eiϕ2 ) �−→ ϕ1 ∈ S1 = R/2πZ.

As vector field ∂ϕ in the construction described on page 150 we may take
∂ϕ1 . This shows that (B, p) is an open book with pages the open 2–discs

p−1(ϕ) = {|z2 | < 1, z1 =
√

1− |z2 |2 eiϕ},

and monodromy the identity map.
The contact form α restricts to dϕ2 along B, and dα to r2 dr2 ∧ dϕ2 on

the tangent spaces to each page. This shows that ker α is supported by the
open book (B, p).

(2) Set

B′ = {(z1 , z2) ∈ S3 : z1z2 = 0}.

This set B′ is the union of two Hopf fibres (see the proof of Lemma 1.4.9)

Ki = {(z1 , z2) ∈ S3 : zi = 0}, i = 1, 2.

With the orientation of K1 ,K2 given by regarding these circles as the bound-
ary of the discs

Di = {(z1 , z2) ∈ D4 : zi = 0}, i = 1, 2,

we have lk(K1 ,K2) = 1. The link B′ = K1 � K2 is called the positive
Hopf link.

Consider the fibration

p′ : S3 \B′ −→ S1 ⊂ C

(z1 , z2) �−→ z1z2

|z1z2 |
.

In polar coordinates this map is given by

p′ : (r1eiϕ1 , r2eiϕ2 ) �−→ ϕ1 + ϕ2 ∈ S1 = R/2πZ.
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The pages (p′)−1(ϕ) of the open book (B′, p′) can be parametrised as

(0, 1) × S1 −→ (p′)−1(ϕ) ⊂ S3 \B

(r1 , ϕ1) �−→ (r1eiϕ1 ,
√

1− r2
1 ei(ϕ−ϕ1 )).

Using this, one can easily check that ker α is supported by the open book
(B′, p′).

The collection of these parametrisations, as ϕ ranges over S1 , gives a
trivialisation of the bundle p′ : S3 \ B′ → S1 . Beware that this does not
imply that the monodromy map φ of this open book is the identity map –
in order to describe φ one has to take into account the boundary condition
given by how the pages are ‘attached’ to the binding.

Here is how to determine this monodromy map. Choose a smooth function
[0, 1] → [0, 1], r �→ δ(r) that is identically 1 near r = 0 and identically 0 near
r = 1. Define a flow φt : S3 → S3 in polar coordinates by

φt :
{

ϕ1 �−→ ϕ1 + δ(r1) · t,
ϕ2 �−→ ϕ2 + (1− δ(r1)) · t.

Then p′ ◦ φt(z1 , z2) = p′(z1 , z2) + t, so this flow is transverse to the pages
of the open book and maps pages to pages. Moreover, near ri = 0 we have
φ̇t = ∂ϕi

, i = 1, 2. This implies that the monodromy of the open book
is given by the map φ2π . In terms of the parametrisation of the pages by
(r1 , ϕ1) as above, this map is, up to isotopy rel boundary, a right-handed
Dehn twist along the core circle {r1 = 1/2} of the page, see Figure 4.8.

r1 = 0 r1 = 1

∂ϕ 1

Fig. 4.8. A right-handed Dehn twist.

Open books on 3–manifolds are not merely an alternative means for con-
structing contact structures. As discovered by Giroux [106], there is in fact
a one-to-one correspondence – on any given closed, orientable 3–manifold
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– between contact structures up to isotopy and open book decompositions
up to ‘stabilisation’. This stabilisation of a given open book decomposition
consists in adding a 1–handle to the page, and changing the monodromy by
composing it with a right-handed Dehn twist along a simple closed curve
going exactly once over the 1–handle. The preceding example is an instance
of this.

Here is the simplest aspect of this correspondence.

Proposition 4.4.9 Let ξi = kerαi, i = 0, 1, be two contact structures
supported by the same open book decomposition (B, p) of the closed, oriented
3–manifold M . Then ξ0 and ξ1 are isotopic.

Proof Let ∂Σ×D2
ε be a neighbourhood of the binding where – in terms of

the coordinates (θ, r, ϕ) on any component of this neighbourhood – we have
αi(∂θ ) > 0. This is possible by condition (ii) in Definition 4.4.7. Choose a
function h = h(r) with essentially the same features as h2 in the foregoing
construction, i.e. h(0) = 0, h′ ≥ 0, h(r) = r2 near r = 0, and h ≡ 1 outside
∂Σ×D2

ε/2 , say. For any R ∈ R+
0 , set

αi,R = αi + Rh(r) dϕ.

Then

αi,R ∧ dαi,R = αi ∧ dαi + Rh(r) dϕ ∧ dαi + Rh′(r)αi ∧ dr ∧ dϕ.

The orientation assumptions in Definition 4.4.7 imply that

αi ∧ dαi > 0, h(r) dϕ ∧ dαi ≥ 0, αi ∧ h′(r) dr ∧ dϕ ≥ 0,

hence αi,R ∧ dαi,R > 0. In particular, all αi,R (for fixed i ∈ {0, 1} and
arbitrary R ∈ R+

0 ) define isotopic contact structures.
Observe that in fact h(r) dϕ ∧ dαi > 0 away from the binding, and

αi∧h′(r) dr∧dϕ > 0 near the binding. With this observation it is a straight-
forward check that the linear interpolation (1 − t)α0,R + tα1,R is a contact
form for any t ∈ [0, 1], provided R has been chosen sufficiently large. This
yields the desired isotopy between ξ0 and ξ1 .

4.5 Tight and overtwisted

In this section we are going to discuss a fundamental dichotomy of contact
structures on 3–manifolds, introduced by Eliashberg [64], namely, the divi-
sion of contact structures into tight and overtwisted ones. At first sight, the
definition of theses types of contact structures looks slightly peculiar. We
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shall see later what motivated this definition, and why it has proved seminal
for the development of 3–dimensional contact topology.

Recall the definition of the standard overtwisted contact structure ξot on
R3 given in Example 2.1.6. This was described by the equation (in cylindrical
coordinates)

cos r dz + r sin r dϕ = 0.

Let ∆ be the disc {z = 0, r ≤ π} ⊂ R3 . The boundary ∂∆ of this disc is
a Legendrian curve for ξot , in fact, the disc ∆ is tangent to ξot along its
boundary. This means that the characteristic foliation ∆ξo t consists of all
radial lines, with singular points at the origin and at all boundary points
(Figure 4.9).

Fig. 4.9. Characteristic foliation on the disc with singular boundary points.

If the interior of ∆ is pushed up slightly, the singular points at the bound-
ary can be made to disappear. Only the singular point at the centre remains,
and the characteristic foliation now looks as in Figure 4.10, with ∂∆ a closed
leaf of the characteristic foliation ∆ξ . (We shall prove this presently by an
explicit calculation in a related case.) We call ∆ (in its perturbed or unper-
turbed form) the standard overtwisted disc.

For our discussion in the following chapter, it is useful to describe the
properties of ∆ in terms of the contact framing and the surface framing of
Legendrian knots (Defns. 3.5.1 and 3.5.2).

Definition 4.5.1 An embedded disc ∆ in a contact manifold (M, ξ) is an
overtwisted disc if its boundary ∂∆ is a Legendrian curve for ξ whose
surface framing coincides with its contact framing, i.e. tb(∂∆) = 0, and the
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Fig. 4.10. Characteristic foliation on an overtwisted disc after perturbation.

characteristic foliation ∆ξ contains a unique singular point in the interior
of ∆.

Translated into the original definitions, this means that if ∆ ⊂ (M, ξ) is an
overtwisted disc, then the two parallel curves to ∂∆ we obtain by pushing
∂∆ either along ∆ or transverse to ξ have the same linking number with
∂∆, in other words, they are isotopic as curves on the boundary of a tubular
neighbourhood of ∂∆. This allows us to isotope ∆ rel boundary to a disc
(which we continue to call ∆) whose boundary remains tangent to ξ, but
such that ∆ is now transverse to ξ along ∂∆. This is the situation when
there are no singular points of ∆ξ along ∂∆.

Definition 4.5.2 A contact structure ξ on a 3–manifold M is called over-
twisted if it contains an overtwisted disc. A contact structure is called
tight if it is not overtwisted.

In fact, the condition that there be but one singular point in the interior
of the overtwisted disc turns out to be superfluous. This will be the content
of the elimination lemma proved in Section 4.6.3. Whenever there is an
embedded disc ∆ in a contact 3–manifold such that the contact framing
of ∂∆ equals the surface framing it inherits from ∆, then by a C0–small
isotopy (fixed on the boundary) one can cancel pairs of elliptic and hyperbolic
points in the characteristic foliation. Consequently, ∆ can be isotoped to an
overtwisted disc as described, or it contains such a disc in the interior.

We now want to show how a suitable Lutz twist turns any given contact
structure ξ into an overtwisted one, without changing the homotopy class of
ξ as a 2–plane field.
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Consider a ‘full’ Lutz twist as follows. Let (M, ξ) be a contact 3–manifold
and K ⊂ M a knot transverse to ξ. As before, identify K with S1 × {0} ⊂
S1 × D2 ⊂ M such that ξ = ker(dθ + r2 dϕ) on S1 × D2 . Now define a
new contact structure ξ′ as in Section 4.3, with (h1(r), h2(r)) now as in
Figure 4.11, that is, the boundary conditions are now

h1(r) = 1 and h2(r) = r2 for r ∈ [0, ε] ∪ [1− ε, 1]

for some small ε > 0.

h11

h2

Fig. 4.11. A full Lutz twist.

Lemma 4.5.3 A full Lutz twist does not change the homotopy class of ξ as
a 2–plane field.

Proof Let (ht
1(r), h

t
2(r)), r, t ∈ [0, 1], be a homotopy of paths such that

(1) h0
1 ≡ 1, h0

2(r) = r2 ,
(2) h1

i ≡ hi , i = 1, 2,
(3) ht

i(r) = hi(r) for r ∈ [0, ε] ∪ [1− ε, 1].

Let χ : [0, 1] → R be a smooth function which is identically 0 near r = 0 and
r = 1, and χ(r) > 0 for r ∈ [ε, 1− ε]. Then

αt = t(1− t)χ(r) dr + ht
1(r) dθ + ht

2(r) dϕ
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is a homotopy from α0 = dθ + r2 dϕ to α1 = h1(r) dθ + h2(r) dϕ through
non-zero 1–forms. This homotopy stays fixed near r = 1, and so it defines a
homotopy between ξ and ξ′ as 2–plane fields.

Let r0 be the smaller of the two positive radii with h2(r0) = 0, and consider
the embedding

φ : D2
r0

−→ S1 ×D2

(r, ϕ) �−→ (θ(r), r, ϕ),

where θ(r) is a smooth function with θ(r0) = 0, θ(r) > 0 for 0 ≤ r < r0 ,
and θ′(r) = 0 only for r = 0. Then φ(∂D2

r0
) is a Legendrian curve whose

contact framing and surface framing are both given by the vector field ∂θ ,
see Figure 4.12.

ξ

φ(D2
r 0 )

S1

r0

Fig. 4.12. An overtwisted disc.

We may require in addition that θ(r) = θ(0) − r2 near r = 0. Then
∆ = φ(D2

r0
) is an overtwisted disc. Indeed,

φ∗(h1(r) dθ + h2(r) dϕ) = h1(r)θ′(r) dr + h2(r) dϕ

is a differential 1–form on D2
r0

that vanishes only for r = 0, and along ∂D2
r0

the vector field ∂ϕ tangent to the boundary lies in the kernel of this 1–form.
This implies that the characteristic foliation on the embedded disc ∆ has a
unique singular point in the interior. Notice that the leaves of this foliation
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are the integral curves of the vector field h1(r)θ′(r) ∂ϕ − h2(r) ∂r , so this is
indeed the situation depicted in Figure 4.10.

Recall that in the radially symmetric standard contact structure ξst of
Example 2.1.1, the twisting angle of the contact planes asymptotically ap-
proaches π/2 as r goes to infinity. In Section 4.6 we are going to show that
ξst is in fact tight. This will prove the claim made earlier that (R3 , ξst) and
(R3 , ξot) are not contactomorphic.

By contrast, any contact manifold which has been constructed using at
least one (simple) Lutz twist contains a cylindrical region where the contact
planes twist by more than π in radial direction (at the smallest positive
radius r0 with h2(r0) = 0 the twisting angle has reached π).

We have shown the following.

Proposition 4.5.4 Let ξ be a contact structure on M. By a full Lutz twist
along any transversely embedded circle, one obtains an overtwisted contact
structure ξ′ that is homotopic to ξ as a 2–plane distribution.

Together with Theorem 4.3.1 this yields the existence of an overtwisted
contact structure in every homotopy class of 2–plane distributions on any
given closed, orientable 3–manifold. In Section 4.7 we are going to prove
Eliashberg’s much stronger homotopy classification of overtwisted contact
structures.

4.6 Surfaces in contact 3–manifolds

We now want to take a more systematic look at surfaces in contact 3–
manifolds, with a view towards using them as a tool in the classification
of contact structures. Obviously some of the material on hypersurfaces in
contact manifolds of arbitrary dimension (Section 2.5.4) will be relevant
here. I am going to reiterate some of the arguments from that section in
the special 3–dimensional setting to spare the reader from having to leaf
back and forth. Throughout I assume that M is a 3–manifold with oriented
and cooriented contact structure ξ = ker α (with dα defining the orientation
of ξ), and S ⊂M an oriented surface embedded in M . Occasionally we allow
S to have boundary, but then there will be some control over the boundary,
e.g. if it consists of Legendrian curves. All results can typically be proved
for non-orientable surfaces by passing to a double cover.

As in Section 2.5.4 we identify a neighbourhood of S in M with S × R,
and S with S × {0}, where we write z† for the R–coordinate. We make this

† In the 3–dimensional setting this notation z seems to be preferable to r.
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identification compatible with orientations: the orientation of S followed by
the natural orientation of R gives the orientation of M (induced by ξ). We
write the contact form α as

α = βz + uz dz, (4.1)

where βz , z ∈ R, is a smooth family of 1–forms on S, and uz : S → R, a
smooth family of functions. Then

dα = dβz − β̇z ∧ dz + duz ∧ dz, (4.2)

where the dot denotes the derivative with respect to z. Thus, the contact
condition becomes

uz dβz + βz ∧ (duz − β̇z ) > 0, (4.3)

meaning that the 2–form on the left is a positive area form on S.

4.6.1 The characteristic foliation

Recall that by a singular (and oriented) 1–dimensional foliation on the sur-
face S we mean an equivalence class of vector fields, where two vector fields
X,X ′ are called equivalent if there is a smooth function f : S → R+ such
that X ′ = fX.

We now fix an area form Ω on S, compatible with the given orientation.
This allows us to make the following definition, where we set β := β0 .

Definition 4.6.1 The characteristic foliation Sξ on S induced by the
contact structure ξ is the singular 1–dimensional foliation represented by
the vector field X that is defined by

iX Ω = β. (4.4)

Notice that different choices of area form Ω and different choices of contact
form α for the cooriented contact structure ξ differ by a positive function, so
the equivalence class of X as a singular 1–dimensional foliation does indeed
depend on S and ξ only. Furthermore, observe that by (4.4) and (4.1) the
points p ∈ S with Xp = 0 are precisely those points of S where the contact
plane ξp coincides with the tangent plane TpS; if Xp �= 0, then the line in
TpS spanned by Xp equals TpS ∩ ξp , since αp(Xp) = βp(Xp) = 0.

Definition 4.6.2 The divergence divΩ(X) of a vector field X on S with
respect to the area form Ω is defined by LX Ω = divΩ(X)Ω; using the Cartan
formula we can rewrite this as

divΩ(X)Ω = d(iX Ω). (4.5)
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We write div instead of divΩ if there can be no confusion about which
area form we are using.

For a smooth function f : S → R+, both d(if X Ω) and d(iX (fΩ)) equal

d(fiX Ω) = df ∧ iX Ω + f div(X)Ω.

This implies that the condition

divΩ(X)(p) �= 0 at all points p ∈ S where X(p) = 0 (4.6)

is independent both of the choice of Ω (for defining the divergence) and of X

(representing a given singular foliation). By the defining Equation (4.4) for
the characteristic foliation, this means further that condition (4.6) is inde-
pendent of the choice of contact form representing a given contact structure.

This condition turns out to characterise those singular foliations on S that
can arise as the characteristic foliation of some contact structure ξ.

Lemma 4.6.3 A vector field X on S represents the characteristic foliation
of some contact structure defined near S if and only if it satisfies condi-
tion (4.6).

Proof First assume that X represents the characteristic foliation of the
contact structure ξ = kerα (defined near S), where we write α as in Equa-
tion (4.1). If p ∈ S is a point with Xp = 0, then, as remarked above,
ξp = TpS, and hence, with (4.4),

(d(iX Ω))p = (dβ)p = dα|ξp
�= 0, (4.7)

which by (4.5) implies div(X)(p) �= 0.
Conversely, let X be a vector field on S that satisfies (4.6). Define a 1–

form on S by β := iX Ω, and a function u : S → R by dβ = uΩ. Observe
that the condition (4.6) on X, together with Equation (4.5), implies that
u(p) �= 0 at all points p ∈ S with β(p) = 0. The fact that S is oriented
allows us to choose a 1–form γ on S satisfying β ∧ γ ≥ 0, and (β ∧ γ)(p) > 0
if β(p) �= 0. Then set

βz = β + z(du− γ)

and

α = βz + u dz.

Then

u dβ0 + β0 ∧ (du− β̇z |z=0) = u2Ω + β ∧ γ > 0.

Thus, by (4.3), α defines a contact structure near S.
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The argument simplifies if X has nowhere zero divergence, which of course
can only happen if the surface is open, i.e. non-compact or with boundary.
We record this for future reference.

Lemma 4.6.4 Let Ω be an area form on an open surface S, and X a vector
field on S with non-vanishing divergence with respect to Ω. Then iX Ω + dz

is an R–invariant contact form on S×R, with characteristic foliation on the
‘horizontal’ slices given by X.

Proof We compute

(iX Ω + dz) ∧ d(iX Ω + dz) = div(X) dz ∧ Ω �= 0.

The statement about the characteristic foliation is obvious.

Recall Theorem 2.5.22, which says that, if S is closed, the characteristic
foliation Sξ determines the germ of the contact structure ξ near S, in a sense
made precise there. As it stands, that theorem requires the characteristic
foliation to be known up to diffeomorphism. The diffeomorphism classifica-
tion of singular vector fields, unfortunately, is a very subtle issue.† Thus,
for Theorem 2.5.22 to be useful one needs methods for manipulating the
characteristic foliation.

Our first aim will be to show that by perturbing the surface S one may
achieve that the characteristic foliation Sξ belongs to a certain class of
‘generic’ singular foliations. We then show that, again after a suitable pertur-
bation of S, the ‘generic’ singularities may be assumed to be diffeomorphic
to certain standard models.

In Section 4.6.2 we formulate the basic notions about convex surfaces in
contact 3–manifolds, and R–invariant (or ‘vertically’ invariant) contact struc-
tures on S×R. This will be one tool used for manipulating the characteristic
foliation.

In Section 4.6.3 we then discuss the elimination lemma, which gives a
method for reducing the number of singularities in Sξ by perturbing S. In
Section 4.8, finally, we return in more detail to convex surface theory. We
show that, under suitable ‘genericity’ assumptions, one can tell from some
simple information whether a given (abstract) singular foliation on S can be
realised as a characteristic foliation Sξ by, you’ve guessed it, perturbing S.
In particular, this allows one to show that homeomorphic characteristic fo-
liations on two copies of S (embedded in two contact manifolds) become

† The flows of two singular vector fields on a given manifold are called topologically
conjugate if there is a homeomorphism of the manifold that sends the flow lines of one
vector field onto those of the other. For the classification of flows on surfaces up to this
equivalence see [207].
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diffeomorphic after perturbing one of the two embeddings. I should put in
a caveat that the homeomorphism in question is supposed to send each so-
called hyperbolic point to a hyperbolic point of the same sign. The notions
of ‘hyperbolic point’ and ‘sign’ will be defined presently; the exact statement
of this last result is given in Proposition 4.8.14.

In practice, this means that if one wants to use Theorem 2.5.22 for cutting
and pasting contact 3–manifolds along surfaces, one may do so, provided
only the characteristic foliations ‘look the same’, with the caveat given above.
Convex surface theory goes even further than that; it shows that the essential
information (for determining the germ of a contact structure near a surface)
is already contained in a simple collection of curves on the surface, the so-
called dividing set.

Before we come to all that, we need to give meaning to the term ‘generic’,
and we start doing so by considering the types of singularities that can occur
in a characteristic foliation. Later we shall also discuss how small (e.g. C∞–
small or C0–small) the various perturbations of S can be chosen.

Since, for the time being, the considerations are local, we take S to be
an open neighbourhood of the origin 0 in R2 with its standard orientation.
Let X(x, y) = a(x, y) ∂x + b(x, y) ∂y be a (smooth) vector field on S with an
isolated zero in 0. The singular foliation determined by X is given by the
flow lines of the differential equation ẋ = X(x) with x := (x, y); this flow
has 0 as an isolated fixed point. Set Ω = dx ∧ dy. Then

div(X)(0) = ax(0) + by (0),

with subscripts denoting partial derivatives, equals the trace of the matrix

A :=
(

ax(0) ay (0)
bx(0) by (0)

)
describing the linearised differential equation ẋ = Ax at the point 0.

The isolated zero or ‘singular point’ 0 of X is called non-degenerate†
if any eigenvalue of A (there may be one or two) has non-vanishing real
part. A non-degenerate singular point of X is called elliptic if there is only
one eigenvalue, or two eigenvalues with real parts of equal sign; it is called
hyperbolic if there are two real eigenvalues of opposite sign. (Since A is
real, this covers all cases.)

Recall that the index of the isolated singular point 0 of X is defined as

† In the dynamical systems literature – good texts would be [203] or [214] – such singular
points are called hyperbolic, but I follow the convention in the contact world to reserve
that term for one particular geometric type of non-degenerate singularity.
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the degree of the map

S1
ε −→ S1

x �−→ X(x)/‖X(x)‖,

where S1
ε is a small circle around 0 not containing any other zeros of X,

see [186].
In the special case that X describes the characteristic foliation Sξ induced

on S ⊂ R2 by some cooriented contact structure ξ = kerα in a neighbour-
hood of the origin in R2×R, there is one further item of terminology. At the
isolated singular point 0 ∈ S of X, the contact plane ξ0 coincides with T0S.
The sign of the isolated singular point is set to be +1 or −1, depending
on whether the orientation of ξ0 (given by dα|ξ0 ) does or does not coincide
with the orientation of T0S (given by Ω). By Equation (4.7), this sign is
determined by whether (LX Ω)(0) is a positive or negative multiple of Ω(0),
i.e. by the sign of the divergence divΩ(X)(0).

Remark 4.6.5 If 0 is a non-degenerate singular point of X, then in a
neighbourhood of 0 the flow ϕt of the differential equation ẋ = X(x) is C0–
conjugate to the linear flow (x, t) �→ eAtx, i.e. there is a neighbourhood U

of 0 and a homeomorphism h of U such that

ϕt(h(x)) = h(eAtx), provided eAtx ∈ U.

This is the content of the so-called Hartman–Grobman theorem, see [214,
p. 155] or [203, §2.4], which holds in fact in all dimensions. In dimension 2,
a C2–flow is even C1–conjugate to its linearisation near a non-degenerate
fixed point, see [123]. Consequently (see the following examples), elliptic
and hyperbolic singularities are determined up to C1–diffeomorphism by the
eigenvalues of their linearisation.

Examples 4.6.6 (1) The linear models for elliptic points are given by the
following real matrices:

(i)
(

λ1 0
0 λ2

)
, λ1λ2 > 0, see Figure 4.13 (a) for the case λ1 = λ2 ,

(ii)
(

λ 1
0 λ

)
, λ1,2 = λ �= 0,

(iii)
(

µ −ν

ν µ

)
, λ1,2 = µ± iν, µ, ν �= 0.

The index of an elliptic singularity is equal to +1. An elliptic point is called
a source if the flow moves away from the singularity in forward time; if
the flow moves towards the singularity one speaks of a sink. The former
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happens for Re(λ1),Re(λ2) > 0, the latter for Re(λ1),Re(λ2) < 0. By the
characterisation of the sign in terms of LX Ω, we see that a source has sign
+1; the sign of a sink is −1.

By a straightforward calculation one sees that in case (i) with λ1 �= λ2 ,
both coordinate axes are flow lines and all the other flow lines approach
the singularity (in forward or backward time) along the coordinate axis cor-
responding to the λi of greater absolute value. In case (ii), all flow lines
approach the singularity along the x–axis. In case (iii), the flow lines do not
approach the singularity from a definite direction. See [214, p. 107] for the
terminology used to distinguish these cases.

(a) (b)

(c) (d)

Fig. 4.13. Singular points of planar flows.

(1′) The vector field X(x, y) := x ∂x + y3 ∂y has an isolated singularity
at the origin 0 that looks topologically like a source (index +1, sign +1),
but now this singularity is degenerate. Because of div(X)(0) = 1, it can
nonetheless be the vector field describing a characteristic foliation. The
recipe in the proof of Lemma 4.6.3 (with γ := −x dx − y dy) shows that
X describes the characteristic foliation on R2 × {0} ⊂ R3 induced by the
contact form

α = (xz − y3) dx + (x + 7yz) dy + (1 + 3y2) dz.
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Of course, by Lemma 4.6.4, a simpler example of a contact form with this
property is

α = −y3 dx + x dy + dz.

If we modify the coefficient y3 of ∂y by a C∞–small perturbation to a smooth
function in y with an isolated zero of order 1 at y = 0, the singularity of
X becomes a non-degenerate source. This perturbation translates into a
corresponding C∞–small perturbation of the contact structure. We shall
argue below how for a closed surface S such a perturbation of the contact
structure translates, by Gray stability, into a C∞–small perturbation of S.

(2) The linear model for a hyperbolic singularity is given by a real diagonal
matrix with eigenvalues λ1 , λ2 of opposite sign. Figure 4.13 (b) depicts the
situation with λ1 > 0 > λ2 . The index of a hyperbolic singularity is −1. The
sign of the singularity is determined by the dominating eigenvalue. Indeed,
in the linear model we have

X(x, y) = λ1x ∂x + λ2y ∂y ,

hence LX Ω = (λ1 +λ2)Ω. If X describes the characteristic foliation induced
by a contact structure, then λ1 +λ2 �= 0, since this sum equals the divergence
of X in the singular point. Notice that the sign of a hyperbolic point is only
a C1–invariant, not a C0–invariant; one cannot read off that sign from a
topological picture.

The two flow lines approaching the hyperbolic point (in Figure 4.13 (b)
these are the positive and negative y–axis) are called the stable separatri-
ces of that point; the two flow lines emanating from the hyperbolic point
(the positive and negative x–axis in our example) are the unstable sepa-
ratrices.

(3) The vector field X(x, y) := x ∂x + y2 ∂y has an isolated degenerate
singularity of index 0 at the origin, see Figure 4.13 (c). The divergence of X

at that singular point is equal to 1. By Lemma 4.6.4 we find that X describes
the characteristic foliation on R2 × {0} ⊂ R3 induced by the contact form

α = −y2 dx + x dy + dz.

By a C∞–small perturbation we can change the function y2 to a function
without zeros and thus get rid of this singularity.

(4) The vector field X(x, y) := (x2 − y2) ∂x +2xy ∂y is a typical model for
an index 2 singularity, see Figure 4.13 (d). This vector field has divergence
0 at the singular point 0, so it does not describe the characteristic foliation
of any contact structure.

(5) The vector field X(x, y) := x ∂y − y ∂x has a degenerate singularity
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of index +1 at 0. Here the degeneracy manifests itself in the fact that ev-
ery circle centred at 0 is a closed orbit of the flow of X, so we have closed
orbits ‘accumulating’ at the singularity. Such a degenerate elliptic singular-
ity, where the linearisation at the singular point has two purely imaginary
eigenvalues, has divergence zero, so this cannot occur in the characteristic
foliation induced by a contact structure.

We want to exclude the degeneracy phenomenon displayed by that last
example not only in the neighbourhood of singular points, but also in the
neighbourhood of closed leaves of the singular foliation (i.e. periodic orbits
of the vector field X defining the characteristic foliation). Identify the neigh-
bourhood of a periodic orbit γ of X with S1 × (−ε, ε), where γ is identified
with S1×{0}. (This is possible since S was assumed to be orientable.) Fix a
point (p0 , 0) on γ, and consider the transversal {p0} × (−ε, ε) to γ. Given a
point (p0 , x) on this transversal, let (p0 , h(x)) be the first intersection of the
flow line through (p0 , x) (in forward time) with the transversal; this will be
defined for x sufficiently small. The map x �→ h(x) is the so-called Poincaré
return map of the periodic orbit γ, see Figure 4.14.

γ

x
h(x)

Fig. 4.14. The Poincaré return map h of a periodic orbit γ.

A periodic orbit γ is called non-degenerate if its Poincaré return map h

satisfies the condition h′(0) �= 1. This precludes in particular the existence
of a sequence of closed orbits accumulating at γ. We call such a periodic
orbit attracting if h′(0) < 1; if h′(0) > 1 it is said to be repelling.

Example 4.6.7 Consider S1 × R2 with (x, z) Cartesian coordinates on the
R2–factor, and y mod 1 the coordinate along S1 ≡ R/Z. The circle γ given
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by {x = z = 0} (parametrised by y) is Legendrian for the contact structure
ξ = ker(dz + x dy). By Theorem 2.5.8, a neighbourhood of this circle in
(S1×R2 , ξ) provides a universal model for the neighbourhood of a Legendrian
circle in any contact 3–manifold.

Consider the cylinder S := S1 × R over this Legendrian circle given by
{x = z}. Observe that the surface framing of γ with respect to S equals
its contact framing, since ∂x + ∂z is transverse to ξ. The cylinder S is not
tangent to ξ along γ, so γ is a closed orbit of the characteristic foliation Sξ .

The condition for a curve s �→ (x(s), y(s), z(s)) to be Legendrian for ξ and
tangent to S is given by

z′ + xy′ = 0 and x′ = z′.

This implies (for a regular curve) y′ �= 0, so we may take y as the curve
parameter. We then find that the general solution is given by

s �→ (x0e−s , s mod 1, x0e−s).

On the transversal {y = 0, x = z} for γ, which we can parametrise by x, the
Poincaré return map h is given by h(x) = x/e. Thus h′(0) = 1/e �= 1, so γ

is non-degenerate.
Because of the universality mentioned above, this example shows in partic-

ular the following: Whenever we have a surface with a Legendrian boundary
such that the contact framing coincides with the surface framing, then by
perturbing the surface, keeping the boundary fixed, we can ensure that the
boundary is a non-degenerate periodic orbit of the characteristic foliation.

We recall one further notion from dynamical systems. Let ϕt be a globally
defined flow. The α– or ω–limit set of a flow line t �→ ϕt(x0) (or of the
point x0) is the set of points that can be written as limk→∞ ϕtk

(x0) for some
sequence t1 , t2 , . . . going to −∞ or +∞, respectively.

We can single out a class of vector fields with certain nice properties.

Definition 4.6.8 A vector field X (or its associated singular 1–dimensional
foliation) on a closed, orientable surface S is said to be of Morse–Smale
type if it has the following properties.

(i) There are finitely many singularities and closed orbits, all of which
are non-degenerate.

(ii) The α– and ω–limit set of each flow line is either a singular point or
a closed orbit.

(iii) There are no trajectories connecting hyperbolic points.†

† Beware that what we call a ‘hyperbolic point’, a dynamic person would call a ‘saddle’,
as a subclass of (dynamically) hyperbolic points; see the footnote on page 166.
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Remarks 4.6.9 (1) There are certain redundancies in this definition, see
the discussion in [205]. The non-degeneracy of singular points implies that
they lie isolated. Since the singular points form a closed subset of S, and S

is compact, this entails that there are only finitely many of them.
The non-degeneracy of the closed orbits likewise implies that they lie iso-

lated. This alone does not guarantee that their number is finite, since they
might accumulate at a union of singular points and connecting trajectories.
Those singular points, however, would have to be hyperbolic, so this situa-
tion is ruled out by (iii).

(2) Particular examples of Morse–Smale vector fields on surfaces are given
by the gradient flow of Morse functions, provided there are no connecting
orbits between hyperbolic points; see [214, Section 8.12], which also gives
the corresponding definitions and statements in higher dimensions.

Peixoto ([205], [206]) has shown the following two important theorems.

(1) Morse–Smale vector fields on closed, orientable surfaces are struc-
turally stable, that is, given a Morse–Smale vector field X on a closed
surface S and an ε > 0, for any vector field X ′ sufficiently C1–close
to X there is a homeomorphism of S that is ε–close to the identity
(in the C0–topology) sending the trajectories of X onto those of X ′.
Conversely, any structurally stable vector field is Morse–Smale.

(2) Morse–Smale vector fields of class Cr , 1 ≤ r ≤ ∞, on a given closed,
orientable surface are open and dense (with respect to the Cr–topo-
logy) in the space of all vector fields of class Cr on that surface.

Remark 4.6.10 Peixoto stated his results without the orientability assump-
tion on the surface. His proof, however, turned out to contain a gap in the
non-orientable case. As a consequence, property (2) of Morse–Smale vector
fields remains largely conjectural for non-orientable surfaces. For the current
state of this conjecture see [121]. For a textbook account see [203].

After this brief dynamical excursion, we can now clarify what we want
to understand by a ‘generic’ characteristic foliation. Property (2) is stating
formally what one means by saying that vector fields (on closed, orientable
surfaces) are generically of Morse–Smale type.

Proposition 4.6.11 Let S be a closed, orientable surface in a contact 3–
manifold (M, ξ = ker α). Then there is a surface S′ isotopic and C∞–close
to S such that the characteristic foliation S′

ξ is of Morse–Smale type.

Proof By the (C1–)openness of the contact condition and Peixoto’s theo-
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rem, we can choose an arbitrarily C∞–small 1–form β, compactly supported
near S, such that ξt := ker(α + tβ) is a contact structure for all t ∈ [0, 1],
and such that the characteristic foliation Sξ1 is of Morse–Smale type. By
Gray stability (Thm. 2.2.2) there is an isotopy (ψt)t∈[0,1] of M such that
Tψ1(ξ) = ξ1 . Moreover, the proof of that theorem shows that ψ1 is C∞–
close to the identity. Then S′ := ψ−1

1 (S) is the desired surface.

The following proposition will hardly ever be used directly, but I mention
it for completeness; notably (b) is an oft-quoted folklore result.

Proposition 4.6.12 (a) The flows of any two singularities of the same type
(elliptic sink, elliptic source, or hyperbolic) are topologically conjugate (as
oriented flows). Here the sign of the hyperbolic singularity is irrelevant.

(b) Given two isolated singularities p ∈ Sξ , p′ ∈ S′
ξ ′ of the same type and

sign in the characteristic foliations of two surfaces S ⊂ (M, ξ), S′ ⊂ (M ′, ξ′),
there is an embedding ψ : S → M isotopic (via an isotopy supported near p)
and arbitrarily C1–close to the inclusion S ⊂ M such that the characteristic
foliation (ψ(S))ξ has an isolated singularity at ψ(p) that is C1–conjugate to
the singularity at p′ ∈ S′

ξ ′ .

Proof (a) We construct a homeomorphism between the flows near two singu-
larities of the same type by mapping the singularity to the singularity, and
a transversal to the first flow (outside the singular point) homeomorphic-
ally onto such a transversal for the second flow. Finally, we map flow lines
through corresponding points of the transversals homeomorphically onto one
another with the help of the respective flow. For a hyperbolic singularity, a
little more care is necessary. Here are the details, first for elliptic singulari-
ties.

The flow ϕt near an elliptic source 0 ∈ R2 is, up to C1–conjugation, of the
form ϕt(x) = eAtx, where A is one of the matrices in Example 4.6.6 (1) with
Re(λ1),Re(λ2) > 0. Suppose we are given two such flows – corresponding to
matrices A,A′ (which need not be of the same type (i), (ii) or (iii)) – both
defined in the region {‖x‖ < 2ε}, say, for some ε > 0. A homeomorphism
between these two flows is given by sending 0 to 0, and eAtx to eA ′tx for
‖x‖ = ε. For a sink the argument is completely analogous.

Near a hyperbolic point 0 ∈ R2 we may assume, up to C1–conjugation,
that the flow ϕt is of the form ϕt(x) = eAtx, with A a diagonal matrix with
diagonal entries λ1 > 0 > λ2 . Given two such flows, define a homeomorphism
as follows. On the diagonals {(x, y) ∈ R2 : y = ±x} and the coordinate axes
we take the homeomorphism to be the identity. On a segment

{(x, y) ∈ R2 : x = x0 > 0, 0 < y < x0},
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define the homeomorphism sending that segment to itself by flowing a point
back under the first flow until it meets the diagonal, and then flowing it for-
ward under the second flow until it meets the segment again. The definition
on other segments of this kind cut out by the diagonals and the coordinate
axes is analogous.

(b) Again we start with an elliptic source (with sign +1). Since the char-
acteristic foliation determines the germ of the contact structure along the
surface, it suffices to prove the following: The inclusion R2 ≡ R2 × {0} ⊂
(R3 , ξ = ker α), with

α = dz + x dy − y dx = dz + r2 dϕ,

can be C1–approximated by an embedding ψ : R2 → R3 , identical to the
inclusion outside a small neighbourhood of 0 ∈ R2 , such that ψ∗α defines
a singular foliation with an elliptic source at 0 corresponding to any given
linear model.

Suppose we want to realise the linear model (1i) in Example 4.6.6. Since
we are free to scale the vector field defining the characteristic foliation, we
may assume without loss of generality that λ1 + λ2 = 2 and λ1 ≥ λ2 > 0.
Set c = (λ1 − λ2)/4, so that λ1 = 1 + 2c and λ2 = 1 − 2c with c ∈ [0, 1/2).
Choose a bump function h : R+

0 → [0, 1] supported near r = 0 and with
h(r) ≡ 1 in a smaller neighbourhood of r = 0. Observe that

dz + λ1x dy − λ2y dx = dz + x dy − y dx + 2c(x dy + y dx)

= dz + r2 dϕ + c · d
(
r2 sin(2ϕ)

)
.

Then define ψ : R2 → R3 in terms of polar coordinates on R2 by z(r, ϕ) =
c · h(r)r2 sin(2ϕ). This function will be as C1–close to the function z ≡ 0 as
we wish, provided we choose the support of h small enough. We compute

ψ∗α = c · h(r) d
(
r2 sin(2ϕ)

)
+ c · h′(r)r2 sin(2ϕ) dr + r2 dϕ,

which has the desired form near r = 0.
Notice that we did not introduce any new singularities into the character-

istic foliation, for the coefficient of dϕ in ψ∗α is given by

r2(2c · h(r) cos(2ϕ) + 1
)
,

which does not vanish for r �= 0.
For the model (1ii) we may assume, by scaling the vector field and the

x–coordinate relative to the y–coordinate, that the characteristic foliation
is given by (x + y/λ) ∂x + y ∂y with 0 < 1/λ < 2. So the form we want to
induce near 0 is

dz + x dy − y dx +
1
λ

y dy.
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Choose h as before and define

ψ(x, y) =
(
x, y, h(x2 + y2) · 1

2λ
y2

)
.

Then ψ∗α is as desired near 0. I leave it to the reader to check that there
are no new singularities; this uses the condition |h/λ| < 2.

In the remaining cases I also leave it to the reader to verify that the per-
turbation has the desired properties. In order to realise (1iii), it is convenient
to start from

α = dz + µr2 dϕ;

this can be achieved by rescaling the r–coordinate. Then the function
z(r, ϕ) := −h(r) · νr2/2 will define the desired perturbation.

Finally, suppose we start from

α = dz + λ1x dy − λ2y dx

with λ1 > 0 > λ2 and λ1 +λ2 > 0, defining a positive hyperbolic singularity
at 0 ∈ R2 . A singularity of the same kind corresponding to eigenvalues
λ′

1 > 0 > λ′
2 can be realised by perturbing the inclusion R2 → R3 as follows.

By scaling we may assume λ′
1 + λ′

2 = λ1 + λ2 . It suffices to deal with
the case where λ := λ1 − λ′

1 = λ′
2 − λ2 > 0. Then a solution is given by

z(x, y) := −λh(x2 + y2) · xy.

Remark 4.6.13 Having C1–conjugate characteristic foliations is enough for
cut-and-paste constructions. The gluing will initially produce a contact form
of class C1 , which can then be C∞–approximated by a smooth contact form.

We now show how the Euler characteristic χ(S) and the Euler class e(ξ)
relate to the characteristic foliation.

Proposition 4.6.14 Let S ⊂ (M, ξ) be a closed, oriented surface with char-
acteristic foliation Sξ of Morse–Smale type. Write e± and h± for the num-
ber of positive (or negative, respectively) elliptic and hyperbolic singularities
of Sξ , respectively. Then

χ(S) = (e+ − h+) + (e− − h−)

and

〈e(ξ), [S]〉 = (e+ − h+)− (e− − h−).

Proof Write j : S →M for the inclusion of S in M . Then the left-hand side
in the second equation can be written formally correct as

〈e(ξ), j∗[S]〉 = 〈e(j∗ξ), [S]〉.
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Likewise, χ(S) should be regarded as 〈e(TS), [S]〉. With an area form Ω on
S defining the orientation, we define the characteristic foliation by a vector
field X as in Definition 4.6.1. This vector field defines a section of either
bundle j∗ξ and TS whose Euler number we want to compute.

Recall that for an oriented vector bundle over a closed, oriented manifold,
the self-intersection class of that manifold (regarded as the zero section) in
the total space of the bundle is the Poincaré dual of the Euler class of the
bundle, see [35, Prop. VI.12.8]. For a 2–plane bundle over a surface this
translates into saying that the Euler class of the bundle, evaluated on the
fundamental class of the surface, equals the sum of indices of a section of
the bundle with non-degenerate zeros (such a section is transverse to the
zero section). When the bundle in question is the tangent bundle, this is the
Poincaré–Hopf index theorem. The proof given in [35, p. 387] shows that it
would in fact be enough to have isolated, but possibly degenerate zeros.

The index of an elliptic singularity of X relative to TS is +1, that of a
hyperbolic singularity, −1, as discussed in Examples 4.6.6. This gives the
formula for χ(S).

Relative to j∗ξ, the index at a negative singularity p ∈ S – where the
contact plane ξp coincides with TpS, but with opposite orientation – is the
opposite of what it was relative to TS. This yields the second formula.

Here is a lengthy example of two characteristic foliations.

Example 4.6.15 Consider R2 with Cartesian coordinates (x, y), and iden-
tify the 2–torus T 2 with R2/(2Z)2 . We take the set

{(x, y) ∈ R2 : − 1 ≤ x, y ≤ 1}

as fundamental domain for T 2 . On T 2×R, with z denoting the R–coordinate,
we consider the 1–forms

α1 := sin(πy) dx + 2 sin(πx) dy +
(
2 cos(πx)− cos(πy)

)
dz

and

α2 := sin(πy) dx +
(
1− 1

K
cos(πx)

)
sin(πx) dy

+
(
cos(πx)− 1

K
cos(2πx)− cos(πy)

)
dz,

where K ∈ R+. We compute

dα1 = π
(
2 cos(πx)−cos(πy)

)
dx∧dy+π sin(πy) dy∧dz +2π sin(πx) dz∧dx,

hence

α1 ∧ dα1 = π
[
sin2(πy) + 4 sin2(πx) +

(
2 cos(πx)− cos(πy)

)2]
dx ∧ dy ∧ dz.



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

4.6 Surfaces in contact 3–manifolds 177

We have 2 cos(πx)− cos(πy) �= 0 for x, y ∈ Z, which implies α1 ∧ dα1 > 0.
For α2 we compute

dα2 = π
(
cos(πx)− 1

K
cos(2πx)− cos(πy)

)
dx ∧ dy

+ π sin(πy) dy ∧ dz

+ π
(
sin(πx)− 2

K
sin(2πx)

)
dz ∧ dx,

which yields

α2 ∧ dα2 = π
[
sin2(πy) + sin2(πx)

(
1− 1

K
cos(πx)

)
+

(
cos(πx)− cos(πy)− 1

K
cos(2πx)

)2

− 2
K

sin(πx) sin(2πx)
(
1− 1

K
cos(πx)

)]
dx ∧ dy ∧ dz.

For K > 1, the first three summands inside the square brackets are non-
negative and do not vanish simultaneously. Since they depend only on the
coordinates x, y ranging over the compact set T 2 , their sum is bounded away
from zero. The last summand becomes small for K large, hence α2∧dα2 > 0
for K � 1. In the sequel, we shall always assume that K has been chosen
large enough so that α2 is a contact form. We write ξi = ker αi , i = 1, 2 for
the contact structures defined by these two contact forms.

We now consider the surface S := T 2 × {0}. We use the area form Ω :=
dx ∧ dy for determining the vector fields X1 ,X2 defining the characteristic
foliations Sξ1 , Sξ2 , respectively. We find

X1 = 2 sin(πx) ∂x − sin(πy) ∂y ,

X2 =
(
1− 1

K
cos(πx)

)
sin(πx) ∂x − sin(πy) ∂y .

Both characteristic foliations look qualitatively as depicted in Figure 4.15.
We have one positive elliptic point E+ = (0, 1) and one negative elliptic
point E− = (1, 0). In order to determine the sign of the two hyperbolic
points H0 = (0, 0) and H1 = (1, 1), we compute the divergence of X1 and
X2 . We have

LX 1 Ω = d
(
2 sin(πx) dy + sin(πy) dx

)
= π

(
2 cos(πx)− cos(πy)

)
dx ∧ dy

and

LX 2 Ω = d
[(

1− 1
K

cos(πx)
)

sin(πx) dy + sin(πy) dx
]

= π
[(

1− 1
K

cos(πx)
)

cos(πx) +
1
K

sin2(πx)− cos(πy)
]
dx ∧ dy.
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Hence

div(X1)(H0) = π, div(X1)(H1) = −π,

div(X2)(H0) = −π/K, div(X2)(H1) = −π/K.

x

y

E+

H0

H1

E− 1

1

Fig. 4.15. The characteristic foliation on S = T 2 × {0}.

Thus, the characteristic foliation Sξ1 has a positive and a negative hy-
perbolic singularity, while Sξ2 has two negative hyperbolic singularities. In
either case, the equation 0 = χ(S) = (e+ − h+) + (e− − h−) is satisfied.

The two characteristic foliations Sξ1 and Sξ2 are plainly homeomorphic,
see the argument in the proof of Proposition 4.6.12 (a). However, they
cannot be diffeomorphic, even after perturbing one copy of S in one of the
two contact manifolds (T 2 × R, ξi). Indeed, by Proposition 4.6.14 we have

〈e(ξ1), [S]〉 = 0 �= 2 = 〈e(ξ2), [S]〉.

These Euler numbers are invariant under isotopies of S, so by Theorem 2.5.22
(the characteristic foliation determines the germ of the contact structure),
Sξ1 cannot be diffeomorphic to S′

ξ2
for any perturbation S′ of S. This illus-

trates the caveat made earlier that a reasonable concept of ‘homeomorphic
characteristic foliations’ should include the requirement that the homeomor-
phism respect the signs of hyperbolic points.
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4.6.2 Convex surfaces

In some of the examples of the previous section we saw how useful a state-
ment such as Lemma 4.6.4 may be for writing down explicit contact forms.
In the present section we collect a few more basic facts about vertically
invariant contact structures on S×R and a related concept, viz. convex sur-
faces. Here the emphasis will be on those results that we want to use in the
next section for manipulating the characteristic foliation. The real power of
convex surface theory will be explained in Section 4.8 below.

Definition 4.6.16 A convex surface S in (M, ξ) is an embedded surface
with the property that there is a contact vector field (see Defn. 1.5.7) defined
near and transverse to S.

Remark 4.6.17 This terminology, introduced by Giroux [104], is – as
Giroux himself admits – a little unfortunate, since there is really no dis-
tinction between ‘convex’ and ‘concave’ in the present context. The notion
‘con’ has been suggested but seems unlikely to catch on, at least in the
French literature.

Example 4.6.18 The vector field Y := x ∂x + y ∂y + 2z ∂z is a contact
vector field for the standard contact structure ξ2 = ker α2 on R3 , where
α2 = dz + x dy − y dx, since LY α2 = 2α2 . This vector field is transverse to
S2 , so the unit sphere is a convex surface in (R3 , ξ2).

As before, our surface S is always understood to be oriented, although
most statements carry over to non-orientable surfaces.

Lemma 4.6.19 A closed surface S ⊂ (M, ξ = ker α) is convex if and only if
there is an embedding Ψ: S×R → M (with image inside an arbitrarily small
prescribed neighbourhood of S) such that p �→ Ψ(p, 0) defines the inclusion
of S in M , and Ψ∗α determines a vertically invariant (i.e. R–invariant)
contact structure on S × R.

Proof Suppose that S is a convex surface. Let Y be a contact vector field
defined near and transverse to S. We can consider the corresponding Hamil-
tonian function H := α(Y ), which will be defined in some tubular neigh-
bourhood of S. Multiply H by a bump function that is supported inside
this tubular neighbourhood and identically 1 on a smaller tubular neigh-
bourhood. Then take the new Y to be the contact vector field corresponding
to this new Hamiltonian function.

The flow ψt of Y will then be globally defined. It thus gives rise to an
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embedding

Ψ: S × R −→ M

(p , t) �−→ ψt(p).

Observe that TΨ(p,t)(∂t) = ψ̇t(p) = Y (ψt(p)). Hence ker(Ψ∗α) is a vertically
invariant contact structure on S × R.

Conversely, given an embedding Ψ as described in the lemma, then TΨ(∂t)
defines a contact vector field transverse to S.

Remark 4.6.20 If S is not closed, one may apply the preceding argument
to any open and relatively compact subset of S.

We now want to show that, in the situation of Lemma 4.6.19, we may
always work with a vertically invariant contact form. In the situation of the
lemma we have L∂t

(Ψ∗α) = µΨ∗α for some smooth function µ : S×R → R.
Given a smooth function λ : S×R → R+, we have, by Equation (1.1) in the
proof of Lemma 1.5.8,

L∂t

(
λΨ∗α

)
=

( λ̇

λ
+ µ

)
·
(
λΨ∗α

)
.

Hence, with

λ(p, t) := exp
(
−
∫ t

0
µ(p, s) ds

)
,

the contact form λΨ∗α will be ∂t–invariant.
Write this contact form as βt + ut dt in our usual notation. Notice that

β0 = α|T S , since λ(p, 0) ≡ 1. With the help of the Cartan formula (or
directly from the definition of L∂t

), one finds

0 = L∂t
(βt + ut dt) = β̇t + u̇t dt,

hence β̇t ≡ 0 and u̇t ≡ 0. So with u := u0 we have λΨ∗α = β + u dt.

The contact condition (4.3) simplifies in this R–invariant situation to

u dβ + β ∧ du > 0. (4.8)

In the sequel, the embedding Ψ will usually be understood. That is,
we regard S × R as a subset of M (contained inside an arbitrarily small
neighbourhood of S ⊂M) with contact structure ξ = ker(β + u dz).

This gives us a simple means for showing that certain characteristic foli-
ations cannot arise on convex surfaces. Let X be the vector field given by
iX Ω = β, defining the characteristic foliation Sξ on a convex surface S. We
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can rewrite the contact condition (4.8) in terms of X as follows. First of all,
we have du ∧ Ω ≡ 0 for dimensional reasons. Hence

0 = du(X)Ω− du ∧ iX Ω = X(u)Ω + β ∧ du. (4.9)

Secondly, dβ = divΩ(X)Ω. Hence (4.8) translates into

u divΩ(X)−X(u) > 0. (4.10)

Example 4.6.21 Consider S3 with its standard contact structure, which
we write in the form

r2
1 dϕ1 + r2

2 dϕ2 = 0,

where (ri, ϕi) denote polar coordinates in the (xi, yi)–plane, i = 1, 2. In
these coordinates, the Hopf vector field is given by r2

1 ∂ϕ1 + r2
2 ∂ϕ2 . Consider

an invariant torus S of this vector field, given by the equations r2
1 = c and

r2
2 = 1− c for some c ∈ (0, 1). Then

β := α|T S = c dϕ1 + (1− c) dϕ2 .

With Ω := dϕ1 ∧ dϕ2 as area form on S we have

X = (1− c) ∂ϕ1 − c ∂ϕ2 .

This vector field has zero divergence, since β is closed. Thus, if S were a
convex surface, Equation (4.10) would imply that the function u is strictly
decreasing along the flow lines of X, which is impossible.

When trying to modify a given characteristic foliation Sξ by perturbing
the surface S, we are often not working with a closed surface, but with
an open subset U ⊂ S whose closure is a compact surface with boundary.
The following proposition provides us with a particularly useful tool for
such modifications. Notice that any oriented hypersurface U ⊂ M whose
closure is a surface with boundary can be thought of as a piece of a closed
surface S: simply take a second copy U ′ of U , obtained by pushing U in
normal direction, and then join the corresponding boundary components of
U and U ′ by annuli. We may therefore apply Theorems 2.5.22 and 2.5.23 to
such surfaces U , i.e. we may conclude that the germ of the contact structure
ξ near U is determined by the characteristic foliation Uξ . (In order to avoid
problems at the boundary points of U in the corresponding argument, one
may smooth out the contact Hamiltonian to zero near ∂U in the proofs of
the mentioned theorems. So from Uξ1 = Uξ2 we may then only conclude
that the germs of two contact structures ξ1 and ξ2 coincide near a slightly
shrunk U . We shall ignore this subtlety, since it is irrelevant in applications.)
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Proposition 4.6.22 Let U ⊂ (M, ξ) be a hypersurface as just described,
with area form Ω. Assume that there is a vector field X on U defining the
characteristic foliation Uξ , having positive divergence with respect to Ω.

(a) There is a contact embedding of (U × R, ker(iX Ω + dz)) into any ar-
bitrarily small neighbourhood of U in (M, ξ).

(b) Let Xt , t ∈ [0, 1], with X0 = X, be a smooth family of singular vector
fields on U , constant (in t) near ∂U , and all with positive divergence with
respect to Ω. Then by a C0–small perturbation of U that keeps a neighbour-
hood of ∂U pointwise fixed, one can realise the singular foliation F1 on U

given by X1 as the characteristic foliation of the perturbed surface. More
precisely, there is an embedding ψ : U → M into an arbitrarily C0–small
neighbourhood of U , coinciding with the inclusion U ⊂ M near ∂U , such
that the characteristic foliation (ψ(U))ξ coincides with ψ(F1).

Proof (a) By Lemma 4.6.4, iX Ω+dz is an R–invariant contact structure on
U ×R inducing the characteristic foliation Uξ on U ≡ U ×{0}. By Theorem
2.5.22 (and the comments preceding this proposition), the germs of ξ and
ker(iX Ω+dz) near U coincide. In particular, the vector field ∂z corresponds
to a contact vector field for ξ near U , making this a convex surface. So the
result follows from Lemma 4.6.19 and the remark following it.

(b) By (a) we may work on the contact manifold (U ×R, ker(iX Ω + dz)).
Any perturbation of U ≡ U × {0} inside this U × R, fixed near ∂U , then
translates into a C0–small perturbation of U inside (M, ξ).

Set βt := iXt
Ω and αt := βt + dz. Again by Lemma 4.6.4, this defines a

family of (vertically invariant) contact forms. Moreover, αt does not depend
on t near ∂U . Therefore, by Gray stability (Thm. 2.2.2), we find an isotopy
ψt , identical near ∂U , such that ker(ψ∗

1 α0) = ker α1 ; the vector field we need
to integrate to get this isotopy is R–invariant and compactly supported in
the U–factor. Then ψ := ψ1 |U is the desired embedding.

We now apply this technique to a simple example. The upshot of the
following argument is that near an elliptic point of the characteristic foliation
one can always specify any two leaves emanating from the elliptic point and
require that they meet, after a perturbation of the surface, at an angle of
180◦. When we later apply the elimination lemma to such an elliptic point
(and a further hyperbolic point), these two leaves will form part of a single
leaf after the elimination.

First, though, we reiterate a short calculation to see how the divergence of
a vector field behaves under rescaling. This will allow us later, for suitable
singular foliations, to choose defining vector fields with positive divergence.
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Thus, let Ω be an area form on a surface S. For a smooth function
f : S → R+, we compute

div(fX)Ω = d(if X Ω) = df ∧ iX Ω + fdiv(X)Ω.

For dimensional reasons we have df ∧ Ω ≡ 0 on S. By taking the inner
product of this identity with X we obtain

X(f)Ω− df ∧ iX Ω = 0,

hence

div(fX) = X(f) + fdiv(X). (4.11)

When we are in a situation where div(X) is bounded from below by some
constant −C, then by solving the differential inequality X(f) > Cf along
any flow line of X we obtain a vector field fX with positive divergence. Of
course it will depend on the topology of the flow whether such a solution
does indeed exist.

Now back to the perturbation near an elliptic point. Consider the R–
invariant contact structure ξ = ker(dz+r2 dϕ) on R2×R in obvious notation.
The characteristic foliation F0 :=

(
R2 × {0}

)
ξ

is given by the radial lines,
with an elliptic point at the origin.

Lemma 4.6.23 Let hr : S1 → S1 , r ∈ [1, 2], be a technical isotopy between
the identity map h1 and any given orientation-preserving diffeomorphism h2

of S1 . Consider the singular foliation F1 of R2 given by the radial lines
for r ≤ 1 and r ≥ 2, and by the flow lines of the isotopy on the annulus
1 ≤ r ≤ 2, i.e. the lines r �→ (r, hr (ϕ)) ⊂ R+ ×S1 , r ∈ [1, 2], for any ϕ ∈ S1

(Figure 4.16).
Then there is an isotopy of the inclusion R2 ≡−→ R2 × {0} ⊂ R2 × R

to an embedding ψ, only moving points in the disc {r < 2}, such that the
characteristic foliation (ψ(R2))ξ (with ξ as given before the lemma) coincides
with ψ(F1).

Proof We take Ω = r dr∧ dϕ as area form on R2 . The foliation F0 by radial
lines is given by the vector field X0 := r ∂r , which has positive divergence
with respect to Ω.

The leaves of F1 are transverse to the level sets of r, so this foliation can
be defined by a vector field X ′

1 := r ∂r + a(r, ϕ) ∂ϕ , with the function a(r, ϕ)
supported in the annulus 1 < r < 2. The vector field X1 := f(r)X ′

1 will
have positive divergence with respect to Ω, provided we choose a function
f : R+

0 → R+ with f ′(r) sufficiently large on the annulus 1 < r < 2. In



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

184 Contact structures on 3–manifolds

Fig. 4.16. The singular foliation F1 .

terms of the function a(r, ϕ), the estimate one needs to satisfy is 2+rf ′(r)+
∂a
∂ϕ f(r) > 0; this follows from Equation (4.11). We may therefore impose
the additional condition that f(r) be identically equal to some sufficiently
large positive constant c for r ≥ 2.

Then Xt := (1 − t)cX0 + tX1 has positive divergence with respect to Ω
for all t ∈ [0, 1]. Now apply part (b) of Proposition 4.6.22.

4.6.3 The elimination lemma

The elimination lemma, first proved by Giroux and later refined by Fuchs,
gives a method for reducing the number of singularities of a characteristic
foliation Sξ by perturbing the surface S inside the ambient contact manifold
(M, ξ). Although some ideas of convex surface theory are present in the proof
of this lemma, I defer the discussion of this general method to Section 4.8.

Throughout it will be assumed that Sξ is of Morse–Smale type.
We say that an elliptic and a hyperbolic point of Sξ are in elimination

position if they have the same sign and are connected by a separatrix of
the hyperbolic point. This terminology anticipates the fact that such a pair
of singular points can be removed. In the proofs below (or at least in our
illustrations) we only deal with a pair of positive points in elimination posi-
tion; the negative case is completely analogous. First we choose a suitable
annulus-shaped neighbourhood of such a pair.

Lemma 4.6.24 Let xe and xh be an elliptic and a hyperbolic point, respec-
tively, of the characteristic foliation Sξ . If they are in elimination position,
one can find an annulus A ⊂ S with the following properties.
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• The only singularities of Aξ are xe and xh .
• The characteristic foliation Aξ does not have any closed leaves.
• The characteristic foliation Aξ is transverse to the boundary ∂A of A.

Proof Saying that xe and xh are in elimination position means that there is
a stable separatrix of xh coming from xe . We have to consider various cases,
depending on the behaviour of the other stable separatrix of xh .

(1) If both separatrices of xh come from xe , we may take A to be a neigh-
bourhood of the union of the two singular points and the two separatrices,
see Figure 4.17.

xh

xe

Fig. 4.17. An elimination pair, case (1).

(2) If the second stable separatrix of xh comes from a second source x′
e ,

we may take A to be the annulus formed by a disc neighbourhood of the
three singular points and the two separatrices, with a disc neighbourhood of
x′

e removed, see Figure 4.18.
(3) If the second stable separatrix of xh comes from a closed orbit γ0 , we

first consider a thin annulus A′ around γ0 . Let x be the unique intersection
point between ∂A′ and the second stable separatrix of xh . Then the annulus
A can be defined as a neighbourhood of the set consisting of the compo-
nent of ∂A′ containing x, and the segment between xe and x along the two
separatrices, see Figure 4.19 (where we have taken one component of ∂A to
coincide with the component of ∂A′ containing x).

In all cases, the characteristic foliation Aξ has the desired properties.
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xe xh x′
e

Fig. 4.18. An elimination pair, case (2).

xe xh x
γ0

Fig. 4.19. An elimination pair, case (3).

As before, we assume that an area form Ω has been fixed on S, and that
the characteristic foliation is defined by a vector field X as in Equation (4.4)
of Definition 4.6.1. If we replace the contact form α defining ξ by fα, with
f : M → R+ some smooth function, X will be replaced by fX.

In the case of positive singularities xe , xh considered here, the divergence
of X with respect to Ω is positive at the singular points. We want to achieve
positivity on all of A by choosing f suitably. When computing the divergence
of fX, we regard f as a function on S, in particular when we consider the
differential df . Therefore we write f : S → R+ in the next lemma; any such
function extends to a smooth function on M .
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Lemma 4.6.25 For a suitable smooth function f : S → R+ the divergence
of fX will be positive on all of A.

Proof Our goal is achieved by choosing a function f that is constant near
the singular points xe and xh , and grows fast enough along the flow lines
of X so as to satisfy X(f) + fdiv(X) > 0. This is possible in all three cases
considered in the preceding proof; see Equation (4.11) and the comment
following it.

We now replace α by fα, where f is a smooth extension to M of the
function found in the preceding lemma. We continue to write α for this
new contact form, and X for the induced vector field on S with positive
divergence on A.

As before we write α = βz + uz dz on a neighbourhood S × R of S in M ,
so that β := β0 = iX Ω = α|T S . By Proposition 4.6.22 we may identify an
arbitrarily small (vertical) neighbourhood of A in (M, ξ) with the contact
manifold (A× R, ker(β + dz)).

The following statement is worthy of being called a theorem, but it is
commonly referred to as the elimination lemma.

Lemma 4.6.26 (Elimination Lemma) Let S ⊂ (M, ξ) be a closed, ori-
ented surface, embedded in such a way that the characteristic foliation Sξ

is of Morse–Smale type. Assume that there are an elliptic point xe and a
hyperbolic point xh in this characteristic foliation which have the same sign
and are connected by a separatrix γ of xh . Then there is an arbitrarily C0–
small isotopy ψt : S → M , t ∈ [0, 1], with ψ0 the inclusion of S in M , fixed
on the separatrix γ and outside an arbitrarily small neighbourhood U of it,
such that the characteristic foliation (ψ1(S))ξ has no singularities on ψ1(U).

Proof The idea of the proof is very simple. We have seen above that we may
identify a neighbourhood of U in (M, ξ) with (U ×R, ker(β + dz)). We may
now replace the inclusion U ≡ U × {0} ⊂ U × R by the graph of a function
g : U → R, compactly supported in U . The linear interpolation between
the zero function and g defines an isotopy ψt of embeddings as desired.
Moreover, the characteristic foliation (ψ1(U))ξ is given by the vector field
X ′ = X + Xg on U defined by

iX +Xg
Ω = β + dg,

where Ω denotes the area form on S as before. Our aim therefore has to
be to find a function g such that β + dg �= 0 on all of U . The condition
that γ remain fixed under the isotopy translates into g being identically 0
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along γ. Notice that the C0–smallness of the isotopy is guaranteed by our
identification of a small neighbourhood of U in M with U×R; we do not need
to choose |g| small. However, if one succeeds in choosing |g| small (as in the
second part of this proof below), there is no need to appeal to Proposition
4.6.22, for then Theorem 2.5.22 will suffice.

(1) Now to the details. I first present the beautiful argument due to
Giroux [104]. In this argument we use in an essential way the annulus-
shaped neighbourhood A of γ constructed above. This argument does not
quite prove the elimination lemma in the form stated, since γ may not stay
fixed under the isotopy, and the perturbation is non-stationary over A, not
just over a small neighbourhood of the separatrix γ.

With this proviso, what we do is the following. Fix a foliation of A by
circles parallel to the boundary ∂A. Observe that X will be transverse to this
foliation near ∂A. Choose a smooth function g : A → (−∞, 0], identically
0 near ∂A and constant along the leaves of the foliation by circles. Since
dg(Xg ) = Ω(Xg ,Xg ) = 0, the vector field Xg will be tangent to this foliation.
Hence, near ∂A this guarantees that X ′ = X + Xg does not have any zeros.
Away from ∂A we can ensure that dg is large enough to dominate β, so that
there X ′ �= 0 as well. (Notice that the minimum of g needs to be chosen
near one of the two components of ∂A.)

(2) The following argument of Fuchs, which proves the elimination lemma
in the form stated, was presented by Eliashberg in [70].

Choose local Cartesian coordinates (x, y) on U such that the square

{(x, y) : |x| ≤ 2, |y| ≤ 2}

is contained in U and the characteristic foliation looks as in Figure 4.20.
After the perturbation, we would like the characteristic foliation to look as
in Figure 4.21.

Slightly more specifically, we want that xe = (−1, 0), xh = (1, 0), and that
γ is given by the horizontal line segment between these two points. Write Ω =
a(x, y) dx∧ dy in these coordinates and X(x, y) = X1(x, y) ∂x + X2(x, y) ∂y .

We now make the ansatz g(x, y) = g1(x)g2(y). Then

dg = g′1(x)g2(y) dx + g1(x)g′2(y) dy,

hence

Xg (x, y) =
1

a(x, y)
(
g1(x)g′2(y) ∂x − g′1(x)g2(y) ∂y

)
.

Choose g1 , g2 as illustrated in Figure 4.22. We now discuss the behaviour of
Xg in various parts of the square {|x| ≤ 2, |y| ≤ 2}.
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x

y

Fig. 4.20. An elimination pair in ‘standard’ form.

(i) |x| ≤ 3/2, y = 0. Here

Xg (x, 0) =
g′2(0)
a(x, 0)

∂x.

We can ensure X ′ �= 0 on this line segment if we choose g2 such that

g′2(0) < −max
|x|≤1

(
a(x, 0) ·X1(x, 0)

)
.

(On the two segments {1 < |x| ≤ 3/2, y = 0} both X and Xg have a negative
∂x–component, so here X ′ �= 0 anyway.)

(ii) |x| ≤ 3/2, 0 < |y| ≤ 1/2. Here

Xg (x, y) =
g′2(y)
a(x, y)

∂x

is a multiple of ∂x , while X has a non-trivial ∂y–component. Hence X ′ �= 0.
(iii) 3/2 ≤ |x| ≤ 2, |y| ≤ 1/2. In these two rectangles, the vector field

X has a negative ∂x–component. As suggested by Figure 4.22, we require
g′2(y) ≤ 0 for |y| ≤ 1/2. Then Xg has a non-positive ∂x–component. This
guarantees X ′ �= 0.

(iv) |x| ≤ 2, 1/2 ≤ |y| ≤ 2. In these two rectangles, the norm ‖X‖ is
bounded from below, and so is the function a in the coordinate description
of the area form Ω. With g1 given, we can choose g2 with |g2 | arbitrarily
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x

y

Fig. 4.21. After the elimination.

small on |y| ≤ 2 and |g′2 | arbitrarily small on 1/2 ≤ |y| ≤ 2. This enables us
to ensure that ‖Xg‖ < ‖X‖, hence X ′ �= 0.

The fact that we may choose |g| as small as we like means that we can
make the perturbation C0–small. The condition that the separatrix γ be
fixed under the perturbation is satisfied because of g = 0 along γ.

Remarks 4.6.27 (1) An analogous construction allows one to introduce a
pair of singular points (one elliptic, one hyperbolic) of the same sign into a
given characteristic foliation. For instance, one can break up a repelling or
attracting closed orbit by introducing two positive or negative singularities,
respectively, without changing the remaining structure of the foliation.

(2) The elimination procedure does not destroy the Morse–Smale property
of the characteristic foliation.

(3) Notice that this elimination of an elliptic and a hyperbolic point of the
same sign is consistent with the formulæ in Proposition 4.6.14.

Here is a useful addendum to the elimination lemma. Let γ′ be the leaf
of the characteristic foliation in Figure 4.20 emanating from xe and meeting
the separatrix γ at an angle of 180◦ at that elliptic point. Then, after the
elimination, γ′ and the two separatrices of xh lie on the same leaf of the new
characteristic foliation. By Lemma 4.6.23 we are completely free to specify
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x
2

1

3/2

y1/2 2

g1 (x)

g2 (y)

Fig. 4.22. The functions g1 , g2 .

the leaf γ′ in this construction by changing the characteristic foliation in a
neighbourhood of the elliptic point.

As advertised earlier, we can now use the elimination lemma to give a more
useful characterisation of overtwisted contact structures on 3–manifolds.

Proposition 4.6.28 Let ∆ be an embedded disc in a contact 3–manifold
(M, ξ) such that its boundary ∂∆ is a Legendrian curve for ξ whose surface
framing coincides with its contact framing, i.e. tb(∂∆) = 0. Then ξ is an
overtwisted contact structure.

Proof By Example 4.6.7 we may perturb ∆, keeping its boundary fixed, such
that ∂∆ is a non-degenerate closed orbit of the characteristic foliation ∆ξ .
The result of Peixoto [205] also applies in this situation (see Remark 2 at
the end of his paper). This means that we may perturb ∆ in its interior to
make ∆ξ of Morse–Smale type.

We may assume that the characteristic foliation does not contain any
closed leaves in the interior of ∆, otherwise we replace ∆ by a smaller disc
bounded by such a leaf. (The fact that there are no singular points on a
closed leaf means that its surface framing coincides with the contact fram-
ing.) By the Poincaré–Hopf index theorem, the sum of the indices of the
singular points of ∆ξ equals 1. Therefore, if there are no hyperbolic points,
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then ∆ξ only contains a single elliptic point, in which case ∆ is an over-
twisted disc.

If, on the other hand, there are hyperbolic points, our aim has to be to
remove them using the elimination lemma. We may assume that the closed
orbit ∂∆ is an attracting limit cycle of the characteristic foliation, i.e. the
neighbouring orbits approach the closed orbit in forward time. The case of
a repelling orbit is completely analogous.

(i) Given a positive hyperbolic point in ∆ξ , its stable separatrices have to
come from positive elliptic points (which may coincide), since the only limit
cycle in ∆ξ is ∂∆, which is attracting. The hyperbolic point is in elimination
position with either of these elliptic points.

(ii) Given a negative hyperbolic point with an unstable separatrix ending
at a negative elliptic point, we can again eliminate them both.

(iii) The only case remaining is that we have a negative hyperbolic point
xh with both unstable separatrices γ, γ′ attracted by the limit cycle ∂∆. By
Remark 4.6.27 (1) we may introduce an additional pair of negative singular
points, one elliptic, the other hyperbolic. By Lemma 4.6.23 we can do this
in such a way that γ and γ′ meet at an angle of 180◦ at the new elliptic
point xe , and such that the new hyperbolic point lies outside the circle made
up by γ and γ′ (together with the two singular points xh , xe), see Figure 4.23.

γ′

γ

xe

xh

∆′

Fig. 4.23. Finding an overtwisted disc.

Now apply the elimination lemma to the singular points xe , xh and the
separatrix γ. After the elimination (as in part (2) of the proof of Lemma
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4.6.26), γ and γ′ will form a closed orbit of the characteristic foliation. The
characteristic foliation of the disc ∆′ ⊂ ∆ bounded by this orbit contains
fewer hyperbolic points than ∆ξ . Since there are no singular points of the
characteristic foliation on ∂∆′, the surface framing of this Legendrian curve
coincides with its contact framing.

Thus, in all three cases we can reduce the number of hyperbolic points,
possibly by passing to a smaller disc. By iterating this procedure we find an
overtwisted disc.

Remark 4.6.29 The original definition of a tight contact structure, see [69],
required not only that there be no overtwisted discs, but that there be no em-
bedded discs as in the proposition. Then, by definition, overtwisted contact
structures are not tight, but there might well have been contact structures
that are neither tight nor overtwisted. The proposition, due to Eliashberg
in the paper just quoted, says that contact structures that are not over-
twisted are tight (in this older sense). Nowadays it is more common, as I
have done in Definition 4.5.2, to define tight contact structures directly as
the non-overtwisted ones.

4.6.4 Genus bounds

According to the Lutz–Martinet theorem, any homotopy class of tangent
2–plane fields on a given closed, orientable 3–manifold is represented by a
contact structure. Moreover, the same remains true if we restrict ourselves
to overtwisted contact structures, see the closing remarks in Section 4.5. In
particular, any even element e ∈ H2(M ; Z) can be realised as the Euler class
of an overtwisted contact structure, see Proposition 4.3.2.

The aim of the present section is to show that the world of tight contact
structures is notably different. Specifically, we are going to prove that only
finitely many elements in H2(M ; Z) can be realised as the Euler class of a
tight contact structure. This result is due to Eliashberg [69].

The essential part of this argument is contained in the genus bound given
by the following theorem of Eliashberg [69].

Theorem 4.6.30 Let (M, ξ) be a tight contact 3–manifold and S a closed,
connected, oriented surface embedded in M . Then the Euler class e(ξ) ∈
H2(M ; Z) satisfies the inequality

|〈e(ξ), [S]〉| ≤
{

0 if S = S2 ,

−χ(S) otherwise.

The right-hand side of this inequality can also be written more succinctly
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as max
(
0,−χ(S)

)
. Thurston [231] called this the ‘negative part of the Euler

characteristic’. In that paper (p. 119) he proved the same inequality for
transversely orientable codimension 1 foliations without Reeb components.

The proof of Theorem 4.6.30, for which I follow the exposition given in [80],
is rather involved.† Therefore I first want to draw your attention to the
following corollary, which is the central result of this section.

Corollary 4.6.31 On any given closed, orientable 3–manifold M , only
finitely many elements of H2(M ; Z) can be realised as the Euler class of
a tight contact structure.

Proof By the universal coefficient theorem we have, with Z–coefficients for
(co-)homology understood,

H2(M) ∼= Hom(H2(M), Z)⊕ Ext(H1(M), Z).

Any compact differentiable manifold has the homotopy type of a finite CW–
complex and hence finitely generated (co-)homology; this follows from Morse
theory. This implies the finiteness of the Ext term, and hence that the Euler
class e(ξ) ∈ H2(M) of a contact structure ξ is determined up to finite am-
biguity by its values on a finite set of generators of H2(M). By Proposition
3.4.4, these generators can be realised as embedded surfaces. Thus, by The-
orem 4.6.30, the set of permissible values of e(ξ) on each generator is finite
if ξ is tight.

Remark 4.6.32 The first example of a 3–manifold that does not admit
any tight contact structure (for either orientation) was found by Etnyre and
Honda [86]. Their example is a connected sum of two copies of the Poincaré
homology sphere, with opposite orientations.

Remark 4.3.4 tells us that the Euler class of a tangent 2–plane field η on
M determines the homotopy class of the restriction of η to the 2–skeleton of
M up to finite ambiguity, resulting from 2–torsion in H2(M). Moreover, any
two tight contact structures on the 3–ball that coincide near the boundary
of the 3–ball are in fact isotopic (see Theorem 4.10.1 below). Even so,
this does not allow one to conclude immediately that only finitely many
homotopy classes of tangent 2–plane fields can be realised by tight contact
structures.‡ It turns out that the homotopy class (as tangent 2–plane field) of
a tight contact structure over the 2–skeleton does not determine its extension

† An alternative proof, based on convex surface theory, will be presented on page 243
below.

‡ The corresponding claim in [69] was ‘a bit previous’, to borrow a phrase from [155].



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

4.6 Surfaces in contact 3–manifolds 195

over M ; this follows from examples of non-homotopic tight contact structures
on homology 3–spheres described by Lisca [162].

The paper [49] by Colin, Giroux and Honda contains an announcement
that their methods do indeed yield a proof of the homotopical finiteness of
tight contact structures.

Proof of Theorem 4.6.30 First of all, by Proposition 4.6.11 we may perturb S

so that the characteristic foliation Sξ is of Morse–Smale type. (We continue
to call the surface S after this and further perturbations below.) Recall the
notation and statement of Proposition 4.6.14. From that proposition we
have

〈e(ξ), [S]〉+ χ(S) = 2(e+ − h+).

We are going to show that the tightness of ξ implies that we can cancel every
positive elliptic point by a perturbation of S, unless S = S2 and e+ = e− = 1
and h+ = h− = 0. In the latter case, we have the equality 〈e(ξ), [S]〉 = 0;
in the former, the inequality 〈e(ξ), [S]〉 + χ(S) ≤ 0. Alternatively, we can
cancel every negative elliptic point (unless we are again in the exceptional
case). This gives −〈e(ξ), [S]〉+ χ(S) ≤ 0, and hence the claimed inequality.

Assume that Sξ contains a positive elliptic point x+
e . By Remark 4.6.27 (1)

we may, again by perturbing S, assume that there are no attracting closed
leaves in Sξ – at the price of introducing additional negative elliptic and
hyperbolic points. This guarantees that all flow lines whose α–limit is x+

e
will have a hyperbolic or a negative elliptic point as ω–limit. Let U be the
set of all points whose α–limit is x+

e . This is an open disc in S; see the
arguments used for proving [132, Thm. 6.2.2]. Let B denote the closure
of U , and set ∂B := B \ U . Observe that all the singularities of Sξ that lie
in B, except x+

e , actually lie in ∂B.
Refer to Figure 4.24 for the following discussion. Between any two flow

lines with α–limit x+
e and ω–limit two different negative elliptic points, there

must be a separatrix of a hyperbolic point. Hence, if there are no hyper-
bolic points in ∂B, then ∂B consists of a single negative elliptic point and,
consequently, S is a 2–sphere.†

If ∂B contains a hyperbolic point, then the unstable separatrices of that
singularity are also contained in ∂B; those separatrices have a negative el-
liptic point in ∂B as ω–limit. Thus, B is what one may call a Legendrian
polygon: the edges of B consist of pairs of separatrices; the vertices of B

are negative elliptic points. (The edges are smooth in the hyperbolic points,
so these points are not regarded as vertices.) In general, however, B is not
an embedded polygon in S, for several vertices or pairs of edges may happen

† This is proved like Reeb’s sphere theorem [132, Thm. 6.2.4].
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Fig. 4.24. A Legendrian polygon B.

to be identified. An example of a Legendrian pentagon with four edges iden-
tified in pairs is shown in Figure 4.25; here (in contrast with the pictures
below) the shaded region is the part of S = T 2 outside the Legendrian pen-
tagon. (This shaded region has to contain further singularities, e.g. a single
positive elliptic point.)

x+
e

Fig. 4.25. A Legendrian pentagon on the 2–torus.

If one of the hyperbolic points in ∂B is positive, then we can cancel it
together with x+

e by the elimination lemma (Lemma 4.6.26). This may
create a closed leaf, but only one that is repelling, so we can iterate the
argument for the other positive elliptic points. That way we can either
remove all positive elliptic singularities in Sξ (in which case we are done),
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or we find a Legendrian polygon B with a positive elliptic singularity in the
interior and ∂B containing only negative singularities.

Let us consider that latter case. We want to show that then ξ would
be overtwisted, contradicting the assumption of the theorem. If B ⊂ S

were embedded,‡ we could cancel the singularities along ∂B in pairs by the
elimination lemma, turning ∂B into a smooth Legendrian curve.† The result
would be an embedded disc with Legendrian boundary, the surface framing
of which coincides with the contact framing. So ξ would be overtwisted by
Proposition 4.6.28.

Fig. 4.26. Separating two vertices by creating a ‘double-sun’.

If two vertices of B (but not their adjacent edges) are identified in S,
one can separate them by the following method. Perturb S so that the
characteristic foliation develops a ‘double-sun’ singularity as in Figure 4.26.
This can be achieved by a procedure analogous to the proof of the elimination
lemma (or rather its converse).

If two edges of B are identified in S to a single edge with distinct vertices
as in Figure 4.27, we can cancel these edges with the help of the elimination
lemma as shown in that figure.‡ Likewise, we can of course cancel any edge
with two distinct vertices that is not identified with any other edge.

Continuing in this fashion, we arrive at a Legendrian polygon in S with
all vertices identified to a single point (like in the example in Figure 4.25).

If there is no edge left, then S is the 2–sphere, and the only singular points
in Sξ are a pair of elliptic points of opposite sign. If there is only one edge
left, then B is embedded, and by eliminating the two singularities on ∂B we
obtain an overtwisted disc.

If there are at least two non-identified edges, we may create a new vertex by

‡ Here I think of B as an abstract polygon. Saying that ‘B is embedded’ thus means
that B ⊂ S is actually an embedded polygon.

† Use Lemma 4.6.23 in order to obtain a smooth Legendrian curve after the elimination.
‡ The presence of other identified vertices or edges in that figure would not prevent this

cancellation.
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Fig. 4.27. Cancelling an identified pair of edges.

the ‘double-sun’ construction and then kill one of those edges by eliminating
an elliptic and a hyperbolic point, see Figure 4.28.§

Fig. 4.28. Removing a non-identified edge.

After iterating these constructions, the process will either have terminated,
or there is a pair of identified edges. A typical situation is depicted in
Figure 4.25. Now proceed as follows. Consider such a pair of identified
edges; they form a closed loop in S (since there is only one vertex). Such

§ The presence of other edges terminating at the single vertex in the centre of the first
picture does not affect this construction.
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a loop is non-separating, for points on either side of it are connected by
flow lines with x+

e . Let N be a neighbourhood of the chosen loop. We may
assume that the flow lines of Sξ are all transverse to ∂N , directed inwards.
Now double N , as it were, push down one copy of N (by an isotopy fixing
one component of ∂N ), and push up the second copy of N (fixing the other
component of ∂N ), see Figure 4.29. (Since S is an oriented surface, the
notions ‘up’ and ‘down’ in M with respect to S are meaningful.)

Fig. 4.29. Separating edges by cutting S.

For all practical purposes, this new surface is just as good as the initial
closed surface S. For instance, the structural stability result for Morse–
Smale vector fields by Peixoto (p. 172) holds true for compact surfaces with
boundary, provided the vector field is transverse to the boundary. Thus, in
particular, the described modification of S can be performed in such a way
that the characteristic foliation in the two copies of N is homeomorphic to
the initial one.

Applied to the example of Figure 4.25, this procedure yields a Legendrian
polygon on a cylinder as shown in Figure 4.30.

We can now continue the procedure as before, for instance by cancelling
the lower edge in Figure 4.30, and then separating vertices again. The
process will terminate, since we are reducing the number of edges in the
Legendrian polygon at each step.

The following result, a version of which was stated without proof in [69],
describes a related situation. In contrast with the situation in the preceding
proof, it deals with an embedded polygon right from the start, but also with
hyperbolic vertices.

Lemma 4.6.33 Let S be an oriented surface in a tight contact 3–manifold
(M, ξ). Then S cannot contain any embedded polygon all of whose vertices
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x+

e

Fig. 4.30. The Legendrian pentagon from Figure 4.25 on the cylinder.

are non-degenerate singular points of the same sign in the characteristic
foliation Sξ , and whose edges are separatrices of hyperbolic points in Sξ .
(Figure 4.31 shows such a polygon with all vertices hyperbolic.)

Fig. 4.31. A Legendrian polygon with hyperbolic vertices.

Proof Assume that such a polygon existed. We are going to show that then
ξ would be overtwisted. There are two types of hyperbolic vertices in such
a purported polygon: ‘honest’ vertices as in Figure 4.31, where the adjacent
edges are given by one stable and one unstable separatrix, and ‘pseudo-
vertices’ as in Figure 4.24, where the adjacent edges are a pair of stable or
a pair of unstable separatrices.

First we consider the honest hyperbolic vertices. Recall the local model of
a hyperbolic point from Examples 4.6.6 (2). This tells us that we can write
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the contact structure locally as

ξ = ker(dz + λ1x dy − λ2y dx)

on R2×R, with the origin 0 in R2×{0} a hyperbolic point of the characteristic
foliation. Here λ1 > 0 > λ2 and λ1 + λ2 > 0, say.†

We think of 0 as a vertex in our Legendrian polygon, of the positive x–axis
and the positive y–axis as the edges meeting at that vertex, and of the first
quadrant as a neighbourhood of that vertex inside the polygon. The surface
framing defined by the first quadrant may be thought of as being given by
the vector field ∂z along the two half-axes.

Observe that, analogous to the proof of Lemma 3.2.6, the z–coordinate
of a Legendrian curve in R2 × R with a given projection into the (x, y)–
plane can be recovered by integrating the 1–form −(λ1x dy − λ2y dx) along
the projected curve. Along a closed curve, this integral computes (with sign)
the enclosed area up to a (non-zero!) factor −(λ1 +λ2). Along the coordinate
axes, this 1–form integrates to zero.

x

y

Fig. 4.32. Smoothing a hyperbolic vertex of a Legendrian polygon.

Now replace the two half-axes by a smooth curve as shown in Figure 4.32,
with total ‘area integral’ equal to zero. This defines a perturbation of the
polygonal disc near one of its vertices to a disc with smooth boundary.

We are then left with elliptic vertices and hyperbolic pseudo-vertices only.
By the sign condition, any elliptic vertex must be adjacent to two hyperbolic
pseudo-vertices (which may coincide in the case of a 2–gon). Therefore, as in

† For λ1 + λ2 < 0 one should put a minus sign in front of dz in order for ξ to define the
usual orientation of R3 .
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the proof of Theorem 4.6.30, all elliptic vertices can be eliminated together
with one hyperbolic pseudo-vertex each.

After performing this construction, we have a smoothly embedded disc
∆ in (M, ξ) with Legendrian boundary ∂∆, with ∂∆ possibly containing
finitely many hyperbolic pseudo-vertices. The fact that all these hyperbolic
points are of the same sign implies that the surface framing of ∂∆ coincides
with its contact framing. According to Proposition 4.6.28, this means that
ξ must be overtwisted.

4.6.5 The Bennequin inequality

Next we want to derive similar bounds for the classical invariants of Legen-
drian and transverse knots in tight contact 3–manifolds. We shall discuss
that such bounds, conversely, can be used as a tightness criterion.

Theorem 4.6.34 (Transverse Bennequin Inequality) Let K be a ho-
mologically trivial transverse knot in a tight contact 3–manifold (M, ξ). Let
Σ be a Seifert surface for K. Then the self-linking number of K satisfies the
inequality

sl(K,Σ) ≤ −χ(Σ).

Proof Let α be a contact form defining ξ = ker α as oriented and cooriented
plane field. Choose a (regular) parametrisation γ : S1 → K ⊂ M (and
hence an orientation for K) which makes K positively transverse to ξ, that
is, α(γ′) > 0. Give Σ the orientation so that the boundary orientation of
∂Σ = K is consistent with this choice. From Definition 4.6.1 we then see
that the vector field X on S defining the characteristic foliation Σξ satisfies,
along ∂Σ,

Ω(X, γ′) = iX Ω(γ′) = α(γ′) > 0,

so X is pointing outwards along ∂Σ.
Form the abstract closed, oriented surface S := Σ ∪K D2 . Observe that

the orientation of K is the negative of the boundary orientation of D2 . We
may extend ξ to a plane field on S such that X extends to a section with
only one zero over the interior of D2 , of sink type. Although this is not
essential, it is convenient to think of ξ|D 2 as a plane field over D2 ⊂ R3 that
is transverse to ∂D2 and rotates to the left as we move in radial direction
(as a contact structure would do), until at the centre of D2 it coincides with
the tangent plane to D2 , but with opposite orientation. Then, as in the case
of a characteristic foliation induced by a contact structure, this sink gives
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a contribution −1 to the Euler class of the plane bundle. By the argument
used to prove Proposition 4.6.14 we have

e0 := 〈e(ξ), [S]〉 = (e+ − h+)− (e− − h−)− 1.

Let X0 be a nowhere vanishing section of ξ|Σ. Since the vector field X

defines the surface framing of K, the self-linking number sl(K,Σ) is given
by counting the number of rotations of X0 relative to X as we once traverse
K in positive direction.

Over D2 there is a unique trivialisation of ξ up to homotopy. Relative to
this trivialisation, the number of rotations of X0 as we traverse K in positive
direction is −e0 , since K is oriented as the negative boundary of D2 . The
corresponding number of rotations of X is +1 (sic). Hence

sl(K,Σ) = −e0 − 1 = −
[
(e+ − h+)− (e− − h−)

]
.

Similarly, since X is pointing outwards along ∂Σ, we have

χ(Σ) = (e+ − h+) + (e− − h−).

Hence

sl(K,Σ) + χ(Σ) = 2(e− − h−). (4.12)

The fact that X is pointing outwards along ∂Σ ensures that the α–limit
set of any negative elliptic point in Σξ stays away from ∂Σ. Therefore,
the argument from the preceding section allows us to eliminate all negative
elliptic points – it is only at this stage that we use the tightness of ξ. This
gives the desired inequality.

Remark 4.6.35 Equation (4.12) explains the remark made earlier (Re-
mark 3.5.35) about the parity of the self-linking number. Together with
Proposition 3.5.36, this also gives – as promised in Remark 3.5.24 – the
relation between tb and rot from Proposition 3.5.23 in arbitrary contact
3–manifolds.

Theorem 4.6.36 (Legendrian Bennequin Inequality) Let K be a ho-
mologically trivial oriented Legendrian knot in a tight contact 3–manifold
(M, ξ). Let Σ be a Seifert surface for K, oriented compatibly. Then the
Thurston–Bennequin invariant and the rotation number of K satisfy the in-
equality

tb(K) + |rot(K, [Σ])| ≤ −χ(Σ).
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Proof This follows from the transverse Bennequin inequality and Proposition
3.5.36, applied to both the positive and the negative transverse push-off of K.

Remark 4.6.37 Bennequin [26] proved these inequalities for the standard
contact structure ξst on R3 (or S3) by direct geometric methods, prior to
the introduction of the concept ‘tight’. It is easy to see that the Bennequin
inequalities fail in overtwisted contact manifolds. For instance, the Legen-
drian boundary K = ∂∆ of an overtwisted disc ∆ has tb(K) = 0 and
rot(K, [∆]) = ±1. Thus, Bennequin’s proof can actually be read as a tight-
ness proof for ξst .

In the generalised form stated here, the Bennequin inequalities are due to
Eliashberg [70].

4.7 The classification of overtwisted contact structures

At first glance, the classification of overtwisted contact structures on 3–
manifolds appears to be a hopeless task. After all, one can make an arbitrary
number of topologically trivial Lutz twists as described in Section 4.5. While
this does not change the topology of the manifold, nor the homotopy class of
the contact structure as a 2–plane field, it leads to an increasing collection
of overtwisted discs.

On the other hand, tight contact structures are typically those with a
simple global description. We shall see, for instance, that the standard
contact structures on R3 and S3 are tight (Cor. 6.5.10). So is the natural
contact structure on the 3–torus T 3 = S1 × S1 × S1 (see Example 1.2.4).

As so often, first appearances are deceiving: it is in fact the classification
of overtwisted contact structures that turns out to be manageable. The
classification of tight structures, on the other hand, is extremely intricate
even on manifolds with a simple global description (such as surface bundles
over S1), and beyond the reach of even the most advanced current methods
on more complicated 3–manifolds. We shall get a taste of these intricacies
when classifying tight contact structures on S3 and some other simple 3–
manifolds in Section 4.10.

4.7.1 Statement of the classification result

In essence, Eliashberg’s [64] classification of overtwisted contact structures
says that the isotopy classification of overtwisted contact structures on a
given closed 3–manifold coincides with the homotopy classification of tangent
2–plane fields.
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Here is the precise formulation. As always in this chapter, M denotes a
(connected) closed, orientable 3–manifold. We now fix an orientation for M

and an embedded (closed) oriented 2–disc ∆ ⊂ M . Furthermore, we fix a
point 0∆ in the interior of ∆, which we call the centre of ∆. (We may always
choose an embedding φ : D2 ∼=−→ ∆ ⊂M such that φ(0) = 0∆.)

We say that a contact structure ξ on M is overtwisted along ∆ if (M, ξ)
contains ∆ as a standard overtwisted disc centred at 0∆ as described at the
beginning of Section 4.5. We restrict our attention to cooriented and positive
contact structures, i.e. those contact structures ξ for which α∧dα is a volume
form compatible with the chosen orientation for M for some (and hence any)
contact form α defining ξ = ker α. It will be understood that the orientations
of ξ and ∆ agree at the singular point 0∆ of the characteristic foliation ∆ξ .

Notation 4.7.1 We write Ξot(M,∆) for the space of cooriented, posi-
tive contact structures on M that are overtwisted along ∆,† and we write
Distr (M,∆) for the space of cooriented 2–plane distributions on M that are
tangent to ∆ at 0∆ (again with matching orientations). Both spaces will be
equipped with the C∞–topology (as spaces of sections of the unit cotangent
bundle of M , for instance).

Recall that a weak homotopy equivalence between two topological
spaces X,Y is a (continuous) map from X to Y , say, that induces a bijec-
tion π0(X) → π0(Y ) between the sets of path components, and isomorphisms
πk (X) → πk (Y ), k ∈ N, on all homotopy groups (with base points in corre-
sponding path components).

Theorem 4.7.2 (Eliashberg) The inclusion map

i∆ : Ξot(M,∆) −→ Distr (M,∆)

is a weak homotopy equivalence.

Remark 4.7.3 The spaces Ξot(M,∆) and Distr (M,∆) have the homotopy
type of (infinite) CW–complexes (this follows from [182]), so by the White-
head theorem (see [35]), i∆ is in fact a homotopy equivalence. See also the
remark on page 62 of [77].

We are only going to prove Theorem 4.7.2 on the level of π0 , where we
can formulate it in a slightly more attractive way. (The full proof of the
theorem is then essentially a matter of notational complication, not of any
conceptually new ideas.)

† The characteristic foliation ∆ξ is meant to be exactly the same for all contact structures
ξ ∈ Ξot (M, ∆).
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Notation 4.7.4 We write Ξot(M) for the space of positive, cooriented over-
twisted contact structures on M and Distr (M) for the space of cooriented
tangent 2–plane distributions. Again it is understood that both spaces are
equipped with the C∞–topology.

Corollary 4.7.5 The inclusion map

i : Ξot(M) −→ Distr (M)

induces a bijection on path components.

Translated into the everyday language of a mathematician in the street,
surjectivity on π0 means that every tangent 2–plane field is homotopic to an
overtwisted contact structure; injectivity on π0 is the same as saying that
two overtwisted contact structures that are homotopic as tangent 2–plane
fields are homotopic via overtwisted contact structures (and hence isotopic
by Gray’s stability theorem).†

Proof of Corollary 4.7.5 First we are going to prove the surjectivity on π0 .
On S3 ⊂ R4 we have the standard contact forms

α± = x dy − y dx± (z dt− t dz),

defining opposite orientations. By performing the construction of Section
4.5, starting either from the contact structure kerα+ or from ker α−, we can
ensure that we obtain a positive contact structure on the oriented manifold
M in any homotopy class of 2–plane fields. By an isotopy of the plane field
and an additional topologically trivial Lutz twist we can guarantee that ∆
is an overtwisted disc, so we also get the corresponding surjectivity on π0 in
Theorem 4.7.2.

We reduce the injectivity on π0 in the corollary to that in the theorem.
Consider the following commutative diagram, where the vertical maps are
also inclusions.

Ξot(M,∆) i∆−−−−→ Distr (M,∆)

jc

� �jd

Ξot(M) i−−−−→ Distr (M)

First of all, observe that the map on π0 induced by jc is surjective: this

† In order to apply Gray stability, one needs a smooth path (ξt )t∈[0 ,1] , of contact struc-
tures. Thanks to general approximation results from differential topology, see [132,
Chapter 2], a given continuous path can always be approximated rel {0, 1} by a smooth
path.
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follows immediately from the fact that any two embeddings of a 2–disc into
M are isotopic, so one can always find an isotopy of M that moves any given
overtwisted disc to the disc ∆.

Secondly, we claim that the map jd induces an isomorphism on π0 . I give a
proof of this claim appealing to general properties of Serre fibrations; below
I present an elementary ad hoc argument. Consider the evaluation map

ev : Distr (M) −→ S2

at the point 0∆. In other words, by fixing a trivialisation ST ∗M ∼= M × S2

of the unit cotangent bundle we may regard elements of Distr (M) as maps
f : M → S2 , and the map ev simply sends f to ev (f) := f(0∆).

With respect to the trivialisation ST ∗M ∼= M × S2 , the (cooriented)
tangent plane to ∆ at 0∆ corresponds to a point p0 ∈ S2 , and the fibre of
the map ev over p0 is

ev−1(p0) = Distr (M,∆).

Furthermore, the evaluation map can be shown to be a Serre fibration, see
[192]. The claim now follows from the homotopy exact sequence for Serre
fibrations.

A little diagram chase in the commutative diagram above then shows that
the injectivity of the map induced by i∆ (on π0) entails the injectivity of the
map induced by i.

Here is an argument for the relevant part of the above proof that avoids
having to appeal to the Serre fibration property of the evaluation map ev.

Lemma 4.7.6 The inclusion map

jd : Distr (M,∆) → Distr (M)

induces a bijection on connected components.

Proof Given a trivialisation ST ∗M ∼= M × S2 , surjectivity of the map
induced by jd on π0 translates into saying that any smooth map f : M → S2

is homotopic to a smooth map sending 0∆ to p0 (in the notation of the
preceding proof). That latter statement is obviously true: simply compose
f with a homotopy of smooth maps S2 → S2 beginning at the identity map
of S2 and ending at a map sending f(0∆) to p0 .

Injectivity on π0 translates into the following statement. Given a contin-
uous family of smooth maps ft : M → S2 , t ∈ [0, 1], with

f0(0∆) = f1(0∆) = p0 ,
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there is a continuous family of smooth maps gs : S2 → S2 , s ∈ [0, 1], with

• g0 = f0 , g1 = f1 ,
• gs(0∆) = p0 for all s ∈ [0, 1].

In order to construct such a family of maps, we first observe that by a
homotopy rel {0, 1} of the family (ft)t∈[0,1] we may always assume that
ft(0∆) is never equal to the antipodal point −p0 . It is then easy to find a
family ψs : S2 → S2 , s ∈ [0, 1], of smooth maps with the property that

• ψ0 = idS 2 ,
• ψs(p0) = p0 for all s ∈ [0, 1],
• ψ1(ft(0∆)) = p0 for all t ∈ [0, 1].

Then define

gs =


ψ3s ◦ f0 , 0 ≤ s ≤ 1/3,

ψ1 ◦ f3s−1 , 1/3 ≤ s ≤ 2/3,

ψ3−3s ◦ f1 , 2/3 ≤ s ≤ 1.

This is the desired continuous family of smooth maps.

4.7.2 Outline of the argument

Our aim is to show that

(i∆)# : π0
(
Ξot(M,∆)

)
−→ π0

(
Distr (M,∆)

)
is injective. In other words, given a continuous family of plane fields ξt ∈
Distr (M,∆), t ∈ [0, 1], with ξ0 , ξ1 ∈ Ξot(M,∆), we want to find a family of
contact structures ξ′′t ∈ Ξot(M,∆) with ξ′′0 = ξ0 , ξ′′1 = ξ1 .

In a first step, we homotope the family (ξt)t∈[0,1] rel {0, 1} to a family
(ξ′t) of plane fields that satisfy the contact condition outside a finite number
of disjoint embedded balls B0 , B1 , . . . , Bm , where B0 is a ball around ∆,
and the Bi , i = 1, . . . ,m, are balls contained in Darboux charts for ξ0 = ξ′0
and ξ1 = ξ′1 . Moreover, it is required that we keep some control over the
characteristic foliations (∂Bi)ξ ′

t
. To this end, we consider the ξt in the

neighbourhood of the 2–skeleton of a suitable simplicial decomposition of M ;
the mentioned balls will constitute the complement of that neighbourhood.

In a second step, we connect these balls to a single ball Bt , by tubes
(depending on t) transverse to ξ′t . This is where Lemma 3.3.3 will come into
play. We continue to keep control over the characteristic foliations (∂Bt)ξ ′

t
.

In the third and final step, we use the information about (∂Bt)ξ ′
t

for ex-
tending the contact structures ξ′t |M \Bt

to a continuous family (ξ′′t ) of contact
structures on M with ξ′′0 = ξ0 , ξ′′1 = ξ1 . It is at this ingenious step where
the fact that B0 was a neighbourhood of the overtwisted disc ∆ (for ξ0 and
ξ1) is used in an essential way.
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4.7.3 Characteristic foliations on spheres

In this section we discuss the types of characteristic foliations that will arise
on the boundary of the balls Bi and Bt in the argument sketched above.

Definition 4.7.7 An oriented singular 1–dimensional foliation on S2 is said
to be simple if it has the following properties, see Figure 4.33.

• There are exactly two singular points, one source and one sink, which
we are going to call the north pole and south pole, respectively.

• There are finitely many closed leaves, not of necessity non-degenerate.

Fig. 4.33. A simple foliation on S2 .

On the 2–sphere, the Jordan curve theorem imposes certain restrictions
on the topology of the flow of a singular vector field, as summarised in the
so-called Poincaré–Bendixson theorem; for a proof see [203].

Theorem 4.7.8 (Poincaré–Bendixson) Let X be a smooth vector field
on S2 with a finite number of singularities. Then the α– and ω–limit of each
flow line of X is either a singular point, a closed orbit, or a poly-cycle made
up of singular points and connecting orbits.

In particular, in the interior of a disc bounded by a periodic orbit there
must be at least one singularity.† As a consequence, the closed leaves of a
simple foliation on S2 necessarily constitute parallels between the two poles.

† This also follows from the Poincaré–Hopf index theorem.
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Definition 4.7.9 A simple foliation on S2 is called almost horizontal if
all its closed leaves are oriented from west to east, see Figure 4.34.

Fig. 4.34. An almost horizontal foliation on S2 .

With the standard orientations of R3 and S2 ⊂ R3 , a simple foliation F

on S2 induced by a cooriented 2–plane field ξ on R3 (with the orientation
of F given by the convention of Definition 4.6.1) is almost horizontal if and
only if ξ is cooriented from south to north along the closed leaves of F. An
almost horizontal foliation is characterised among simple foliations by the
existence of a positive transversal connecting the south with the north pole.

Examples 4.7.10 (1) The characteristic foliation induced on the unit sphere
S2 ⊂ R3 by the standard contact structure, see Example 2.5.19, is almost
horizontal. This characteristic foliation has no closed leaves, and a transver-
sal to the foliation is given by any flow line of the vector field

−(y + xz) ∂x + (x− yz) ∂y + (x2 + y2) ∂z .

(2) In R3 with the overtwisted contact structure ξot = ker αot , with

αot = cos r dz + r sin r dϕ,

see Example 2.1.6, consider the 2–sphere of radius r0 centred at the origin,
with π < r0 < 2π. The induced characteristic foliation is depicted (quali-
tatively) in Figure 4.35. There are two closed leaves oriented from east to
west, so the foliation is simple, but not almost horizontal. We shall refer to
this characteristic foliation

(
S2(r0)

)
ξo t

as F0 .
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Fig. 4.35. The characteristic foliation F
0 on S2 (r0 ) in (R3 , ξot ).

The qualitative behaviour (and in fact its topological type, see Proposition
4.7.11 below) of a simple foliation F can be encoded in a diagram as follows.
Let f1 , . . . , fn be the closed leaves of F, ordered from south to north. The
diagram of F consists of distinct points p1 , . . . , pn on a line, together with
the following information.

• If fi is oriented from west to east, then pi is labelled with a plus sign;
with a minus sign otherwise.

• The line segment between two adjacent points pi and pi+1 is labelled
with an arrow from the point representing a repelling closed leaf to
the point representing an attracting closed leaf, where the attributes
repelling/attracting refer to the restriction of F to the band between fi

and fi+1.† The diagrams for the simple foliations depicted in Figures
4.33, 4.34 and 4.35 are shown in Figure 4.36.

Proposition 4.7.11 Up to homeomorphism, a simple foliation on S2 is
determined by its diagram.

Proof This plausible statement is implied by the classification of (non-
singular) foliations on the annulus that are tangent to the boundary and
contain no closed leaves in the interior, as described in [126, Prop. 4.2.12].
The arguments used in the the proof of that cited proposition also show

† Since the closed leaves may be degenerate, they may be repelling on one side and
attracting on the other.
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Fig. 4.36. Diagrams of simple foliations on S2 .

that a foliation on the disc – tangent to the boundary, with only one non-
degenerate singular point and no closed leaves in the interior – is unique up
to homeomorphism.†

In the special case of an almost horizontal foliation F, we may fix a
transversal connecting the poles, which we identify with the interval [−1, 1],
with −1 corresponding to the south pole and 1, to the north pole. Given
x ∈ [−1, 1], consider the leaf f of F passing through x. Starting at x, follow f

in its positive direction until it intersects [−1, 1] again for the first time in a
point h(x); the existence of such a further intersection point follows from the
Poincaré–Bendixson theorem and the fact that the transversal [−1, 1] inter-
sects all closed leaves of F. The diffeomorphism h of [−1, 1] is the holonomy
along the leaves of F.

The fixed points of h are the poles ±1 and those pi ∈ [−1, 1] where a
closed leaf fi of F intersects the transversal. Moreover, the holonomy dif-
feomorphism determines the diagram and hence the topological type of F.
Indeed, the segment between two fixed points −1 < pi < pi+1 < 1 is oriented
from pi to pi+1 precisely if h(x) > x on the interval (pi, pi+1).

Thus, given a diffeomorphism h of the interval [−1, 1], fixing the boundary
and with finitely many fixed points in the interior, we can sensibly speak of
the almost horizontal foliation F(h), determined up to homeomorphism by
the requirement that its holonomy map be h.

In the second step of the proof of the classification result, we connect a
finite collection of balls by tubes into one single ball. This amounts to the
following operation on the characteristic foliations on the boundaries of these
balls.

† The text [126] can be recommended as an immensely readable source of information
about the topological classification of foliations on surfaces.
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Definition 4.7.12 Let F,F′ be simple foliations on two copies S, S′ of S2 , re-
spectively. The connected sum F#F′ is the simple foliation on the 2–sphere
S#S′ constructed as follows. Choose an orientation-preserving embedding
ϕ : D2 → S and an orientation-reversing embedding ϕ′ : D2 → S′, with the
north pole of F contained in the interior of ϕ(D2), and the south pole of
F′ in the interior of ϕ′(D2), and with ϕ(∂D2) and ϕ′(∂D2) transverse to
the respective foliation. Form the connected sum S#S′ as the identification
space (

S \ ϕ(Int (D2)
)
∪∂D 2

(
S′ \ ϕ′(Int (D2)

)
;

F#F′ is then given (unique up to homeomorphism) by smoothing the result-
ing foliation on S#S′.

In the final step of the proof of the classification result we want to extend
a contact structure defined near the boundary of a ball to the interior of
that ball. The next lemma tells us that the extendibility depends only on
the characteristic foliation on the boundary of the ball.

Lemma 4.7.13 Let ξ be a contact structure defined near the boundary S =
∂B of a 3–ball B, inducing a simple characteristic foliation Sξ . Whether
or not ξ extends over B as a contact structure is a question only about the
topological type of Sξ .

Proof What we need to show is the following. Given two contact structures
ξ, ξ′ defined near S, with Sξ homeomorphic to Sξ ′ and ξ′ extendible over B

as a contact structure, then ξ is also extendible.
After isotoping ξ′ we may assume that Sξ and Sξ ′ have the same poles and

the same closed leaves. We may now argue with Proposition 4.8.14 below
that there is a C0–small perturbation S′ of S (inside the neighbourhood of
S where ξ′ is defined) with S′

ξ ′ diffeomorphic to Sξ ; see the remark following
this proof.

This implies by Theorem 2.5.22 that the germs of ξ and ξ′ near S and S′,
respectively, are diffeomorphic. Since ξ′|S ′ extends over the ball bounded
by S′, the contact structure ξ|S extends over B.

Remark 4.7.14 Proposition 4.8.14 is formulated for characteristic folia-
tions of Morse–Smale type, but the argument there can easily be adapted
to simple foliations on S2 . Foliations of this kind fail to be Morse–Smale
only near degenerate closed leaves. In a neighbourhood of such leaves we
can use Example 4.6.7 for an ad hoc argument to show that there is a C0–
small perturbation S′′ of S such that Sξ and S′′

ξ ′ are diffeomorphic in those
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neighbourhoods. In the complement we may now apply the argument from
the proof of Proposition 4.8.14.

4.7.4 Construction near the 2–skeleton

The following result is the central tool of the present section. It tells us
that a family of plane fields can be turned into a family of contact struc-
tures (relative to a subset where the contact condition was already satisfied),
provided there is a field of directions along which one can twist the plane
fields. This field of directions will be given by the intersection of the original
plane field with some foliation. This will enable us to control the ‘norm’ (de-
fined below) of the resulting contact structures and hence the characteristic
foliations they induce on the ∂Bi as described in the outline.

Proposition 4.7.15 Consider a bounded domain U ⊂ R3 and a closed subset
A ⊂ U . Let P be an oriented 2–dimensional foliation on the closure U of U .
Let (ξt)t∈[0,1], be a continuous family of (cooriented) 2–plane distributions
on U with the following properties:

(ξ1) ξ0 and ξ1 are contact structures;
(ξ2) ξt is a contact structure in a neighbourhood of A for each t ∈ [0, 1];

(P1) ξt is transverse to P for each t ∈ [0, 1];
(P2) for any leaf p of P, the 1–dimensional foliation pξt

, for any t ∈ [0, 1],
consists of curves that hit A at most once.

Then there exists a continuous family (ξ′t)t∈[0,1] of contact structures on U

such that

• ξ′0 = ξ0 and ξ′1 = ξ1 on U ;
• ξ′t |A = ξt |A for all t ∈ [0, 1].

Proof Let Lt be the 1–dimensional foliation of U formed by the leaves of
pξt

, where p runs through the leaves of P. The usual proof of the so-called
flow box theorem or tubular flow theorem [203, Thm. 2.1.1] allows one to
construct a covering U 1

t , . . . , Un
t of U , depending continuously on t ∈ [0, 1],

with the following properties:

• each Ui
t consists of whole leaves of Lt ;

• each Ui
t can be diffeomorphically identified with a subset of R3 – the

identification varying continuously in t – in such a way that Lt |U i
t

is
given by lines parallel to the x–axis.

With this identification understood, we can write ξt |U i
t

as

ξt |U i
t

= ker
(
bi
t(x, y, z) dy + ci

t(x, y, z) dz
)
,
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with bi
t(x, y, z), ci

t(x, y, z) smooth in (x, y, z) and continuous in t. The contact
condition then becomes

ci
t

∂bi
t

∂x
− bi

t

∂ci
t

∂x
> 0,

which is a condition along each leaf of Lt , analogous to that in the Lutz–
Martinet construction (proof of Lemma 4.1.3). Geometrically, this condition
means that the contact planes ξt(x, y, z) turn to the left as one moves in the
x–direction, while the planes P(x, y, z) in these local coordinates do not turn
at all for (y, z) fixed.

Thanks to the condition (P2) that each leaf of Lt hit A at most once, it is
possible to modify the bi

t , ci
t on U \A (and away from t = 0 and t = 1), step

by step for i = 1, . . . , n, such that this contact condition will be satisfied
everywhere (and such that ξt remains transverse to P). Notice that these
modification do not change the foliations Lt , so after the ith step we can
still work with Ui+1

t at the (i + 1)st step.

On R3 we consider the infinite cubical complex whose individual cubes
are the standard cubes of edge length 1 with vertices on the integer lattice
Z3 . By a periodic deformation of this standard complex and by a simplicial
subdivision of each cube in a prescribed way – for instance, a barycentric
subdivision – we obtain a simplicial complex C∞ such that

(C1) the angle between non-incident† 1– or 2–simplices with a common
vertex assumes a minimum α > 0;

(C2) the distance between disjoint 0–, 1– or 2–simplices assumes a mini-
mum δ > 0;

(C3) the diameter of the simplices (of any dimension) assumes a maxi-
mum d.

Now consider compact subsets A ⊂ B ⊂ R3 and a continuous family
(ξt)t∈[0,1] of 2–plane fields on B with the properties (ξ1) and (ξ2) as in the
preceding proposition, with B taking the role of U . After scaling B (but not
C∞) linearly with a large constant, and after pulling back ξt to this scaled
B, we can find finite subcomplexes CA ⊂ CB ⊂ C∞ such that

• A ⊂ CA , B ⊂ CB ;
• (the rescaled) ξt is defined on CB and contact on CA ;
• each simplex of CB not completely contained in CA has at most one

face belonging to CA .‡
† For two simplices of the same dimension to be non-incident is the same as to be distinct

(but not necessarily disjoint); a 1–simplex is non-incident with a 2–simplex if it is not
a face of that 2–simplex.

‡ This can be guaranteed, for instance, by taking CA to consist of all simplices in a cubical
subcomplex of the original cubical complex.
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Write � (with the relevant arguments) for the angle between two planes
or lines in R3 . Assume that we have

�
(
ξt(p), ξt′(p)

)
<

α

16
for all t, t′ ∈ [0, 1] and p ∈ CB . (4.13)

This assumption can be made without loss of generality: by compactness
of CB , we can partition the interval [0, 1] into finitely many intervals where
(4.13) is satisfied; the extension character (relative to the parameter t) of
the result we are going to formulate then implies that if we can prove the
result on any of these subintervals, then it also holds on [0, 1].

As in Section 4.2, we can describe a cooriented 2–plane distribution ξ on
B in terms of a smooth ‘Gauß map’ fξ : B → S2 , associating with each point
p ∈ B the vector fξ (p) ∈ S2 ⊂ R3 positively orthonormal to ξ(p).

Definition 4.7.16 The norm of ξ is

‖ξ‖ = max
p∈B

‖Tpfξ‖.

A 1– or 2–dimensional simplex σ of CB not completely contained in CA

will be called special if

�
(
σ, ξt(p)

)
<

α

4
for some t ∈ [0, 1] and p ∈ σ. (4.14)

After rescaling B and, correspondingly, the ξt , we may assume that

‖ξt‖ <
α

16d
for all t ∈ [0, 1].

Then, for any non-special 1– or 2–dimensional simplex σ, and any 3–simplex
σ′ with σ ⊂ ∂σ′,

�
(
σ, ξt(p′)

)
>

α

8
for any t ∈ [0, 1] and p′ ∈ σ′. (4.15)

Indeed, given such σ, p′, t, choose any p ∈ σ, and compute

�
(
σ, ξt(p′)

)
≥ �

(
σ, ξt(p)

)
− �

(
ξt(p), ξt(p′)

)
≥ α

4
− ‖ξt‖ · ‖p− p′‖

>
α

4
− α

16
>

α

8
.

Next we want to show that non-incident special simplices are isolated.
Arguing by contradiction, assume that σ, σ′ were non-incident special sim-
plices with a common vertex. Choose t, p and t′, p′ that satisfy the respective
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condition (4.14). Then, with (4.13) and (4.14),

�(σ, σ′) ≤ �
(
σ, ξt(p)

)
+ �

(
ξt(p), ξt′(p)

)
+ �

(
ξt′(p), ξt′(p′)

)
+ �

(
ξt′(p′), σ′)

<
α

4
+

α

16
+ ‖ξt′‖ · ‖p− p′‖+

α

4
<

α

4
+

α

16
+

α

8
+

α

4
< α,

contradicting condition (C1).
A similar calculation shows that if σ is a special simplex, then

�
(
σ, ξt(p)

)
<

α

2
for all t ∈ [0, 1] and p ∈ σ. (4.16)

We now want to use Proposition 4.7.15 for perturbing the family (ξt) into
a new family (ξ′t) of 2–plane fields such that

• ξ′0 = ξ0 and ξ′1 = ξ1 on B;
• ξ′t = ξt near A;
• ξ′t is a contact structure near the 2–skeleton of CB .

To this end, we define an auxiliary foliation Pσ by parallel 2–planes near
each 0–, 1– or 2–simplex σ of CB with the property that the leaves of Pσ are

– perpendicular to ξt(p) for some t ∈ [0, 1] and some p ∈ σ;
– parallel to σ if dimσ = 1, orthogonal to σ if dimσ = 2.

The distinction between special and non-special simplices is relevant for
making sure that condition (P2) in Proposition 4.7.15 is satisfied. Roughly
speaking, the 1–dimensional foliations Lt have leaves that make a large angle
with non-special simplices, but a small angle with special simplices. So the
non-special simplices are less problematic; here we perturb the plane fields
in a direction ‘very much’ transverse to the simplex. In the case of the
special simplices, the perturbation is in a direction close to the simplex. But
condition (P2) will now be satisfied thanks to the special simplices being
isolated. Now to the details.

(1) Change ξt in disjoint neighbourhoods of all special simplices and all
vertices not belonging to a special simplex. Hypothesis (P1) of Proposition
4.7.15 will be satisfied (also for the non-special simplices treated below), pro-
vided we choose the neighbourhoods in question small enough. Hypothesis
(P2) is satisfied by condition (C1), Equation (4.16), and the fact that each
simplex in question has at most one face belonging to CA .

The foliations Pσ have norm zero. By scaling B and the ξt , we can
make the norms ‖ξt‖, t ∈ [0, 1], as small as we like. Therefore, if that first
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perturbation and the ones below are performed within an ε–neighbourhood
of the respective simplex, for some prescribed ε, we can guarantee that the
perturbed 2–plane distributions have likewise arbitrarily small norm. This
means, in particular, that after each successive perturbation all the above
estimates on angles and norms still hold and can be used to control the next
stage of the perturbation. With our rescaling of B we can ensure from the
start that the ξt are contact structures in an ε–neighbourhood of CA . This
means that we only have to modify the ξt in neighbourhoods of the simplices
in CB not completely contained in CA in order to, ultimately, obtain plane
fields ξ′t that are contact in an ε–neighbourhood of the 2–skeleton of CB .

(2) Extend the perturbation to an ε1–neighbourhood of the non-special
1–simplices that are not the face of a special 2–simplex, where we choose

ε1 <
δ

4
tan

α

8
. (4.17)

Figure 4.37 shows such a 1–simplex σ, drawn in the plane p of Pσ con-
taining σ. We may assume that the ξt are contact structures in an ε1–
neighbourhood of the two endpoints of σ; there we do not want to perturb
the ξt any further (and that neighbourhood plays the role of A in Propo-
sition 4.7.15). Condition (4.17) then ensures with (4.15) that (P2) will be
satisfied, so that Proposition 4.7.15 can indeed be applied to carry out the
desired perturbation.

> δ/2

> α/8

pξ t

σ

ε1

Fig. 4.37. Perturbation near a non-special 1–simplex.

(3) Extend the perturbation to an ε–neighbourhood of the non-special
2–simplices, where we take

ε <
ε1

2
tan

α

8
. (4.18)
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Figure 4.38 shows such a 2–simplex (in the plane P ⊂ R3 containing σ)
and the lines of intersection of P with two planes p, p′ of Pσ . This time,
the role of A in Proposition 4.7.15 is taken by the (ε1/2)–neighbourhood of
∂σ. A line segment such as σ ∩ p′ stays inside the ε1–neighbourhood of ∂σ,
where the ξt have already been perturbed into contact structures. A line
segment such as σ ∩ p, on the other hand, has a segment of length greater
than ε1 outside of the (ε1/2)–neighbourhood of ∂σ. With (4.15), condition
(4.18) suffices to guarantee (P2).

σ

ε1/2

ε1/2

> ε1

P ∩ p

P ∩ p
′

Fig. 4.38. Perturbation near a non-special 2–simplex.

Later, when we want to control the characteristic foliations on the ∂Bi

(as described in the outline), we need to estimate the normal curvatures of
the ∂Bi against the norm of the ξ′t . The following two lemmata provide the
relevant estimates.

Lemma 4.7.17 Let a simplicial complex C∞ as above and an ε > 0 be
given. Then, for any 3–simplex σ of C∞, there exists a ball Bσ embedded
in the interior of σ, with boundary ∂Bσ contained in an ε–neighbourhood of
∂σ and normal curvatures of ∂Bσ greater than or equal to some constant
c = c(C∞, ε) > 0.
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Proof Let σ be a 3–simplex of C∞. Let σ′ ⊂ σ be a smaller copy of this
simplex with distance ε from the boundary ∂σ.† Let S be the unique 2–
sphere circumscribed around σ′. If S is entirely contained in the interior
of σ, take Bσ to be the ball bounded by S. Otherwise, modify S to an
ovaloid (i.e. a surface of positive Gaussian curvature) contained in an ε–
neighbourhood of ∂σ in the interior of σ as follows.

Consider a spherical cap of S cut off by the plane through one of the faces
of σ′. Replace this cap by one that stays on one side of the plane through
the corresponding face of σ, e.g. by scaling the cap linearly in the direction
orthogonal to these planes. The resulting surface fails to be smooth along
a circle, but smoothing it there will only increase the normal curvatures.
Iterate this process with the other three faces, and take Bσ to be the ball
bounded by the resulting ovaloid. By compactness, there is a lower bound
for the normal curvatures of this ovaloid. Since we assumed C∞ to result
from a periodic perturbation of the standard complex, there will be only
finitely many shapes of 3–simplices in C∞, and hence a lower bound for the
normal curvatures of all ovaloids obtained by the construction above.

Lemma 4.7.18 Let S ⊂ R3 be an embedded 2–sphere, cooriented by the
outer normal vector, with all normal curvatures greater than or equal to some
k > 0. Let ξ be a cooriented 2–plane field defined near S with norm ‖ξ‖ < k.
Then, possibly after a C∞–small perturbation of ξ, the characteristic foliation
Sξ is almost horizontal.

Proof Let fS , fξ be the Gauß maps S → S2 of S and ξ, respectively. Then,
for any q ∈ S and w ∈ TqS, we have

‖TqfS (w)‖ ≥ k‖w‖ and ‖Tqfξ (w)‖ < k‖w‖.

In particular, fS is a local diffeomorphism. Since S is compact and S2

connected, the map fS is a covering map. But S2 is simply connected, so
fS is in fact a diffeomorphism.‡

Remark 4.7.19 Under the natural identification of TqS with TfS (q)S
2 –

both may be regarded as the 2–dimensional subspace of R3 orthogonal
to fS (q) – and with respect to the inner product induced from R3 , the
differential TqfS is a self-adjoint linear map with two positive eigenvalues
k1 , k2 ≥ k. With the sign conventions of classical differential geometry,
see [181], where the normal curvatures are defined as the eigenvalues of the

† We assume implicitly that ε is small relative to the size of σ.
‡ This statement is known as Hadamard’s theorem on ovaloids; see [181, Thm. 6.2] for a

proof using the Gaussian curvature instead of our argument with coverings.
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negative differential of the Gauß map, our choice of fS would, strictly speak-
ing, correspond to all normal curvatures being bounded above by −k < 0.

Define f : S2 → S2 by f = fξ ◦ f−1
S . Then

‖Tpf(v)‖ < ‖v‖ for all p ∈ S2 and v ∈ TpS
2 . (4.19)

Let q+ be a singular point of Sξ (which has to exist by the Poincaré–Hopf
index theorem). Without loss of generality assume that q+ is a positive
point, that is, fS (q+) = fξ (q+). We think of q+ as the north pole of S.

For 0 < θ < π, consider the set of points

Cθ = {q ∈ S : �
(
fS (q), fS (q+)

)
= θ}.†

This is a simple closed curve, corresponding under fS to a circle of latitude
on S2 . From the estimate (4.19) we have

�
(
fξ (q), fξ (q+)

)
< θ along Cθ . (4.20)

It follows that

0 < �
(
fξ (q), fS (q)

)
< π

for all points q on the closed ‘northern hemisphere’ S+ := {θ ≤ π/2} of S

with q+ removed. In particular, fξ (q) �= ±fS (q). This means that q+ is the
only singular point in this hemisphere. The estimate 0 < �

(
fξ (q), fS (q)

)
does in fact hold for all q ∈ S \ {q+}, so any further singular point of Sξ has
to be negative. Obviously, the same argument that precludes the existence
of two positive singular points also rules out the existence of more than one
negative singular point.

The characteristic foliation Sξ can be defined by the vector field X on S

given by Xq := fξ (q) × fS (q). On S+ \ {q+}, this vector field always has
a positive west-east component, and in particular it never points straight
towards the west.

Let γθ : S1 → S2 be a regular parametrisation of a circle of latitude on
S2 , oriented in positive direction around the north pole (i.e. from west to
east). Then, thanks to the description of TfS in the remark above, the
parametrised curve f−1

S ◦ γθ around q+ has a tangent vector that, likewise,
never points straight towards the west. Thus X does not complete a full
turn with respect to that tangent vector, which implies that the index of X

at q+ is +1.
Once again invoking the Poincaré–Hopf index theorem, we now see that Sξ

has precisely two singular points q±, both of index +1, one of them positive,
the other negative.

† Here � denotes an angle between vectors, and thus takes values in [0, π].
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From (4.20) we deduce that, for q ∈ S+ \ {q+}, the orthogonal projection
of fξ (q) onto TqS gives a vector Yq orthogonal to Xq and with a positive
south–north component. The same is true in the ‘southern hemisphere’
about q−, with that point regarded as the south pole.† Notice that Xq , Yq

is a positively oriented basis for TqS.
Choose a point q on S in the intersection of these two closed hemispheres.

Then the flow line of Y through q is defined on R, and it has q± as the ω–
or α–limit, respectively. This flow line constitutes a positive transversal to
the characteristic foliation.

Together with the Poincaré–Bendixson theorem, these considerations es-
tablish that Sξ is an almost horizontal foliation, but possibly of a ‘degenerate’
type, that is, the singular points q± may be degenerate, and there may be
infinitely many closed leaves. A simple example where the described degen-
erate phenomena occur for a general 2–plane distribution ξ is S = S2 and ξ

a constant plane field on R3 .
By the proof of Proposition 4.6.11, however, a C∞–small perturbation

of ξ (which may be assumed to preserve the property that the norm of ξ is
smaller than the minimal normal curvature of S) allows us to change Sξ into
Morse–Smale type. In that case, q± are non-degenerate (elliptic), likewise
the closed leaves. So closed leaves can accumulate neither at a closed leaf,
nor at a singular point, which means that they are finite in number.

As seen in Example 4.6.6 (1′), a singular point like the one of the vector
field X(x, y) := x ∂x + y3 ∂y at the origin 0 ∈ R2 can arise in the character-
istic foliation induced by a contact structure. The C∞–small perturbation
X−ε(x, y) := x ∂x + (y3 − εy) ∂y , with ε > 0 small, has a positive hyperbolic
point at 0 and positive elliptic points at (0,±√ε). In the preceding proof,
however, we control the norm of the plane field relative to the minimal nor-
mal curvature of S during the perturbation, and this guarantees that the
perturbation really yields a single non-degenerate elliptic point. Such a per-
turbation might give us for instance Xε(x, y) = x ∂x + (y3 + εy) ∂y , which
has a positive elliptic point at 0 and no further singularities.

Below we intend to apply this lemma to a parametric family of contact
structures. Unfortunately, the Morse–Smale property is not generic for para-
metric families. For instance, in a 1–parametric family of foliations an at-
tracting and a repelling closed leaf can merge into a degenerate closed leaf
and then disappear. So in the parametric situation we need to modify the
final part of the above proof.

† Beware that our ‘northern’ and ‘southern’ hemispheres are not complementary unless
fS (q−) happens to be the antipodal point of fS (q+ ).
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In fact, it is essential that we need the parametric form of this lemma
for contact structures only, not for arbitrary 2–plane fields. Here is a simple
example how the parametric form of Lemma 4.7.18 may fail for general plane
fields.

Example 4.7.20 Take S = S2 ⊂ R3 and

ξt = ker
(
dz + t(x dy − y dx)

)
, t ∈ [−1, 1],

oriented by (dx∧dy)|ξt
(and cooriented by the defining 1–form). The induced

characteristic foliations have singular points at the north and south pole
q± = (0, 0,±1) of S2 . The vector field on S2 defining the characteristic
foliation S2

ξt
has positive divergence at q+ for t > 0, negative divergence for

t < 0, and zero divergence for t = 0. So there can be no small perturbation
to a family of plane fields all inducing a characteristic foliation with a non-
degenerate elliptic point.

The problem illustrated by this example lies with the notion of ‘sign’ of a
singular point. For an oriented plane field ξ tangent to an oriented surface
S at some point q ∈ S, we can speak of a positive or negative singularity
of Sξ , depending on whether the orientation of ξq does or does not coincide
with that of TqS. This sign does not change at q+ in our example. The
contact geometric definition of ‘sign’ given on page 166, however, requires
that we orient ξt for ±t > 0 by ±(dx∧ dy)|ξt

. Notice that the orientation of
R3 induced by the contact structures ξt , t �= 0, depends on the sign of t.

I now want to argue that Lemma 4.7.18 remains valid for parametric
families (ξt)t∈[0,1] of contact structures. The first issue to deal with is that
we would like the deformation to be rel {0, 1}. This we ensure below by
taking the Bi to be balls in Darboux charts for ξ0 and ξ1 . The standard
contact structure of a 3–dimensional Darboux chart is tight (see Corollary
6.5.10 below), and hence Proposition 4.6.28 precludes the existence of any
closed leaves in (∂Bi)ξ0 and (∂Bi)ξ1 . So these characteristic foliations are
already of the desired type. In order to avoid problems with the deformation
near t = 0 and t = 1, we reparametrise the family (ξt) in such a way that
it is constant in t near these boundary points of the parameter interval. We
may also assume without loss of generality that this family is smooth in t.

Next we consider the two singular points. Write q+
t for the positive sin-

gular point in Sξt
, and Xt for the vector field defining that characteristic

foliation. Then div(Xt)(q+
t ) > 0 for all t. The only way for q+

t to be de-
generate is that the linearisation of Xt at q+

t be of the form
(

λt 0
0 0

)
with

λt > 0. This can be perturbed to the non-degenerate family
(

λt 0
0 ε

)
with

ε > 0. This translates into a perturbation of (ξt) into a family (ξ′t) of con-
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tact structures inducing a characteristic foliation Sξ ′
t

with a non-degenerate
positive elliptic singularity at q+

t . Thanks to the considerations in the proof
of Lemma 4.7.18, we do not create any additional singularities, provided the
perturbation is sufficiently C∞–small.

We are now in a situation where the closed leaves of the Sξt
may only

accumulate away from the poles q±t . In order to show that we can prevent
such an accumulation by a further perturbation of the family (ξt), we study
the characteristic foliations Sξt

in terms of their holonomy map ht : [−1, 1] →
[−1, 1]. (Such a holonomy map can be defined because we have a transversal
to Sξt

.) A deformation of this family of holonomy maps ht translates into a
deformation of the ξt . Closed leaves of Sξt

correspond to fixed points of ht ;
these in turn correspond to zeros of the function x �→ gt(x) := ht(x)− x.

It is clear that we cannot avoid the occurrence of degenerate zeros of gt ,
corresponding to degenerate closed leaves.

Example 4.7.21 Consider the family of functions gt : [−1, 1] → R, t ∈ [0, 1],
given by

gt(x) = κ(x2 − 1) ·
(
1 + 8t

(
x2 − 1

4
))

,

with κ > 0 a constant chosen sufficiently small for the condition g′t ≥ −1 to
hold, so that the map x �→ ht(x) = gt(x)+x is a strictly monotone mapping
from the interval [−1, 1] to itself.

No matter how one interpolates between g0 and g1 (with fixed endpoints),
either one of these endpoints becomes a degenerate zero at some stage during
the interpolation, or one of the intermediate functions has a degenerate zero
at an interior local maximum of value 0.

For the example in hand, (x, t) = (0, 1/2) is the only point where both
gt(x) and g′t(x) vanish. In fact, g′′1/2(0) = −8κ �= 0, and this condition alone
is sufficient to guarantee that the degenerate zero of g1/2 at x = 0 is isolated.
In particular, each gt has but finitely many (here: two, three, or four) zeros.
Moreover, with the dot denoting the derivative with respect to t, we have
ġ1/2(0) = 2κ �= 0.

The so-called 1–prolongation of the map (x, t) �→ gt(x), associating with
each (t, x) the 1–jet of that map, is given by

j1g : [−1, 1] × [0, 1] −→ [−1, 1]× [0, 1]× R3

(x , t) �−→
(
x, t, gt(x), g′t(x), ġt(x)

)
.
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According to the jet transversality theorem† [132, Thm. 3.2.8], the map
(x, t) �→ gt(x) may be C∞–approximated by a map whose 1–prolongation is
transverse to the submanifold

L := [−1, 1]× [0, 1]× {0} × {0} × R ⊂ J1([−1, 1]× [0, 1], R).

We have

∂j1g

∂x
(x, t) =

(
1, 0, g′t(x), g′′t (x), ġ′t(x)

)
,

∂j1g

∂t
(x, t) =

(
0, 1, ġt(x), ġ′t(x), g̈t(x)

)
.

Thus, the condition for j1g to be transverse to L can be written as

g′t(x)ġ′t(x)− ġt(x)g′′t (x) �= 0

at points (x, t) where gt(x) = g′t(x) = 0. This is equivalent to saying that
both ġt(x) and g′′t (x) have to be non-zero at such points. This means that
degenerate zeros of gt(x) are not only isolated in terms of the variable x

(which is all we need for our application), but also in terms of the variable t.
So the simple Example 4.7.21 actually describes the generic situation.

4.7.5 Proof of the classification result

We are now ready to prove Theorem 4.7.2. As indicated previously, we only
want to prove injectivity of (i∆)# on the level of π0 . Recall the outline of
the argument in Section 4.7.2. Thus, let ξt ∈ Distr (M,∆), t ∈ [0, 1], be a
continuous family of plane fields, with ξ0 , ξ1 ∈ Ξot(M,∆). We need to find
a family ξ′′t ∈ Ξot(M,∆) with ξ′′0 = ξ0 , ξ′′1 = ξ1 .

First Step – Where we leave holes The plane fields ξt all coincide at the centre
of the disc ∆, and ξ0 , ξ1 coincide near ∆ by Theorem 2.5.22. This allows
us, by a first homotopy rel {0, 1} of the family (ξt), to assume that all ξt

actually coincide near ∆. Then we can find an embedded ball B0 ⊂ (M, ξt)
contactomorphic to the ball {(z/δ)2 + r2 ≤ (π + δ)2} in (R3 , ξot) for some
small δ > 0. In particular, the characteristic foliation (∂B0)ξt

is the foliation
F0 from Figure 4.35. We are going to write Bot for this ball (for some fixed δ)
and call it the standard overtwisted ball.

Because of the extension character of the result discussed on page 217, we
may proceed as follows:

† In [132] the jet transversality theorem is formulated for manifolds without boundary.
In our situation, the boundary of [−1, 1] × [0, 1] does not cause any problems, because
near it the transversality condition already holds by our previous considerations.
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– consider the ξt (for all t simultaneously) on small subsets of M con-
tained in a Darboux chart for each t;

– perturb them there to a family of plane fields satisfying the con-
tact condition in the neighbourhood of the 2–skeleton of an auxiliary
simplicial complex, relative to the subset of M where this contact
property had been achieved by a previous perturbation.

For these perturbations, we always work on a subset B of R3 , relative to
some subset A ⊂ B, and our simplicial complex is C∞. With the scaling
argument from the preceding section, Lemmata 4.7.17 and 4.7.18 (together
with the latter’s extension to families) allow us to conclude that there ex-
ist disjoint embedded 3–balls B1 , . . . , Bm in M \ B0 such that the family
(ξt)t∈[0,1], is homotopic rel {0, 1} to a family (ξ′t) with the following proper-
ties for all t ∈ [0, 1]:

• ξ′t coincides with ξt on B0 ,
• ξ′t is contact on M \ (B1 ∪ . . . ∪Bm ),
• the characteristic foliations Fi

t := (∂Bi)ξ ′
t

are almost horizontal for
i = 1, . . . ,m.

Then, by Proposition 4.6.28, the characteristic foliations (∂Bi)ξ0 and
(∂Bi)ξ1 , i = 1, . . . ,m, necessarily look as in Figure 2.2. By Theorem 4.10.1
below, this in fact implies that

• all the (Bi, ξ0) and (Bi, ξ1), i = 1, . . . ,m, are isomorphic to convex
balls in (R3 , ξst).

Remark 4.7.22 Strictly speaking, it is not necessary to invoke Theorem
4.10.1 at this point, and doing so may be regarded as attacking starlings
with rice puddings fired from catapults.† For the steps that follow it suffices
that the Bi , i = 1, . . . ,m, are contained in Darboux charts for ξ0 and ξ1 , for
we may then identify them with balls in the subset {r < π/2} of (R3 , ξot);
observe that this subset is contactomorphic to (R3 , ξst). Why it is helpful
that these balls can be represented in such a manner will shortly become
clear.

Second Step – Where we connect the holes Recall that our construction so
far guarantees that the characteristic foliation (∂B0)ξ ′

t
coincides with F0 for

all t ∈ [0, 1].

† This expression, which I owe to Charles Thomas, originates from [180]. It is closer in
spirit to the German ‘Mit Kanonen auf Spatzen schießen’ than idiomatic equivalents of
that German phrase like ‘to crack nuts with a sledgehammer’ or ‘to break butterflies
on a wheel’.
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Lemma 4.7.23 There exists a family of embedded closed 3–balls Bt ⊂ M ,
t ∈ [0, 1], such that for all t we have

• Bt ⊃ B0 ∪B1 ∪ · · · ∪Bm ,
• the characteristic foliation (∂Bt)ξ ′

t
is homeomorphic to the connected

sum F0#F1
t # . . . #Fm

t ,
• the balls (B0 , ξ0) and (B1 , ξ1) are contactomorphic to the standard

overtwisted ball Bot.

Proof Lemma 3.3.3 allows us to connect the north pole of Bi−1 with the
south pole of Bi , i = 1, . . . , m, by a path γi

t (in the complement of the balls)
transverse to ξ′t , with γi

t disjoint from γj
t for i �= j. By Example 2.5.16,

the characteristic foliation on the boundary of a thin tubular neighbour-
hood around these transverse paths consists of spirals. Thus, if we form the
boundary connected sum B0#bB1#b . . . #bBm using these tubes, we obtain
an embedded ball Bt with a characteristic foliation (∂Bt)ξ ′

t
as described.

The final statement follows from the fact that the (Bi, ξ0) and (Bi, ξ1),
i = 1, . . . , m, are standard tight balls (see the next remark).

Remark 4.7.24 In that last argument, we use the following observation:
given some contact structure ξ on a 3–ball B, the boundary connected sum
with a standard ball Bst (in the notation of Remark 2.5.2), using a tube
between two poles as described, yields a ball contactomorphic to (B, ξ).
That this is indeed the case can be deduced from Theorem 4.10.1. But
again there is a simple way to avoid having to quote that deep theorem. All
that is really needed in the third step below is that (B0 , ξ0) and (B1 , ξ1)
can be realised in (R3 , ξot) by taking the connected sum of Bot with disjoint
balls contained in the subset {r < π/2} of R3 , and it is easily seen that such
a realisation is possible.

Notice that the foliation Ft := F1
t # . . . #Fm

t , as a connected sum of almost
horizontal foliations, is again almost horizontal.

Third Step – Where we fill the hole As is transparent from Figure 4.39, the
foliations F0#Ft , t ∈ [0, 1], can be realised (up to homeomorphism) as the
characteristic foliations induced by ξot on a continuous family of surfaces of
revolution St in R3 .

Figure 4.40 shows the characteristic foliation on the particular surface of
revolution in Figure 4.39.

The contact structure ξot on R3 defines the extension of the germ of ξot

near St to a contact structure on the ball in R3 bounded by St . By Lemma
4.7.13, this implies that the germ of ξ′t near ∂Bt extends to a contact struc-



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

228 Contact structures on 3–manifolds
z

rπ

Fig. 4.39. Realising F
0#Ft on a surface of revolution St in (R3 , ξot ).

Fig. 4.40. The characteristic foliation on St corresponding to Figure 4.39.

ture on Bt . We call (ξ′′t )t∈[0,1], the resulting family of contact structures
on M .

By the third point of Lemma 4.7.23 (or by Remark 4.7.24 if you prefer not
to invoke Theorem 4.10.1), one can ensure that for t = 0, 1 this extension
gives us the original contact structures ξ0 , ξ1 .
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This concludes the proof of Theorem 4.7.2 on the level of π0 .

Remarks 4.7.25 (1) Tangent 2–plane fields on the 3–ball, fixed along the
boundary, are classified by the Hopf invariant, see Section 4.2.3. Since the
contact structure ξ′′t coincides with ξt on Bt for t = 0, 1, and the extensions
ξ′′t |Bt

are continuous in t by construction, it follows that the resulting path
(ξ′′t )t∈[0,1] of contact structures from ξ0 to ξ1 is actually homotopic rel {0, 1}
to the original path (ξt)t∈[0,1] .

(2) In order to prove Theorem 4.7.2 in full generality, one needs to replace
the parameter space pair

(
[0, 1], {0, 1}

)
by (Sk , ∅) for surjectivity on πk ,

and by (Dk+1 , Sk ) for injectivity on πk . The proof above carries through
unchanged. In the discussion at the end of Section 4.7.4, one needs to work
with jets whose order equals the dimension of the parameter space.

4.8 Convex surface theory

Recall from Section 4.6.2 that a convex surface S in (M, ξ) is a surface
admitting a transverse contact vector field. We take up the notation from
Section 4.6. Most of the results of the present section are from Giroux’s
thesis [104]. The class notes of Etnyre [84], which delve much deeper into
convex surface theory, were an invaluable guide in the preparation of the
present section.

I shall discuss convex surface theory for closed surfaces only. This is
good enough for some simple applications, like a criterion for overtwistedness
(Prop. 4.8.13) or the result, alluded to earlier, that homeomorphic charac-
teristic foliations on two surfaces can be made diffeomorphic by a suitable
perturbation of one of the surfaces (Prop. 4.8.14). I also present a simple al-
ternative proof of Theorem 4.6.30. For an alternative proof of the Bennequin
inequalities, or in order really to be useful for classification questions of tight
contact structures, one needs to develop convex surface theory for surfaces
with Legendrian boundary. I hope that readers who have persevered thus
far will be well prepared to approach the notes by Etnyre [84] and thence
the sources where that theory was initiated, like Honda’s paper [137]. A
good survey on the use of convex surface theory for the classification of tight
contact structures is the one by Ghiggini and Schönenberger [102].

It will turn out that all the pertinent information about a given convex
surface is contained in the set we define next.

Definition 4.8.1 The dividing set ΓS of a convex surface S ⊂ (M, ξ)
(corresponding to a given contact vector field Y ) is the set of points p ∈ S

where Y is tangent to ξ.
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Example 4.8.2 The dividing set of the convex surface S2 ⊂ (R3 , ξ2) from
Example 4.6.18 is the equator {z = 0}, because (in the notation of that
example) α2(Y ) = 2z.

Thus, in the contactomorphic identification of a neighbourhood of S in
(M, ξ) with (S × R, ker(β + u dz)) as in Section 4.6.2, we have

ΓS = {p ∈ S : u(p) = 0}.

By the contact condition (4.8) we have du �= 0 along the zero set ΓS of u, so
the dividing set is a 1–dimensional submanifold of S, i.e. a collection of em-
bedded circles (remember that we assume S to be closed in this discussion).
Moreover, this dividing set turns out to be transverse to the characteristic
foliation, in particular it does not meet the singularities of Sξ . For otherwise
there would be a point p ∈ ΓS = u−1(0) where the tangent line TpΓS is
contained in the kernel of β (either because we are at a singular point of Sξ ,
where β = 0, or because TpΓS coincides with TpSξ = ker β). For any vector
v ∈ TpΓS we would then have

iv(u dβ + β ∧ du) = 0,

contradicting the contact condition (4.8).
That contact condition also implies that ΓS is non-empty, for otherwise

we could write the contact structure as β/u+dz = 0, and by condition (4.8)
we would obtain the exact area form d(β/u) on the closed surface S.

Define

S± = {p ∈ S : ± u(p) > 0},

so that S\ΓS = S+�S−. Observe that on the two open (not necessarily con-
nected) sets S±×R we may write the contact structure ξ more conveniently
as the kernel of the 1–form β/|u| ± dz.

For the moment we write β for this 1–form β/|u|, bearing in mind that
it is only defined on S \ ΓS . The contact condition (4.8) on (S \ ΓS ) × R

simplifies further to

±dβ > 0 on S±.

In particular, we may take ±dβ as area form Ω0 on S±. With respect to this
area form, the vector field X from Equation (4.4) defining the characteristic
foliation satisfies d(iX Ω0) = dβ = ±Ω0, that is, divΩ0 (X) = ±1 on S±.

We may therefore find a smooth vector field X on all of S that defines
the characteristic foliation Sξ , points out of S+ and into S− along ΓS , and
satisfies divΩ0 (X) = ±1 on S± away from a small neighbourhood of ΓS .

We claim that there is in fact an area form Ω on the whole of S such
that the vector field X satisfies ±divΩ(X) > 0 on S± (and, by continuity,
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divΩ(X) = 0 along ΓS ). In general, of course, X and this new Ω will no
longer be related by Equation (4.4).

Consider a component of ΓS . Use the flow of X to identify a tubular neigh-
bourhood of this component with an annulus A = S1 × [−ε, ε], where the
component of ΓS is identified with S1 × {0}, and the transverse parametri-
sation is chosen such that A∩S+ = S1×(0, ε]. We write s for the parameter
in (−ε, ε). Our choices entail that X = −∂s on A. Write θ for the S1–
coordinate, oriented in such a way that the area form dθ ∧ ds defines the
same orientation as Ω0 on A∩ (S \ ΓS ). Moreover, we may assume that the
annulus A has been chosen so wide that X has divergence ±1 with respect
to Ω0 near S1 × {±ε}.

On A we may easily write down an area form ΩA = f(s) dθ∧ ds such that
±divΩA

(X) > 0 on A ∩ S±. Indeed, one computes

divΩA
(−∂s) = −f ′

f
,

so we simply have to choose a positive function f(s) that is strictly increasing
on [−ε, 0) and strictly decreasing on (0, ε].

We can patch the area forms Ω0 and ΩA together to an area form Ω on
all of S such that Ω = ΩA on S × (−ε/3, ε/3), and such that X satisfies
the divergence condition outside compact annuli of the form A− = S1 ×
[−2ε/3,−ε/3] and A+ = S1 × [ε/3, 2ε/3], say. If we change the area form
Ω to gΩ, where g is some smooth function S → R+, the divergence of X

becomes

divgΩ(X) =
X(g)

g
+ divΩ(X); (4.21)

the computation is analogous to that which lead to Equation (4.11).
Since the flow of X goes from one boundary component of A± to the other,

and |divΩ(X)| is bounded on these annuli, one can solve the differential
inequality

±
(X(g)

g
+ divΩ(X)

)
> 0 on A±

by having g increase (respectively, decrease) fast enough along the flow lines
of X = −∂s on A+ (respectively, A−). We may assume that g is a smooth
function on all of S, with g ≡ 1 outside the annuli A and g identically equal
to some large constant K on the annuli S1 × (−ε/3, ε/3). Since there X

satisfied the divergence condition with respect to Ω = ΩA , it will also do so
with respect to gΩ = KΩA .

These properties of the dividing set motivate the following definition.
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Definition 4.8.3 Let F be a singular 1–dimensional foliation on a closed
surface S. A collection Γ of embedded circles is said to divide F if the
following conditions hold.

(i) Γ is transverse to F; in particular, it does not meet the singularities
of F.

(ii) There is an area form Ω on S and a vector field X defining F such
that

• LX Ω �= 0 on S \ Γ, and
• with S± := {p ∈ S : ±divΩ(X) > 0}, so that S \Γ = S+ �S−, the

vector field X points out of S+ along Γ.

Our discussion above implies that this is a sensible definition, at least
linguistically: the dividing set ΓS of a convex surface S divides the charac-
teristic foliation Sξ on that surface. We shall see presently that the converse
holds true: if the characteristic foliation Sξ is divided by a collection Γ of
embedded circles, then S is a convex surface.

Examples 4.8.4 (1) The characteristic foliation on S2 ⊂ (R3 , ξ2) from
Example 2.5.19 is divided by the equator {z = 0}. Indeed, we may take the
vector field

X = (xz − y) ∂x + (yz + x) ∂y − (x2 + y2) ∂z

from that example and the area form

Ω = x dy ∧ dz + y dz ∧ dx + z dx ∧ dy

on S2 . Then, computing in R3 ,

d(iX Ω) = y dy ∧ dz − x dz ∧ dx + 2 dx ∧ dy.

Hence

(x dx + y dy + z dz) ∧ d(iX Ω) = 2z dx ∧ dy ∧ dz,

which implies that on S2 we have divΩ(X) positive (respectively, negative) on
the upper (respectively, lower) hemisphere, i.e. with S± := {±z > 0} ⊂ S2

the conditions of the foregoing definition are satisfied.
(2) Consider M = T 2 × R with circle-valued coordinates ϕ, θ on the T 2–

factor, and with z denoting the R–coordinate. Let ξ be the contact structure
ker(dθ + z dϕ) on M . Let S ⊂ M be the 2–torus T 2 × {0}. Then Sξ is the
linear foliation represented by the vector field X = ∂ϕ on S. Clearly, there
can be no collection of circles that divides this non-singular foliation. This
entails that S cannot be convex, which can be seen directly as follows.

Take Ω = dϕ ∧ dθ as area form on S, and set β = iX Ω = dθ. This β is
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simply the restriction of the contact form dθ + z dϕ to TS. Then dβ = 0, so
if S were a convex surface, then by the contact condition (4.8) we would find
a function u : S → R with β ∧ du > 0 (i.e. a positive multiple of Ω). This
translates into the condition du(X) < 0, that is, u would have to decrease
along the flow lines of X. This is clearly impossible. This line of reasoning
is completely analogous to Example 4.6.21. In Example 4.8.10 below we
exhibit explicit deformations of S into a convex surface.

(3) The characteristic foliation Sξi
, i = 1, 2, in Example 4.6.15 is divided

by the set

Γi := {(x, y) ∈ T 2 : divΩ(Xi)(x, y) = 0}.

This follows from the fact that divΩ(Xi) is strictly monotone along the flow
lines of Xi , which can be verified by an explicit calculation. From the signs of
the singular points we conclude that Γ1 consists of a pair of embedded circles
in the homotopy class of the circle {x = const.}, whereas Γ2 is given by a
homotopically trivial embedded circle around the positive elliptic point E+.
For Γ1 this can also be seen easily from its defining equation 2 cos(πx) −
cos(πy) = 0.

(4) Let ξ = ker α be a contact structure supported by an open book
decomposition (B, p) on a 3–manifold M (Defn. 4.4.7). Set

S = p−1(0) ∪B p−1(π);

this is a smoothly embedded surface in M , and the closures of the two
components of M \ S are handlebodies,† i.e. S defines a Heegaard splitting
of M . Choose an area form Ω on S that defines the same orientation as dα

on p−1(0), and the opposite one on p−1(π). The characteristic foliation Sξ

is defined by the vector field X on S with iX Ω = α|T S . I claim that Sξ is
divided by Γ := B.

Condition (ii) of Definition 4.4.7 says that α|T B �= 0. The defining equa-
tion for X then implies that X is non-zero along B, and because of α(X) = 0
it must be transverse to B. This is condition (i) of Definition 4.8.3. More-
over, we have LX Ω = d(iX Ω) = (dα)|T S , which is non-zero on S \ B by
condition (i) of Definition 4.4.7. By our choice of Ω, we have S+ = p−1(0)
and S− = p−1(π), with S± as in Definition 4.8.3. Thus, condition (ii) of
that definition is also satisfied.

With the next theorem, this last example shows that any contact structure

† For instance, one can describe a Morse function on either component of M \S with one
critical point of index 0 and all other critical points of index 1: start with such a function
on a page of the open book, and add the quadratic term (ϕ − π/2)2 or (ϕ − 3π/2)2 ,
respectively, with ϕ as in the definition of an abstract open book in Section 4.4.2.
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supported by an open book decomposition gives rise to a Heegaard splitting
of the 3–manifold along a convex surface.

Theorem 4.8.5 (a) A closed, oriented surface S in a 3–dimensional contact
manifold (M, ξ) is convex if and only if the characteristic foliation Sξ is
divided by a collection Γ of embedded circles on S.

(b) The dividing set of a convex surface as in (a) is determined by the
characteristic foliation Sξ , up to an isotopy via curves transverse to Sξ .

Proof (a) One half of this statement has been proved in the preceding
discussion: if S is convex, then Sξ is divided by the dividing set ΓS .

For the converse, assume that Sξ is divided by some set Γ. We need to show
that S is convex. Let Ω and X be the area form and vector field, respectively,
from Definition 4.8.3. Set β = iX Ω and consider the R–invariant 1–form
α = β + u dz on a neighbourhood S × R of S ≡ S × {0} in M , with u a
smooth function on S, and with z denoting the R–coordinate. The singular
foliation induced by α on S is precisely Sξ . The condition for α to be a
contact form is, as in Equation (4.10),

u divΩ(X)−X(u) > 0.

On S± (in the notation of Definition 4.8.3), this condition will be satisfied
for u ≡ ±1.

Now use the flow of X to identify a neighbourhood A of Γ in S, made
up of a disjoint collection of annuli, with Γ × [−ε, ε], such that Γ becomes
identified with Γ× {0}. As before, the parameter s ∈ [−ε, ε] is chosen such
that X = −∂s , so that the sign of s accords with the sign in S±.

Write points in A = Γ× [−ε, ε] in the form (p, s). Now set

h(p, s) = exp
(
−
∫ s

0
divΩ(X)(p, t) dt

)
and make the ansatz

u(p, s) = g(p, s) · h(p, s).

Then, observing that X(u) = −∂u/∂s, we find

u divΩ(X)−X(u) =
∂g

∂s
h(p, s).

Therefore, α will be a contact form, coinciding away from Γ with β ± dz,
if we choose g to satisfy{

∂g/∂s > 0,

g(p, s) = ±1/h(p, s) near s = ±ε.
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Such a smooth function g(p, s) can indeed be found.†
We have thus constructed an R–invariant contact structure kerα on S×R,

so S is a convex surface with respect to this new contact structure. Moreover,
since ker α induces the given characteristic foliation Sξ , the germs of ker α

and ξ near S coincide by Theorem 2.5.22. This means that S is also a convex
surface for ξ. We may additionally assume that g(p, 0) = 0. Then Γ will
actually be the dividing set of Sξ .

(b) Given two contact vector fields Y0 , Y1 defined near and transverse to
S ⊂ (M, ξ), our aim is to show that the dividing sets

Γi := {p ∈ S : Yi(p) ∈ ξp}

are isotopic via curves transverse to Sξ . As in the proof of Lemma 4.6.19
we may assume that the vector fields Y0 , Y1 are compactly supported near
S, so that we may use their respective flows to identify a neighbourhood
of S (in two different ways) with S × R. Under these identifications, the
contact structure ξ gives us two vertically invariant contact structures ξ0 , ξ1

on S × R, both inducing the characteristic foliation Sξ on S ≡ S × {0}.
We may write ξi = ker(β+ui dz). Then Γi is the zero set of the function ui .

The contact condition (4.8), for fixed β, is convex in u, so we have the linear
interpolation of vertically invariant contact forms β + ((1 − t)u0 + tu1) dz,
t ∈ [0, 1], on S × R. The proof of Theorem 2.5.22, applied to this family of
contact forms, gives us an R–equivariant isotopy ψt = ϕt × idR. Hence, the
isotopy ϕt : S → S moves the zero set Γ0 of u0 to the zero set Γ1 of u1 , via
the dividing sets of Sξ given by the zero set of (1− t)u0 + tu1 , t ∈ [0, 1], all
of which constitute collections of curves transverse to Sξ by the discussion
after Definition 4.8.1.

The contact condition from Equation (4.10) for an R–invariant 1–form
β + u dz can be used to exclude certain foliations as characteristic foliations
of convex surfaces.

Example 4.8.6 If there is a flow line of X (as in Definition 4.6.1) in Sξ

from a negative to a positive singularity (both of which would have to be
hyperbolic), then S cannot be convex. This is seen as follows. Arguing by
contradiction, assume that S were convex, so that we could write ξ (near S)
as ker(β +u dz). At the negative (respectively, positive) singularity, u would

† For a fixed parameter p, this is very easy. To get smoothness in p, one needs a ‘canonical’
way of interpolating between the two functions ±1/h(p, s). This is tedious, but not
difficult. For instance, choose a linear interpolation, and then smooth this continuous
function. Since p varies in a compact parameter space, this can be done such that the
resulting function is strictly monotone in s.
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have to be negative (respectively, positive). So there would be a point along
the flow line where u = 0 and X(u) > 0, contradicting Equation (4.10).

The situation in this example is ruled out by the condition that Sξ be of
Morse–Smale type (Defn. 4.6.8). The Morse–Smale condition turns out to
be sufficient for convexity.

Proposition 4.8.7 If Sξ is of Morse–Smale type, then S is convex.

Proof By the preceding theorem it suffices to show that Sξ admits dividing
curves. We retain the vector field X defining Sξ , but we are going to adjust
the area form Ω on S.

Let S0
± ⊂ S be submanifolds with boundary made up of discs around the

elliptic points (of the corresponding sign) of Sξ , annuli around the repelling
or attracting periodic orbits, respectively, and bands around the stable or
unstable separatrices of the positive or negative hyperbolic points, respec-
tively. We may assume that S0

+ ∩ S0
− = ∅ and that X is transverse to the

boundary of S0
±, see Figure 4.41.

S0
−

−

+

S0
+

Fig. 4.41. The sets S0
±.

Equation (4.21) shows that the divergence at the singular points will not
change if we rescale the area form to gΩ, with g : S → R+. That same
equation shows that we may achieve divgΩ(X) > 0 on S0

+ by having g grow
fast enough along the flow lines of X (and equal to some constant near each
singular point). Likewise, we can ensure that divgΩ(X) < 0 on S0

−.
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On A := S\(S0
+∪S0

−) the characteristic foliation is non-singular, transverse
to the boundary, and without closed leaves. Hence A is a collection of annuli,
and we may choose g there as in the construction on page 231. Then the
spines of these annuli divide Sξ .

Consequently, Proposition 4.6.11 can be rephrased in terms of convexity.

Proposition 4.8.8 Let S be a closed, orientable surface in a contact 3–
manifold (M, ξ = ker α). Then there is a surface S′ isotopic and C∞–close
to S such that S′ is a convex surface for ξ.

Remark 4.8.9 The preceding proof does not require the full Morse–Smale
property. The argument fails if there is a so-called retrograde saddle–
saddle connection,† i.e. if the unstable separatrix of a negative hyper-
bolic point H− coincides with the stable separatrix of a positive hyperbolic
point H+, so that there is a flow line from H− to H+. On the other hand,
trajectories between hyperbolic points of the same sign or from a positive to
a negative hyperbolic point do not invalidate the argument.

Example 4.8.10 We take another look at the non-convex surface S from
Example 4.8.4 (2). The surface S′ := {z = ε sin θ} is isotopic and, for
small ε, C∞–close to S. Since S′ is a graph over S, we may continue to
use the coordinates ϕ, θ and the area form Ω = dϕ ∧ dθ on S′. Then the
characteristic foliation S′

ξ is given by the vector field X = ∂ϕ − ε sin θ ∂θ ,
see Figure 4.42 (left), and divΩ(X) = −ε cos θ. It follows that S′

ξ is divided
by the set Γ consisting of the two circles {θ = π/2} and {θ = 3π/2}. In
particular, S′ is a convex surface.

θ = 0

θ = π

θ = 2π

Fig. 4.42. Two characteristic foliations with the same dividing set.

The foliation F in Figure 4.42 (right) is given by a vector field of the form

† In the words of Claudius, retrograde saddle–saddle connections are ‘most retrograde to
our desire.’ [220]
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X = − sin θ(q ∂ϕ +p ∂θ ) with p a positive and q a non-negative integer. This
foliation has singularities along the two circles {θ = 0} and {θ = π} parallel
to the dividing curves. The divergence of X is divΩ(X) = −p cos θ, so this
second foliation F is also divided by Γ. The slope p/q of the Legendrian
leaves of F (one may likewise realise irrational slopes) can take any value
different from 0, the slope of the dividing curves.

This F, too, can be realised as the characteristic foliation on a suitably
perturbed copy S′ of S. Such a perturbation can be written down fairly
explicitly, or see the following theorem.

The next theorem, read in conjunction with Theorem 2.5.22, gives a first
glimpse of the power of convex surface theory. It asserts, in essence, that all
the crucial information about the contact structure in a neighbourhood of
a convex surface S is inherent in the dividing set ΓS rather than a specific
characteristic foliation.

Theorem 4.8.11 Let S be a (closed, oriented) convex surface in a contact
3–manifold (M, ξ). Let F be a singular 1–dimensional foliation on S divided
by the dividing set ΓS of the characteristic foliation Sξ , and let N (S) be
any neighbourhood of S in M . Then there is an isotopy ψt : S → N (S),
t ∈ [0, 1], of embeddings with the following properties.

(i) ψ0 is the inclusion S ⊂M .
(ii) ψt(S) is a convex surface with dividing set ψt(ΓS ) for all t ∈ [0, 1].
(iii) The characteristic foliation (ψ1(S))ξ coincides with ψ1(F).

Proof By Lemma 4.6.19 (and the discussion about R–invariant contact forms
following it) we may identify a neighbourhood of S in (M, ξ) contactomor-
phically with S × R, equipped with a vertically invariant contact structure
ξ0 = ker α0 , with α0 = β0 + u0 dz. Here S ≡ S × {0}, and β0 , u0 are a
differential 1–form and smooth function, respectively, on S. Moreover, we
may assume α0 to be of the type described in the proof of Theorem 4.8.5.

Thus, as in the proof of that theorem we choose a collection A of closed
annuli around the dividing curves in such a way that the flow lines of both Sξ0

and F foliate each annulus by line segments from one boundary component
to the other (and transverse to the boundary).

By that same proof, we may assume that we have an area form Ω on S

and a vector field X0 defining Sξ0 such that α0 = iX 0 Ω+u0 dz with u0 ≡ ±1
on S± \ Int (A) and ±divΩ(X0) > 0 on S±. As pointed out there, we may
impose the additional condition that u0 = 0 precisely along ΓS , so that ΓS

still accords with Definition 4.8.1.
Since F is also divided by ΓS , we may assume that F is defined by a vector
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field X ′
1 with ±divgΩ(X ′

1) > 0 on S± for some smooth function g : S → R+.
By comparing Equations (4.11) and (4.21) we see that

g divgΩ(X) = divΩ(gX).

So with X1 := gX ′
1 we have in fact ±divΩ(X1) > 0 on S±. We may assume

that the annuli A around ΓS have been chosen so small that the flow lines of
the vector fields Xt := (1−t)X0 +tX1 , t ∈ [0, 1], foliate A in the same way as
those of X0 and X1 . These vector fields will likewise satisfy the divergence
condition ±divΩ(Xt) > 0 on S±.

Notice that in the proof of Theorem 4.8.5 we used just this divergence
condition in order to find a contact structure inducing the given singular
foliation; only at the last step did we appeal to Giroux’s theorem (Thm.
2.5.22) and the fact that we had started with the characteristic foliation
induced by a contact structure to conclude that our construction realises
the germ of the given contact structure. Therefore, we can find a whole
family of R–invariant contact forms αt = iXt

Ω + ut dz, t ∈ [0, 1], with ut

satisfying the same constraints as u0 . With ξt := ker αt we have F = Sξ1 .
In particular, we may ensure that ut = 0 precisely along ΓS , so that this

is the dividing set for each contact structure in this 1–parametric family.
Now apply the Moser trick from the proof of Theorem 2.2.2 to this family of
contact forms. Since each member of this family is R–invariant, so will be the
time-dependent vector field Yt defining the isotopy ψt with Tψt(ξt) = ξ0 .†
This means that LYt

∂z = [Yt, ∂z ] = 0, so Tψt(∂z ) = ∂z .
This last condition implies that ψt(S) is transverse to ∂z for all t ∈ [0, 1],

and hence a convex surface. From Tψt(ξt) = ξ0 we have that (ψt(S))ξ0 =
ψt(Sξt

), which gives (iii). Finally, the dividing set of ψt(S) consists of points
ψt(p) where ∂z is contained in ξ0 , which is equivalent to p ∈ S being a point
where ∂z is contained in ξt , i.e. a point p in the dividing set ΓS of Sξt

; this
is statement (ii). Condition (i) is obviously satisfied.

Remark 4.8.12 By wiggling F a little, we may assume that X0 = X1

along ΓS , so that Xt does not depend on t along the dividing set. By
construction, the same can then be said about ut . Consequently, α̇t = 0
along that set. In this case, by Remark 2.2.3, the isotopy ψt is stationary
on the dividing set.

We end this chapter with a couple of simple applications of the rudiments
of convex surface theory that we have just developed. The first is the easy
part of Giroux’s criterion for deciding whether a contact structure is tight
near a convex surface.

† This would be ψ−1
t in the notation of the Gray stability theorem.
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Proposition 4.8.13 Let S be a (closed, connected, oriented) convex surface
in a contact 3–manifold (M, ξ). If the dividing set ΓS contains a circle γ

contractible in S, then any vertically invariant neighbourhood of S in (M, ξ)
is overtwisted, unless S = S2 and ΓS is connected.

Proof We may assume that γ has been chosen in such a way that it bounds
a disc ∆ ⊂ S not containing other components of ΓS . We consider the case
Int (∆) ⊂ S−; for Int (∆) ⊂ S+ the argument is analogous.

In order to show that ξ is overtwisted in any vertically invariant neigh-
bourhood of S, by Theorem 4.8.11 it suffices to find a singular foliation F

on S that is divided by ΓS and contains a circle γ0 (without any singular
points) bounding a disc ∆0 in S.

We first want to find such a foliation F in the case that ΓS contains
other components besides γ. Let γ0 , γ+ be parallel copies of γ in S+, see
Figure 4.43. Our assumption implies that the component of S\ΓS containing
γ+ has other boundary components apart from γ, along all of which Sξ flows
out transversely. Let S0 be essentially this component, but with the annulus
between γ and γ+ removed, so that γ+ is a boundary component of S0 .

On that annulus between γ and γ+, define F as shown. In particular, γ0

is supposed to be a closed leaf of F. On the disc ∆0 bounded by γ0 we can
choose F in such a way that it is divided by γ, say with a single negative
elliptic point in the interior of ∆.

On S0 we want F to be defined by a vector field of positive divergence,
flowing in transversely along γ+, and out along all other boundary compo-
nents. Such a foliation can be constructed as the gradient flow of the ‘height’
function z on a copy of S0† in R3 , with γ+ at the level z = 0, say, and the
other boundary components at the level z = 1, and S0 ⊂ R3 ‘expanding’
sufficiently as z increases. In particular, F may be arranged to have only
positive hyperbolic points as singularities. Near the boundary components
of S0 at z = 1 and everywhere else on S we may take F to coincide with Sξ .
This concludes the construction of F in the case of ΓS being disconnected.

If S = S2 and ΓS is connected, then by Theorem 4.8.11 we may assume
that the characteristic foliation Sξ is the one from Example 4.8.4 (1). By
Theorem 2.5.22, a neighbourhood of S in (M, ξ) looks like a neighbourhood
of S2 in the standard tight contact structure ξ2 on R3 .

If S �= S2 and ΓS is connected, we want to show that S can be deformed
inside a vertically invariant neighbourhood to a convex surface S′ whose
dividing set contains an additional circle. Then we conclude as before that ξ

is overtwisted in a neighbourhood of S′, and hence in a neighbourhood of S.

† The embedding S0 ⊂ R3 can be chosen in such a way that the gradient flow is of
Morse–Smale type.
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∆ ∆

γ γ γ0 γ+

Fig. 4.43. The foliations Sξ (left) and F (right).

To do so, choose a non-separating embedded circle γ0 ⊂ S not intersect-
ing γ (this is where we use S �= S2). As in the first part of the argument
we find a singular foliation F that has γ0 as a repelling closed leaf. The role
of S0 is taken by the complement of Int (∆) with an open annulus around
γ0 removed. Since γ0 is non-separating, S0 will be connected. The singular
foliation F will be required to flow out of S0 along γ, and into S0 along the
two boundary components coming from γ0 .

By Theorem 2.5.22 we may identify a neighbourhood of γ0 in (M, ξ) with
S1×(−ε, ε)×R with contact structure ker(dz−s dθ+ds). Here θ, s, z are the
coordinates in S1 , (−ε, ε), R, respectively; γ0 is identified with S1×{0}×{0},
and a neighbourhood of γ0 in S with S1 × (−ε, ε).

Now deform S to the surface S′ as shown in Figure 4.44. (In the lower
half of that figure, the vertical direction corresponds to the θ–coordinate,
with the top and bottom of the rectangles identified.) One can verify by an
explicit calculation that the characteristic foliation on S′ has three parallel
closed leaves, and a pair of dividing curves between these leaves.

Theorem 4.8.11 greatly enhances the value of Theorem 2.5.22 about the
characteristic foliation on a surface determining the germ of the contact
structure near that surface. As emphasised earlier, this latter theorem re-
quires the characteristic foliation to be known up to diffeomorphism. A
simple picture of a given characteristic foliation, however, will only deter-
mine it up to homeomorphism. Often one can appeal to Theorem 4.8.11 by
exhibiting a dividing set. Nonetheless, the following folklore result can be
very useful for working directly with characteristic foliations. Ideas for prov-
ing it can be extracted from [64]; here I present a proof via convex surface
theory.

Proposition 4.8.14 Let ji : S → (Mi, ξi), i = 0, 1, be two embeddings of a
(closed, connected, oriented) surface S into 3–dimensional contact manifolds
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z z
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S S′

Fig. 4.44. Creating additional dividing curves.

such that the characteristic foliations (ji(S))ξi
are of Morse–Smale type and

homeomorphic (as oriented singular foliations) via an orientation-preserving
homeomorphism that respects the signs of the singular points (this is an extra
condition for the hyperbolic points only). Then there is an embedding j′1 , C0–
close to j1 , such that (j0(S))ξ0 and (j′1(S))ξ1 are diffeomorphic.

Proof We regard the given homeomorphism as a map h : S → S, and we
interpret Fi := (ji(S))ξi

, i = 0, 1, as singular foliations on S. Since every
element in the mapping class group of S has a smooth representative, we can
write h as the composition of a diffeomorphism with a homeomorphism iso-
topic† to the identity and fixing the singular points. Therefore, without loss
of generality, we may assume that h is a homeomorphism of that restricted
type.

Construct a dividing set Γ0 for F0 as in the proof of Proposition 4.8.7.
Qualitatively, the circles in the set h(Γ0) will look, relative to F1 , exactly as
those in Γ0 relative to F0 . That is, there are annulus-shaped regions in S,
with the flow lines of F1 going from one boundary component to the other,
each intersecting a corresponding circle of the set h(Γ0) in a single point.
Since h is only a homeomorphism, these intersections may fail to be trans-

† Recall that an isotopy of homeomorphisms is a homotopy ht , t ∈ [0, 1], such that each ht

is a homeomorphism. By a smooth isotopy we mean that each ht is a diffeomorphism,
and that the family (ht ) depends smoothly on t.
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verse, but one can isotope h(Γ0) (inside these annuli and via circles having
the same intersection property) to a set Γ1 of smooth circles transversely
intersecting the flow lines of F1 , so that Γ1 is a dividing set for F1 .

Since h was assumed to be isotopic to the identity, the collection Γ1 of
circles is homotopic to Γ0. By the proof of Baer’s theorem [225, Thm. 6.2.5],†
there is a smooth isotopy of S that moves Γ0 to Γ1.

Hence, after changing F1 by a diffeomorphism, it can be assumed to have
the same dividing set as F0 . Now apply Theorem 4.8.11.

Finally, we use convex surface theory to give a simple alternative proof of
the theorem on genus bounds in tight contact 3–manifolds.

Alternative proof of Theorem 4.6.30 After an isotopy we may assume (by
Proposition 4.8.8) that S is convex. Write S \ΓS = S+ �S− as before. Since
the circle has zero Euler characteristic, we have

χ(S) = χ(S+) + χ(S−).

All the positive or negative singularities of Sξ are contained in S+ or S−,
respectively, and Sξ is transverse to the boundary of these sets. Hence, with
an argument as in the proof of Proposition 4.6.14, we find

〈e(ξ), [S]〉 = χ(S+)− χ(S−).

If S = S2 , then tightness of ξ implies by Proposition 4.8.13 that both S+

and S− consist of a single disc, so that 〈e(ξ), [S]〉 = 0.
If S is a surface of higher genus, then again thanks to Proposition 4.8.13

we know that no component of S+ or S− is a disc. Thus, each of these
components is homeomorphic to a 2–sphere with at least two discs removed,
or a surface of higher genus with at least one disc removed. It follows that
χ(S±) ≤ 0. Then

〈e(ξ), [S]〉+ χ(S) = 2χ(S+) ≤ 0

and

−〈e(ξ), [S]〉+ χ(S) = 2χ(S−) ≤ 0.

This gives the inequality as stated in the theorem.

† Baer’s theorem asserts that homotopic simple closed curves on an orientable surface
are isotopic; the proof in [225] gives a smooth isotopy if we started with smooth curves.
By the usual isotopy extension theorem from differential topology, this extends to a
smooth isotopy of S .
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4.9 Tomography

The key to the classification of tight contact structures on a host of closed
3–manifolds is an understanding of contact structures on product manifolds
S × [−1, 1], with S a closed, oriented surface.† There are two quite distinct
approaches to this problem, albeit both based on convex surface theory.
The first one is due to Giroux [105], where the key word is tomography.
This means that a contact structure ξ on S × [−1, 1] is studied via its ‘film’
of characteristic foliations (S × {z})ξ , z ∈ [−1, 1]. The second approach,
advanced by Honda [137], puts greater emphasis on dividing sets and their
manipulation.

In the present section, the plan is to solve the classification problem for
tight contact structures on S2 × [−1, 1] with the help of tomography. From
that solution, the classification of tight contact structures on S3 , S2 × S1

and the 3–ball D3 will follow easily; this will be presented in Section 4.10.
Which of the two methods mentioned is the superior one may be a matter

of debate. By restricting attention, right from the start, to the case S =
S2 and tight contact structures, many of the intricacies in either approach
disappear. Here I give preference to tomography, because it requires fewer
new concepts. All the results below are adaptations of statements in [105];
I retain the pregnant names Giroux has coined for them.

Throughout we assume that our contact structures ξ are cooriented and
positive. As in Section 4.6 we write ξ as the kernel of a contact form

α = βz + uz dz,

with the contact condition α∧ dα > 0 given by Equation (4.3) on page 163.
In order to simplify notation, we are going to write Sz for S × {z}. The

following lemma says that a contact structure on S × [−1, 1] can be recon-
structed from its film of characteristic foliations.

Lemma 4.9.1 (Reconstruction Lemma) Let ξ0 , ξ1 be two contact struc-
tures on S×[−1, 1] with the property that the characteristic foliations Sz

ξ0
and

Sz
ξ1

coincide for each z ∈ [−1, 1]. Then ξ0 and ξ1 are isotopic rel boundary.

Proof The assumption on the characteristic foliations implies that we may
choose contact forms αi defining ξi of the form

αi = βz + ui
z dz,

that is, with βz not depending on i = 0, 1. Given βz , the functions uz satisfy-

† A contact structure ξ on a manifold M with boundary is understood as a contact
structure on M with an open collar attached to its boundary, i.e. M ∪∂ [0, ε) × ∂M ,
whose restriction to M equals ξ.
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ing the contact condition (4.3) form a convex set. So the linear interpolation
between α0 and α1 is via contact forms. It then follows from Gray stabil-
ity that ξ0 and ξ1 are isotopic; an isotopy rel boundary can be constructed
as in the proof of Theorem 2.5.23, since the homotopy of contact forms is
stationary on TS±1 .

The next lemma is the analogous statement in the case that all the surfaces
Sz are convex.

Lemma 4.9.2 (Uniqueness Lemma) Let ξ0 , ξ1 be two contact structures
on S × [−1, 1] with the following properties.

• The characteristic foliations S±1
ξi

on the boundary of S × [−1, 1] co-
incide for i = 0, 1.

• Each surface Sz , z ∈ [−1, 1], is convex for either contact structure,
and there is a smoothly varying family of multi-curves Γz dividing
both Sz

ξ0
and Sz

ξ1
.

Then ξ0 and ξ1 are isotopic rel boundary.

Proof Choose contact forms

αi = βi
z + ui

z dz, i = 0, 1,

defining ξi = ker αi , with β0
±1 = β1

±1 . Recall the contact condition (4.3),

Ai := ui
z dβi

z + βi
z ∧ (dui

z − β̇i
z ) > 0, i = 0, 1,

with the dot denoting the derivative with respect to z.
The convexity assumption allows us to choose, for each z ∈ [−1, 1], func-

tions v0
z and v1

z on S that vanish exactly on Γz (and only to first order) and
that satisfy the R–invariant contact condition (4.8),

Bi := vi
z dβi

z + βi
z ∧ dvi

z > 0, i = 0, 1.

The construction in the proof of Theorem 4.8.5 gives us two such families of
functions vi

z varying smoothly with z, and with v0
±1 = v1

±1 . Notice that for
each z the function v0

z /v1
z , defined a priori on S \ Γz only, extends unam-

biguously to a positive function on all of S.
The computation

v0 d
(v0

v1 β
)

+
(v0

v1 β
)
∧ dv0 =

(v0

v1

)2
v1 dβ +

v0

v1 dv0 ∧ β

−
(v0

v1

)2
dv1 ∧ β +

v0

v1 β ∧ dv0

=
(v0

v1

)2
(v1 dβ + β ∧ dv1)
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shows that if we replace β1
z by (v0

z /v1
z ) · β1

z , we may take v1
z = v0

z =: vz .
Observe that after this replacement we still have β0

±1 = β1
±1 .

With λ ∈ R+ set

αi
t = βi

z +
(
(1− t)ui

z + tλvz

)
dz, i = 0, 1, t ∈ [0, 1].

Then

αi
t ∧ dαi

t =
(
(1− t)Ai − tβi

z ∧ β̇i
z + tλBi

)
∧ dz,

which is positive for all t ∈ [0, 1] if λ is chosen sufficiently large.
Finally, set

αs = (1− s)α0
1 + sα1

1 = (1− s)β0
z + sβ1

z + λvz dz, s ∈ [0, 1].

Then

αs ∧ dαs = λ
(
(1− s)B0 + sB1) ∧ dz + O(1),

which is likewise positive for all s ∈ [0, 1], provided λ is sufficiently large.
Then 

α0
3t , 0 ≤ t ≤ 1/3,

α3t−1 , 1/3 ≤ t ≤ 2/3,

α1
3−3t , 2/3 ≤ t ≤ 1,

defines a homotopy via contact forms from α0 to α1 that is stationary on
TS±1 . Now the proof concludes as in the reconstruction lemma.

Remark 4.9.3 If in either of the two preceding lemmata the contact struc-
tures ξ0 , ξ1 coincide near the boundary, the proofs give us isotopies that are
stationary near the boundary.

From now on we specialise to the situation that S = S2 and ξ be tight.
Then the characteristic foliations Sz

ξ cannot contain any closed leaves by
Proposition 4.6.28. Moreover, if Sz is convex, then its dividing set Γz consists
of a single embedded circle by Proposition 4.8.13. This circle divides the
sphere into two discs, each containing singular points of one particular sign
only. We shall see that the condition in the foregoing proposition, viz., that
Γz vary smoothly with z, poses no additional difficulty.

The main result we want to prove in this section is the following.

Theorem 4.9.4 A tight contact structure on S2 × [−1, 1] is determined, up
to isotopy rel boundary, by the characteristic foliation on the boundary.

Starting from a tight contact structure ξ on S × [−1, 1], S = S2 , such
that S±1 are convex surfaces, we want to show how to manipulate the char-
acteristic foliations Sz

ξ by an isotopy (rel boundary) of ξ until we arrive at



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

4.9 Tomography 247

a contact structure for which each Sz is a convex surface. Since any two
embedded circles in S2 are isotopic (by the easiest case of Baer’s theorem),
we can make the dividing sets of two such contact structures coincide by
a level-preserving isotopy. The uniqueness lemma then implies that a tight
contact structure on S2 × [−1, 1] for which the boundary surfaces S2 ×{±1}
are convex is determined, up to isotopy rel boundary, by the characteristic
foliation on the boundary. The convexity condition on the boundary is in
fact superfluous. Indeed, given two contact structures on S2 × [−1, 1] in-
ducing the same characteristic foliation on the boundary, we may assume by
Theorem 2.5.23 that after an isotopy fixing the boundary the contact struc-
tures coincide near the boundary. Proposition 4.8.8 allows us to find convex
2–spheres S2

± isotopic to S2 × {±1} inside these neighbourhoods where the
two contact structures coincide. It therefore suffices to prove Theorem 4.9.4
under the additional assumption that the boundary spheres are convex for
the given contact structure. This we shall now proceed to do.

We have seen in Proposition 4.6.11 that, given a surface in a contact 3–
manifold, by perturbing the contact structure we can arrange the surface
to have a characteristic foliation of Morse–Smale type, so that the surface
is convex by Proposition 4.8.7. Now, however, we are dealing with a 1–
parametric family of surfaces, and the Morse–Smale condition is not generic
for 1–parametric families of singular foliations. For instance, the elimination
process in Section 4.6.3 gives rise to a film of characteristic foliations where a
couple of singular points in elimination position in Sz

ξ for z < 0, say, merge
to a degenerate singular point of index 0 (and the same sign as the two
previous singular points) in S0

ξ , which then disappears in Sz
ξ for z > 0.

Nonetheless, there are some simple ‘genericity’ assumptions that we may
impose. The key to this are the fact that the contact condition is open in the
C1–topology (on sections of the cotangent bundle, i.e. 1–forms), and Gray
stability for contact structures. Therefore, any property that we may impose
on a film of singular foliations by a C1–small perturbation can be achieved by
a corresponding isotopy of contact structures. By a relatively straightforward
application of the usual transversality theorem in differential topology (and
the stability of the various non-degeneracy phenomena in question), see [205,
Lemma 2], we may assume that

• each Sz
ξ contains only finitely many singular points, and – on finitely

many z–levels – at most one degenerate one;
• there are no trajectories from a negative to a positive singularity in

Sz
ξ , except on a finite number of levels z1 , . . . , zk , where all critical

points are non-degenerate and there is exactly one retrograde saddle–
saddle connection;
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• on these levels z1 , . . . , zk there are no other saddle–saddle connections.

Let me briefly expand on these statements. That there can be no accu-
mulation point (in terms of the parameter z) of retrograde saddle–saddle
connections is in fact not simply a genericity result, but a consequence of
the contact condition. Arguing by contradiction, assume that we had such
an accumulation point at z = 0. Let zν , ν ∈ N, be a sequence of points
with limν→∞ zν = 0 such that each Szν

ξ contains a retrograde saddle–saddle
connection, accumulating at such a connection for ν →∞. We may choose
local coordinates in such a way that we are dealing with a contact structure
on R2 × [−1, 1], with a positive (respectively, negative) hyperbolic point at
(±1, 0, zν ), including z∞ = 0, and with the line segment between these to
points (for each ν) along the x–axis a retrograde saddle–saddle connection.
On each of these slices Szν , the vector field defining the characteristic folia-
tion is a positive multiple of ∂x along the connecting separatrix, and hence
βzν

a positive multiple of dy (if we take Ω = dx ∧ dy as area form). It
follows that β̇z |z=0 is a multiple of dy along the separatrix γ0 from (−1, 0, 0)
to (1, 0, 0), and thus (βz ∧ β̇z )|z=0 = 0 there. There has to be a point on
γ0 where u0 = 0 and du(∂x) ≥ 0, see Example 4.8.6. At such a point the
contact condition (4.3) would be violated, which is the desired contradiction.

Non-retrograde saddle–saddle connections, however, may well appear in a
1–parametric family. By Remark 4.8.9 there is in fact a vertically invariant
contact structure inducing such a phenomenon in the characteristic foliation.
But by Peixoto’s result this phenomenon is neither generic nor stable, so
we may ensure that this happens only on isolated levels not containing a
retrograde saddle–saddle connection. Stable phenomena, on the other hand,
persist in neighbouring levels, so on pointed open neighbourhoods of the
levels z1 , . . . , zk we may assume not to have any saddle–saddle connections.

Remark 4.9.5 While these statements hold for any S, in the case S = S2

we may in addition appeal to the Poincaré–Bendixson theorem (Thm. 4.7.8).
Notice that closed orbits do not arise as α– or ω–limits of flow lines in the
case that ξ is tight. Neither do poly-cycles made up of singular points and
connecting orbits, because Lemma 4.6.33 rules out (on S2) any poly-cycle
containing singular points of one sign only.

Lemma 4.9.6 Let S be an oriented 2–sphere embedded in a tight contact
3–manifold (M, ξ) such that Sξ has finitely many non-degenerate singular
points and there are no retrograde saddle–saddle connections. Then the graph
G in S whose vertices are the positive singular points, and whose edges are
the stable separatrices of the positive hyperbolic points, is a connected tree.
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Moreover, S is convex, and the dividing set is given, up to isotopy, by the
boundary of a disc-like neighbourhood of G.

Proof † By the proof of Proposition 4.8.7, the absence of retrograde saddle–
saddle connections guarantees that S is a convex surface with dividing set
given by the boundaries of regions obtained by thickening G. If G were
not a connected tree, it would give rise to a disconnected dividing set, in
contradiction with Proposition 4.8.13.

The next proposition is the main step in the proof of Theorem 4.9.4.

Proposition 4.9.7 Let ξ be a tight contact structure on S × [−1, 1], where
S = S2 , such that S±1 are convex surfaces. Then ξ is isotopic rel boundary
to a contact structure for which each Sz , z ∈ [−1, 1] is a convex surface.

Proof By the discussion above, it suffices to find an isotopy that helps us to
get rid of all retrograde saddle–saddle connections. First, we may make all
the genericity assumptions discussed above. Then, by the preceding lemma,
the surfaces Sz will be convex, except at finitely many levels z1 , . . . , zk ∈
(−1, 1), where we have a single retrograde saddle–saddle connection. For
ease of notation, we assume that z = 0 is such an exceptional level. We
write x±

h for the hyperbolic points on that level with a retrograde connection
between them.

I claim that the stable separatrix γ of x+
h not coming from x−

h must em-
anate at a positive elliptic point x+

e . Indeed, the Poincaré–Bendixson the-
orem (Thm. 4.7.8) tells us that the α–limit of γ has to be either a singular
point (which would have to be a positive elliptic point, since there are no
further saddle–saddle connections), a closed orbit (ruled out by tightness),
or a poly-cycle. But only a poly-cycle whose vertices are hyperbolic points
of the same sign can occur as such a limit set, so this last case is ruled out by
our genericity assumption or by the arguments in the proof of the preceding
lemma.

Thus, the points x+
e and x+

h are in elimination position. All the properties
of the characteristic foliation S0

ξ , except the retrograde saddle–saddle con-
nection, are structurally stable, so they persist in all levels z ∈ (−ε, ε) for
some small ε > 0. We may choose local coordinates around γ in such a way

† The same proof gives the analogous statement for the graph of negative singularities
and unstable separatrices. A ‘classical’ proof for either case can be given by appealing
to Lemma 4.6.33, which forces G to be a (possibly disconnected) tree. Connectedness of
G follows from the observation that, by the proof of Proposition 4.8.7, the complement
of disc-like neighbourhoods around each of the components of G and the components
of the ‘negative’ graph must be a collection of annuli.
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that, on all levels z ∈ (−ε, ε), the set-up is as in part (2) of the proof of the
elimination lemma (Lemma 4.6.26). We may assume that ‖aX‖ has a unique
local maximum along γ, where X, as before, is the vector field defining the
characteristic foliation, and a the coefficient function of the area form Ω as
in the proof of the elimination lemma.

Now choose a compactly supported bump function ϕ : (−ε, ε) → [0, 1],
with ϕ(0) = 1. With g as in the said proof, define a compactly supported
deformation of S × (−ε, ε) by

S × (−ε, ε) 
 (p, z) �−→ (p, z + ϕ(z)g(p)).

In other words, we replace each slice Sz by the graph of ϕ(z)g(p) over it.
For this to make sense we need to ensure that

∂

∂z

(
z + ϕ(z)g(p)

)
= 1 + ϕ̇(z)g(p)

is positive; this is possible, for the construction in the proof of the elimination
lemma allows us to choose g as small as we like.

This deformation of S × [−1, 1] translates into an isotopy (supported in
S×(−ε, ε)) of contact structures, so we shall continue to speak of the spheres
Sz

ξ , but we think of ξ as the perturbed contact structure.
Now recall the points (i) to (iv) in the proof of the elimination lemma,

where we checked that the foliation becomes non-singular after the defor-
mation. The estimates in (ii), (iii) and (iv) remain valid for the scaled
perturbation function ϕ(z)g. The estimate in (i) and our assumption on the
behaviour of aX along the separatrix γ imply that for the points z ∈ (−ε, ε)
with

ϕ(z)g′2(0) = −max
|x|≤1

(
a(x, 0) ·X1(x, 0)

)
we have – after the perturbation – a single degenerate singular point of
index 0 and positive sign in Sz

ξ (in the neighbourhood of γ considered during
the elimination process).† If ϕ is a bump function in the strict sense of the
word, this happens for z = ±δ, say. For z ∈ (−δ, δ), where ϕ(z) > ϕ(±δ),
the pair of critical points has been eliminated; for z ∈ (−ε,−δ) ∪ (δ, ε) we
always have the original pair of critical points, but at varying distance along
the x–axis.

Observe that in the local model for this 1–parametric elimination process,
the x–axis is always a flow line of the characteristic foliation, with at most

† The presence of such a singular point x+
0 does not affect the convexity property. When

we construct the set (S±δ )0
+ as in the proof of Proposition 4.8.7, a neighbourhood of

x+
0 and its stable manifold (a flow line whose ω–limit is x+

0 and whose α–limit is some
positive elliptic point) has to be included in that set.
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two singular points on it. With the help of Lemma 4.6.23 we can ensure that
the flow line in S0

ξ , emanating at x+
e in the negative x–direction ends at a

negative elliptic point (because only finitely many trajectories emanating at
x+

e are separatrices of hyperbolic points). Thus, the elimination process also
eliminates the retrograde saddle–saddle connection.

We need to check that we did not, by accident, introduce other retrograde
saddle–saddle connections. We do this by showing that all stable separatrices
of positive hyperbolic points in Sz

ξ – after the perturbation – come from
positive elliptic points. For x+

h (in the levels z ∈ (−ε,−δ) ∪ (δ, ε) where
it is not eliminated) this holds because we did not change the direction of
its stable separatrices during the elimination process. There might but be a
problem with the stable separatrix of x+

h not coming from x+
e if, at some level

z ∈ (−ε, ε), it passed through the region where we perform the elimination
at some other place besides the segment along the x–axis. The same goes
for the stable separatrices of the other positive hyperbolic points. But here
we are dealing with finitely many separatrices, and the deformation is only
non-trivial inside a compact interval of parameters z. Thus, by performing
the elimination inside a sufficiently small neighbourhood of γ, we are home
and dry.

This proof shows that by an isotopy rel boundary we may assume that on
each slice Sz we have a situation as described in Lemma 4.9.6, except for
finitely many z–levels where we have a single degenerate singular point. The
last step in the proof of Theorem 4.9.4 is the following lemma.

Lemma 4.9.8 Let ξ be a tight contact structure on S×[−1, 1], where S = S2 ,
with the properties just described. Then we can choose a dividing set Γz for
Sz

ξ (consisting of a single circle) that varies smoothly with z.

Proof The dividing set Γz can be defined as the boundary of a disc-like
neighbourhood of the tree of positive or negative singularities and their stable
or unstable manifolds, respectively, i.e. the collection of flow lines whose ω–
or α–limit set, respectively, is one of the corresponding singular points. Any
two such choices are isotopic by an isotopy via embedded circles transverse
to the characteristic foliation Sz

ξ . As we vary z, without passing a level
containing a degenerate singular point, the number of singular points in
Sz

ξ does not change, but the trees of singularities may well change their
geometry.† We can always ensure, however, that such a change occurs only in

† Here is a possible scenario. The α–limit x+
e of the stable separatrix of a hyperbolic

point x+
h turns into a double-sun as in Figure 4.26, creating two additional singular

points of positive sign, one elliptic and one hyperbolic. One of the unstable separatrices
of that new hyperbolic point may then form a saddle–saddle connection with x+

h .
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one of the two trees on any given level. Similarly, when a degenerate critical
point of a certain sign appears, this will happen away from a neighbourhood
of the tree of the opposite sign. We may therefore choose a smooth family
of Γz that always stays close enough to the one of the two trees where no
change in the topology of the characteristic foliation takes place.

4.10 On the classification of tight contact structures

We are now going to use Theorem 4.9.4 for classifying the tight contact
structures on S3 , R3 , and S2 × S1 . The standard contact structure on S3

and R3 , respectively, has been described previously. By the standard contact
structure on S2 × S1 ⊂ R3 × S1 – with θ denoting the S1–coordinate and
(x, y, z) Cartesian coordinates on R3 – we mean the contact structure given
by

z dθ + x dy − y dx = 0.

We shall write ξst for each of these contact structures if the manifold in ques-
tion is clear from the context. It will be shown in Corollary 6.5.10 that each
of these ξst is tight. The following theorem says that these are the unique
tight contact structures on the respective spaces. It is understood that we fix
an orientation on each of these spaces and consider only cooriented positive
contact structures.

Theorem 4.10.1 (a) Each of the manifolds S3 , R3 and S2 × S1 admits a
unique tight contact structure up to isotopy.

(b) Any two tight contact structures on the 3–ball D3 that induce the same
characteristic foliation on the boundary are isotopic rel boundary.

Proof (a – S2 × S1) The vector field ∂θ on S2 × S1 is a contact vector
field for the standard contact structure ξst . So the 2–sphere S2 ≡ S2 × {0},
where we think of S1 as R/2πZ, is a convex surface with respect to ξst . Its
characteristic foliation is given by the vector field

xz ∂x + yz ∂y − (x2 + y2) ∂z ,

with elliptic points at the poles and each flow line a meridian. The dividing
set is the equator {z = 0}. The same is true for any other 2–sphere S2×{θ}.

By Propositions 4.6.11 (or rather its proof) and 4.8.7, any given contact
structure ξ on this manifold is isotopic to a contact structure ξ′ for which
S2 is convex. If ξ was tight, so will be ξ′. Then, by Proposition 4.8.13,
the dividing set of the characteristic foliation S2

ξ ′ is an embedded circle. By
an isotopy vertically invariant in a neighbourhood of S2 , we may assume
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that the dividing set of S2
ξ ′ is the equator. Then the isotopy in Theorem

4.8.11 translates into an isotopy of ξ′ to a contact structure ξ′′ for which S2
ξ ′′

coincides with S2
ξs t

.
The proof of Theorem 2.5.22 yields an isotopy of ξ′′ to a contact structure

ξ′′′ that coincides with ξst on S2 × [−ε, ε] for some small ε > 0.† On S2 ×
[ε/2, 2π− ε/2], the contact structures ξ′′′ and ξst are isotopic, via an isotopy
stationary near the boundary, by Theorem 4.9.4 and Remark 4.9.3. This
concludes the proof that the given ξ is isotopic to the standard contact
structure on S2 × S1 .

(b) The classification result for S3 and R3 will follow from that of D3 ,
which we deal with now. Given two contact structures on D3 that induce
the same characteristic foliation on the boundary, they can be made to co-
incide near the boundary by an isotopy rel boundary, thanks to the proof
of Theorem 2.5.23. Likewise, by the proof of Darboux’s theorem there is
a further isotopy that makes the two contact structures coincide near the
origin 0, and such that a small standard 2–sphere S centred at 0 is convex.

Again by invoking Propositions 4.6.11 and 4.8.7 we find a convex 2–sphere
S′ (for either contact structure) inside the region near the boundary ∂D3

where the two contact structures have been made to coincide.
Now the result follows by applying Theorem 4.9.4 to the region A between

S and S′. We can ensure that the isotopy provided by that theorem glues
smoothly with the identity map on the 3–ball inside S and the spherical shell
between S′ and ∂D3 by thickening A slightly and appealing to Remark 4.9.3.
(In the arguments below, smoothness is achieved by that same method, so I
shall glue isotopies along stationary boundaries without further comment.)

(a – S3) Fix an ‘equator’ S2 that separates S3 into two 3–balls D3
±. Given

any tight contact structure on S3 , the same arguments as before allow us to
construct an isotopy to a contact structure that coincides with the standard
contact structure near S2 . Now apply (b) to D3

±.

(a – R3) Given any tight contact structure, we can construct an isotopy to
a contact structure that coincides with the standard contact structure near
the 2–spheres of radius n, where n ranges over N, centred at the origin. Now
apply (b) to the ball of radius 1 and Theorem 4.9.4 to the spherical shells
between the 2–spheres of radius n and n + 1, n ∈ N.

Remark 4.10.2 These classification results are due to Eliashberg. For S3 ,
R3 and D3 they are proved, using different methods, in [69]. The proof for
S2×S1 remained folklore for a long time; the proof given here was suggested
in [105].

† Here we need the assumption that we are working with a positive contact structure.



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

254 Contact structures on 3–manifolds

By the discussion in Section 4.2, homotopy classes of tangent 2–plane fields
on the 3–sphere are classified by π3(S2) ∼= Z. In order to fix an identification
of homotopy classes of 2–plane fields with the integers, we need to specify a
trivialisation of the tangent bundle TS3 .

With the trivialisation X1 ,X2 ,X3 described on page 135, the tight stan-
dard contact structure ξst corresponds to 0 ∈ π3(S2), since ξst is spanned
by X2 ,X3 ; and X1 is the vector field orthogonal to ξst with respect to the
standard metric. With the usual coorientation of ξst , given by writing it as

ξst = ker(x0 dx1 − x1 dx0 + x2 dx3 − x3 dx2),

the plane field ξst corresponds to the constant map S3 → {X1} ∈ S2 .
With this identification understood, we can formulate the complete clas-

sification of (positive, cooriented) contact structures on S3 as follows.

Theorem 4.10.3 Up to isotopy, the class 0 ∈ π3(S2) contains two contact
structures: the tight structure ξst and an overtwisted one. Every other class
in π3(S2) contains a unique (overtwisted) contact structure.

4.11 Proof of Cerf’s theorem

In this section we are going to prove Cerf’s theorem Γ4 = 0, i.e. the result
that every diffeomorphism of S3 extends to a diffeomorphism of the 4–ball;
see Section 1.7.1, where I gave an outline of the idea of the proof.

Lemma 4.11.1 Any orientation-preserving diffeomorphism f of S3 is iso-
topic to a diffeomorphism g preserving the standard contact structure ξst.

Proof The contact structure Tf(ξst) is positive and tight, and thus isotopic
to ξst by Theorem 4.10.3. Let ψt , t ∈ [0, 1], be an isotopy with ψ0 = idS 3

and Tψ1(Tf(ξst)) = ξst . Then ψt ◦ f , t ∈ [0, 1], is the desired isotopy to a
contactomorphism g := ψ1 ◦ f of (S3 , ξst).

Cerf’s theorem is then a consequence of the following statement from
Eliashberg’s paper [69].

Proposition 4.11.2 Any contactomorphism g of (S3 , ξst) extends to a dif-
feomorphism of D4 .

The construction of such an extension is based on the technique of filling
by holomorphic discs. The details of that technique are beyond the scope
of this text, but here are some of the elementary aspects of it. To simplify
notation, we shall write ξ instead of ξst in the sequel.
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Regard the discs D2 and D4 as the unit discs in C and C2 , respectively.
Write j : TC → TC and J : TC2 → TC2 for the complex bundle structures
induced by multiplication with i =

√
−1. A holomorphic disc in D4 is a

holomorphic map ϕ : (D2 , S1) → (D4 , S3), i.e. a smooth map satisfying the
Cauchy–Riemann equation Tϕ ◦ j = J ◦ Tϕ.

Let h : C2 → R be the function defined by h(z1 , z2) = |z1 |2 + |z2 |2 , so that
S3 = h−1(1). Define the 1–form J∗dh by

(J∗dh)(v) = dh(Jv) for v ∈ TC2 .

Then the standard contact form α defining ξ can be written as

α = −1
2
J∗dh.

As pointed out in Example 2.1.7, this implies in particular that the contact
planes ξ are given by the J–invariant subspaces of TS3 ⊂ TC2 |S 3 .

Lemma 4.11.3 (see [176]) Let ϕ : (D2 , S1) → (D4 , S3) be a holomorphic
disc and S ⊂ S3 an embedded surface.

(a) The disc ϕ(D2) cannot be tangent to S3 at a non-singular point, i.e.

Tpϕ(TpD
2) �⊂ Tϕ(p)S

3 for all p ∈ D2 where Tpϕ �= 0;

in particular, ϕ(p) �∈ S3 for any non-singular point p ∈ Int (D2).
(b) If ϕ|S 1 is an embedding of S1 into the surface S, the circle ϕ(S1) is

transverse to the characteristic foliation Sξ .

Proof (a) Suppose p ∈ D2 were a non-singular point of ϕ where we have
Tpϕ(TpD

2) ⊂ Tϕ(p)S
3 . Since Tϕ is j–J–equivariant, this is equivalent to

saying that Tpϕ(TpD
2) ⊂ ξϕ(p) .

Let ∆ = ∂ 2

∂x2 + ∂ 2

∂y 2 be the Laplace operator on C = R2 with Cartesian
coordinates (x, y). Then, for any smooth function f : C → R we have ∆f ·
dx ∧ dy = −d(j∗df). We compute

d(j∗d(h ◦ ϕ)) = d(dh ◦ Tϕ ◦ j) = d(dh ◦ J ◦ Tϕ) = d(ϕ∗J∗dh)

= ϕ∗(dJ∗dh).

At the point p this would gives us

d(j∗d(h ◦ ϕ)) = −2ϕ∗(dα),

hence ∆p(h ◦ ϕ) > 0. This implies that the function h ◦ ϕ would be strictly
subharmonic in a neighbourhood of p ∈ D2 , and attain a maximum in p.

The strong maximum principle for subharmonic functions [89, Thm. 2.13]



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

256 Contact structures on 3–manifolds

prevents the case p ∈ Int (D2), the boundary point lemma [89, Lemma 2.12]
also the case p ∈ S1 .

(b) If ϕ(S1) failed to be transverse to Sξ at some point ϕ(p), p ∈ S1 , either
because ϕ(p) were a singular point of Sξ or because Tpϕ(TpS

1) were tangent
to the characteristic foliation, we would have Tpϕ(TpS

1) ⊂ ξϕ(p) , and hence
Tpϕ(TpD

2) ⊂ ξϕ(p) by the j–J–equivariance of Tϕ, contradicting (a).

Proof of Proposition 4.11.2 Choose one of the (real) Cartesian coordinate
functions, say y2 , on C2 and define the 2–sphere St ∈ S3 ⊂ C2 by the
equation y2 = t, with t ranging over the open interval (−1, 1). Set S̃t =
g(St).

By the contact disc theorem (Thm. 2.6.7), which holds equally for any
finite number of embedded copies of the standard ball Bst , we may assume,
after a contact isotopy, that g is the identity near the poles {y2 = ±1} ∩S3 .
Then S̃t = St for t near ±1. This means that the constructions in the sequel
are only non-trivial on a compact interval of parameters contained in (−1, 1).

As in Example 2.5.19 we see that the characteristic foliation St
ξ has two

singular points qt
±, both elliptic. Indeed, the contact form

x1 dy1 − y1 dx1 + x2 dy2 − y2 dx2

describing ξ restricts to the form

x1 dy1 − y1 dx1 − t dx2

on TSt , so St
ξ is described away from the poles

(x1 , y1 , x2 , y2) = (0, 0,±
√

1− t2 , t) =: qt
±

by the non-singular vector field

(x1x2 + ty1) ∂x1 + (y1x2 − tx1) ∂y1 − (x2
1 + y2

1 ) ∂x2 .

The contactomorphism g maps this characteristic foliation diffeomorphically
onto S̃t

ξ .
Any of the punctured spheres St \ {qt

±} admits a foliation Ct by circles
transverse to the characteristic foliation St

ξ . The circles in Ct are given by
the equation x2 = s, with s ranging over the interval (−

√
1− t2 ,

√
1− t2).

These circles bound obvious holomorphic discs

D4 ∩
(
C× (x2 = s, y2 = t)

)
.

The method of filling by holomorphic discs ([25], [118, 2.4.D], see also [63],
[66]) – here in a relatively simple form, since we are dealing with an honest
complex structure J – then allows us to find similar foliations C̃t of the
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punctured spheres S̃t \ {g(qt
±)} by circles spanning holomorphic discs in the

4–ball D4 . The collection of these discs constitutes a smooth foliation of D4

(with the g(qt
±) and the two poles of S3 removed), and by Lemma 4.11.3

this foliation C̃t is necessarily transverse to the characteristic foliation S̃t
ξ .

The foliation g(Ct) of S̃t \ {g(qt
±)} shares this last property with C̃t . It

follows that g is isotopic, by an isotopy along the leaves of S̃t
ξ , to a diffeo-

morphism (no longer, in general, a contactomorphism) of S3 that maps Ct

to C̃t for each t ∈ (−1, 1).
The curves t �→ qt

± and, correspondingly, t �→ g(qt
±) are transverse curves

for ξst . The methods of the proof of Theorem 2.5.15 allow one to control
the behaviour of g in a neighbourhood of these curves. This implies that,
for each fixed t, we have only a compact interval of parameter values for s,
contained in (−

√
1− t2 ,

√
1− t2), where there is no explicit control over the

holomorphic discs.
We have now reduced the proof of the proposition to the following ex-

tension problem: given a smooth family φs,t of diffeomorphisms of S1 , with
s, t ranging over a compact ‘square’ of parameters, and extensions to diffeo-
morphisms of D2 over the boundary of that square, does that family extend
to a smooth family of diffeomorphisms of D2? The answer is yes, for the
restriction homomorphism ρ2 : Diff (D2) → Diff (S1) is a Serre fibration –
this is implicit in the usual proof that Γ2 = 0 –, and the fibre of this Serre
fibration, i.e. the group of diffeomorphisms of D2 keeping S1 pointwise fixed,
is contractible by [222].

4.12 Prime decomposition of tight contact manifolds

Unless stated otherwise, all 3–manifolds in this section are assumed to be
closed, connected and oriented. A 3–manifold is called non-trivial if it is
not diffeomorphic to S3 . A non-trivial 3–manifold P is said to be prime if in
every connected sum decomposition P = P0#P1 one of the summands P0 , P1

is S3 . It is known that every non-trivial 3–manifold M admits a prime de-
composition, i.e. M can be written as a connected sum of finitely many prime
manifolds. The main step in the proof of this fact is due to Kneser [147], see
also [128]. Moreover, as shown by Milnor [184], the summands in this prime
decomposition are unique up to order and diffeomorphism.†

The purpose of the present section is to prove the analogous result for tight
contact 3–manifolds. The basis for the argument is a connected sum con-
struction for such manifolds, due to Colin [48] and reproved by Honda [138].

† There is also a prime decomposition theorem for non-orientable 3–manifolds, with some
mild non-uniqueness, see [128].
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Given a fixed connected sum decomposition M = M0#M1 of a 3–manifold
M , Colin’s result says that tight contact structures ξi on Mi , i = 0, 1, give
rise to a tight contact structure ξ0#ξ1 on M , uniquely defined up to iso-
topy. Conversely, for any tight contact structure ξ on M there are – up to
isotopy – unique tight contact structures ξi on Mi , i = 0, 1, such that ξ0#ξ1

is the given contact structure ξ. The prime decomposition theorem for tight
contact 3–manifolds is an immediate consequence.

Colin’s result is not quite strong enough to prove the unique decompo-
sition theorem for tight contact 3–manifolds. This is due to the fact that
the system of 2–spheres in a given manifold M defining the prime decom-
position of M is not, in general, unique up to isotopy. The argument for
the unique decomposition of tight contact 3–manifolds given here, which is
based on joint work with Fan Ding [54], closely follows the variant of Milnor’s
argument given in Hempel’s book [128].

We begin with a connected sum construction for tight contact 3–manifolds.

Lemma 4.12.1 Let (M, ξ) be a (not necessarily connected) tight contact
3–manifold. Given embeddings f0 , f1 : S2 → M , there is a tight contact
structure η on S2 × [0, 1] such that the characteristic foliation (S2 × {i})η

coincides with S2
f ∗

i ξ , i = 0, 1.† This contact structure η is unique up to
isotopy rel boundary.

Proof The uniqueness statement follows from Theorem 4.9.4.
(i) We first prove existence under the additional assumption that the

spheres fi(S2) are convex with respect to ξ. By Giroux’s overtwistedness
criterion (Prop. 4.8.13), the dividing set Γi of these characteristic foliations
S2

f ∗
i ξ consists of a single circle each.

Now consider R3 with its standard tight contact structure ξst given by
α := dz + x dy − y dx = 0. This contact structure admits the contact vector
field Y = x ∂x + y ∂y + 2z ∂z . Since α(Y ) = 2z, the spheres in R3 centred at
the origin have the equator {z = 0} as dividing set, see Example 4.8.4 (1).

Choose two orientation-preserving diffeomorphisms S2 → S2 ⊂ R3 that
map Γ0 and Γ1, respectively, to this equator. Using the flow of Y in R3 and
the flexibility of characteristic foliations as expressed in Theorem 4.8.11,
these diffeomorphisms (regarded as embeddings of S2 into R3) can be de-
formed to embeddings gi of S2 ≡ S2 × {i} that are transverse to Y and
extend to an orientation-preserving embedding g : S2 × [0, 1] → R3 – since
the space of orientation-preserving diffeomorphisms of S2 is connected [222]

† Here S2
f ∗

i ξ
denotes the characteristic foliation induced by the embedding fi , that is,

the pull-back to S2 via fi of the characteristic foliation (fi (S2 ))ξ .
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– and induce the characteristic foliations S2
g∗

i ξs t
= S2

f ∗
i ξ . Then g∗ξst (i.e.

ker(g∗α)) is the desired contact structure on S2 × [0, 1].†
(ii) If the fi(S2) are not convex, with the help of Proposition 4.8.8 we first

extend the fi to embeddings

f̃0 : S2 × [−ε, ε] −→ M and f̃1 : S2 × [1− ε, 1 + ε] −→ M

for some small ε > 0 such that f̃0(S2 × {±ε}) and f̃1(S2 × {1 ± ε}) are
convex. According to the first part of the proof, and using the uniqueness
statement from Theorem 4.9.4, we can find contactomorphic copies A0 , A1

of (f̃0(S2× [−ε, ε]), ξ) and (f̃1(S2× [1−ε, 1+ε]), ξ), respectively, in (R3 , ξst).
The spherical shells A0 and A1 may be assumed to be disjoint and nested (i.e.
A0 is contained in the bounded component of R3 \A1). By construction, Ai

then contains an embedded 2–sphere with the desired characteristic foliation,
and such that these two 2–spheres bound a spherical shell S2 × [0, 1] in R3 .

We can now define surgery along a 0–sphere inside a given (not neces-
sarily connected) tight contact 3–manifold (M, ξ) as follows; this includes
the formation of a connected sum.‡ Notice that an orientation-preserving
embedding of S0 × D3 into M is the same as a pair of embeddings of D3

with opposite orientation behaviour.
Equip the 3–disc D3 with its standard orientation. Let φ0 , φ1 : D3 → M

be embeddings such that φ0 reverses and φ1 preserves orientation, and whose
images Bi := φi(D3) ⊂ M are disjoint. Let η be the contact structure
on S2 × [0, 1], constructed in the preceding lemma, with the property that
(S2 × {i})η = (∂D3)φ∗

i ξ . Then set

(M ′, ξ′) = (M \ Int (B0 ∪B1), ξ) ∪∂ (S2 × [0, 1], η),

where ∪∂ denotes the obvious gluing along the boundary.
If M = M0 + M1 is the topological sum of two connected tight contact 3–

manifolds (M0 , ξ0), (M1 , ξ1), and Bi ⊂Mi , i = 0, 1, then M ′ is the connected
sum M0#M1 of M0 and M1 , and we write ξ0#ξ1 for the contact structure
ξ′ in this specific case. We also use the notation (M0 , ξ0)#(M1 , ξ1) for this
connected sum of tight contact 3–manifolds. As in the topological case, this
connected sum operation is commutative and associative, and (S3 , ξst) serves
as neutral element; these are consequences of the discussion that follows.

† This argument, together with Theorem 4.9.4, shows that a tight contact structure on
S2 × [0, 1] for which the boundary spheres are convex is always isotopic (rel boundary)
to one that is invariant under the flow of a vector field transverse to all levels S2 ×{t},
t ∈ [0, 1].

‡ General surgeries on arbitrary contact manifolds will be discussed in Chapter 6.
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Lemma 4.12.2 Up to contactomorphism, (M ′, ξ′) only depends on the iso-
topy class of the embedding φ0 + φ1 : D3 + D3 →M .

Proof (i) Let φ̃0 + φ̃1 : D3 + D3 → M be an embedding isotopic to φ0 + φ1 .
Set B̃i := φ̃i(D3). Suppose we are in the special situation that B̃i ⊂ Bi .
Let η̃ be the contact structure on S2 × [0, 1] determined by the requirement
that (S2 × {i})η̃ coincide with (∂D3)φ̃∗

i ξ . From the uniqueness statement
in the preceding lemma it follows that (S2 × [0, 1], η) is contactomorphic rel
boundary to (

(B0 ∪B1) \ Int (B̃0 ∪ B̃1), ξ
)
∪∂ (S2 × [0, 1], η̃).

This proves the lemma in this particular case.

(ii) In the general case we appeal to the transitivity of the action of the
contactomorphism group (Corollary 2.6.3). This allows us to find small
embedded balls B′

i ⊂ Bi and a contact isotopy ψt , t ∈ [0, 1], of M with
ψ0 = idM and ψ1(B′

i) ⊂ B̃i .
The surgered manifolds with respect to the embedded balls ψt(B′

i) are
all contactomorphic: on S2 × [0, 1] the contact structure stays fixed, and
M \ Int (B′

0 ∪ B′
1) is contactomorphic to M \ Int

(
ψt(B′

0) ∪ ψt(B′
1)
)

via ψt .
Now apply (i) to the balls B′

i ⊂ Bi and ψ1(B′
i) ⊂ B̃i .

Next we want to show that this surgery construction always yields a tight
contact structure ξ′.

Lemma 4.12.3 Let (M ′, ξ′) be a contact 3–manifold and ft : S2 → M ′,
t ∈ [0, 1], an isotopy of embeddings. If the spheres Si := fi(S2), i = 0, 1, are
convex with respect to ξ′, and (M ′ \ S0 , ξ

′) is tight, then so is (M ′ \ S1 , ξ
′).

Proof (i) First assume that the 2–spheres S0 and S1 bound an embedded
copy of S2×[0, 1] in M ′. Since S0 is convex, any embedded disc in S2×[0, 1] ⊂
M ′ can be pushed by a contact isotopy into the complement of S0 ≡ S×{0},
on which ξ′ is tight by assumption. It follows that (S2 × [0, 1], ξ′) is tight.

According to the footnote in the proof of Lemma 4.12.1, there is a contact
flow on S2 × [0, 1] transverse to all levels S2 × {t}, t ∈ [0, 1]. Given an
embedded disc ∆ in M ′ \ S1 , we can find a neighbourhood S2 × [−ε, 1 + ε]
of S2 × [0, 1] in M ′ with ∆ ∩ S2 × [1, 1 + ε] = ∅. The mentioned contact
flow may be assumed to exist on S2 × [−ε, 1 + ε], and by cutting off the
corresponding Hamiltonian function with a bump function we obtain a global
contact flow on M ′ that coincides with the original one in a neighbourhood
of S2 × [0, 1]. With its help we can push ∆ into the tight contact manifold
M ′ \ S2 × [0, 1] ⊂M ′ \ S0 . So ∆ cannot have been an overtwisted disc.
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(ii) In the general case, we can find for each t ∈ [0, 1] an embedding
g : S2 × [−1, 1] with g|S 2 ×{0} = ft , and with the sphere fs(S2) contained
in g(S2 × [−1, 1]) for s sufficiently close to t. For any fixed t, we may as-
sume after a C∞–small perturbation of the original isotopy that the spheres
g(S2 × {−1}) and g(S2×{0}) = ft(S2) are convex. Thus, a simple compact-
ness argument furnishes us with a subdivision 0 = t0 < t1 < . . . < tk = 1 of
the interval [0, 1], and embeddings gi : S2 × [−1, 1] →M ′ with the following
properties:

• gi |S 2 ×{0} = fti
,

• the embedded spheres gi(S2 × {−1}) and gi(S2 × {0}) = fti
(S2) are

convex,
• ft(S2) is contained in gi(S2 × [−1, 1]) for all t ∈ [ti , ti+1].

Since gi(S2 × {−1}) together with either of fti
(S2) and fti + 1 (S

2) bounds
embedded copies of S2× [0, 1] – to see this for fti + 1 simply apply the isotopy
extension theorem inside gi(S2 × [0, 1]) ∼= S2 × [0, 1] to the isotopy ft , t ∈
[ti , ti+1] – the argument reduces to an iterated application of the reasoning
from (i).

Proposition 4.12.4 The manifold (M ′, ξ′) obtained via surgery along a
0–sphere in a tight contact 3–manifold (M, ξ) is tight as well.

Proof By Lemma 4.12.2 we may assume that the boundaries of the balls
Bi ⊂ M , i = 0, 1, used in the formation of (M ′, ξ′) are convex with respect
to ξ. By construction, (S2 × [0, 1], ξ′) ⊂ (M ′, ξ′) is tight. Arguing as in the
first part of the foregoing proof, we see that (M ′\S0 , ξ

′), where S0 = S2×{0},
is tight.

Given an embedded disc ∆ in M ′, we can find an isotopy of M ′ that
moves S0 to a convex sphere S1 disjoint from ∆. By the preceding lemma,
(M ′ \ S1 , ξ

′) is tight, so ∆ is not an overtwisted disc.

We can now formulate the unique decomposition theorem for tight contact
3–manifolds.

Theorem 4.12.5 Every non-trivial tight contact 3–manifold (M, ξ) is con-
tactomorphic to a connected sum

(M1 , ξ1)# · · ·#(Mk, ξk )

of finitely many prime tight contact 3–manifolds. The summands are unique
up to order and contactomorphism.
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The proof of this theorem requires a few preparations. First of all, we ob-
serve that there is a well-defined procedure for capping off a compact tight
contact 3–manifold with boundary consisting of a collection of 2–spheres.
Indeed, suppose that (M, ξ) is a tight contact 3–manifold with boundary
∂M = S1+· · ·+Sk , where each Si is diffeomorphic to S2 . Choose orientation-
reversing diffeomorphisms fi : ∂D3 → Si . By a reasoning as in part (i) of
the proof of Lemma 4.12.1, now applied to a single 2–sphere Si , we find
an orientation-preserving embedding gi : D3 → R3 such that S2

g∗
i ξs t

= S2
f ∗

i ξ .
The tight contact structure ηi := g∗i ξst on D3 , which by Theorem 4.10.1 is
uniquely determined by the characteristic foliation it induces in the bound-
ary, can then be used to form the closed contact manifold

(M̂, ξ̂) = (M, ξ) ∪∂

(
(D3 , η1) ∪ . . . ∪ (D3 , ηk )

)
,

where the gluing is defined by the embeddings fi .
Theorem 4.10.1 (b) entails that we arrive at a contactomorphic manifold

if instead of gluing discs along the Si we first perturb the boundary spheres
into convex spheres S′

i in the interior of (M, ξ), cut off the spherical shell
between Si and S′

i , and then glue discs along the S′
i . Now we can use Lemma

4.12.3 as in the proof of Proposition 4.12.4 to conclude that (M̂, ξ̂) is tight.

Given an embedded 2–sphere S ⊂ Int (M), we can find a product neigh-
bourhood S × [−1, 1] ⊂ M of S ≡ S × {0}. Set

MS = M \
(
S × (−1, 1)

)
.

Again by Theorem 4.10.1 (b), the contactomorphism type of (M̂S , ξ̂) is inde-
pendent of the choice of this product neighbourhood; this follows by compar-
ing the resulting manifolds using two given product neighbourhoods with a
third manifold constructed from a product neighbourhood contained in the
first two. In particular, this justifies our notation (M̂S , ξ̂).

Lemma 4.12.6 If S0 and S1 are isotopic 2–spheres in Int (M), then the
contact manifolds (M̂S0 , ξ̂) and (M̂S1 , ξ̂) are contactomorphic.

Proof This is clear if S1 is isotopic to S0 inside a product neighbourhood
S0 × (−1, 1). The general case follows by an argument very similar to part
(ii) of the proof of Lemma 4.12.3 (without any of the convexity issues).

Given a connected sum decomposition M = M0#M1 of a closed, con-
nected 3–manifold with a tight contact structure ξ, let S ⊂M be an embed-
ded sphere defining this connected sum, i.e. M̂S = M0 + M1 . Our construc-
tions imply that

(M, ξ) = (M0 , ξ̂|M 0 )#(M1 , ξ̂|M 1 ).
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So the topological prime decomposition of M also gives us a decomposition of
(M, ξ) into prime tight contact 3–manifolds. The only remaining issue is the
uniqueness of this decomposition up to contactomorphism of the summands.

A 3–manifold M is said to be irreducible if every embedded 2–sphere
bounds a 3–disc in M . Clearly, irreducible 3–manifolds (except S3) are
prime. There is but one orientable prime 3–manifold that is not irreducible,
namely, S2×S1 [128, Lemma 3.13]. In a connected sum M = M0#S2×S1 we
obviously find an embedded non-separating 2–sphere S such that M̂S = M0 ;
simply take S to be a fibre of S2 × S1 not affected by the connected sum
construction.

In the argument proving that the number of summands S2×S1 in a prime
decomposition of M is uniquely determined by M , the crucial lemma is that
for any two non-separating 2–spheres S0 , S1 ⊂ M there is a diffeomorphism
of M sending S0 to S1 . In the presence of a contact structure, this statement
needs to be weakened slightly; the following is sufficient for our purposes.

Lemma 4.12.7 Let (M, ξ) be a tight contact 3–manifold† and S0 , S1 ⊂ M

two non-separating 2–spheres. Then (M̂S0 , ξ̂) and (M̂S1 , ξ̂) are contactomor-
phic.

Proof By the preceding lemma we may assume that S0 and S1 are in general
position with respect to each other, so that S0∩S1 consists of a finite number
of embedded circles. We use induction on the number n of components of
S0 ∩ S1 .

If n = 0, we find disjoint product neighbourhoods Si × [−1, 1] ⊂ M ,
i = 0, 1. In case M \ (S0 ∪ S1) is not connected, we may assume that the
identifications of these neighbourhoods with a product have been chosen
in such a way that S0 × {1} and S1 × {1} lie in the same component of
M \ (S0 ∪ S1). As described above, we then obtain a well-defined tight
contact manifold (M̃, ξ̃) by capping off the boundary components Si ×{±1}
of

M \
(
S0 × (−1, 1) ∪ S1 × (−1, 1)

)
with 3–discs D±

0 ,D±
1 . Our assumptions imply that D−

0 + D+
0 is isotopic to

D−
1 +D+

1 in M̃ . By performing surgery with respect to these embeddings of
S0 ×D3 , we obtain (M̂S1 , ξ̂) and (M̂S0 , ξ̂), respectively, so the result follows
from Lemma 4.12.2.

If n > 0, then some component J of S0 ∩S1 bounds a 2–disc D ⊂ S1 with

† Here connectedness of M is essential. The manifold M is allowed to have boundary, in
which case we need to require that S0 and S1 , as well as the product neighbourhoods
used in the proof, are contained in Int (M ).
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Int (D) ∩ S0 = ∅. Let E′ and E′′ be the 2–discs in S0 bounded by J , and
set S′

0 = D ∪ E′ and S′′
0 = D ∪ E′′. At least one of S′

0 and S′′
0 , say S′

0 , is
non-separating.† Move S′

0 slightly so that it becomes a smoothly embedded
sphere disjoint from S0 and intersecting S1 in fewer than n circles. Then
two applications of the inductive assumption prove the inductive step.

Proof of Theorem 4.12.5 As indicated above, it only remains to prove the
uniqueness statement. Thus, let

(M1 , ξ1)# · · ·#(Mk, ξk )

and

(M∗
1 , ξ∗1 )# · · ·#(M∗

l , ξ∗l )

be two prime decompositions of a given tight contact 3–manifold (M, ξ).
Without loss of generality we assume‡ k ≤ l and use induction on k. For
k = 1 there is nothing to prove. Now assume k > 1 and the assumption to
be proved for prime decompositions with fewer than k summands.

(i) Suppose some Mi (say Mk ) is diffeomorphic to S2 × S1 . Then M con-
tains a non-separating 2–sphere. By applying the argument in the footnote
to the preceding proof to this non-separating 2–sphere and the 2–spheres
defining the splitting of M into the connected sum of the M∗

j , one finds a
non-separating 2–sphere in at least one of these summands, say M∗

l , which
therefore must be a copy of S2 × S1 . By Theorem 4.10.1 (for S2 × S1),
(Mk, ξk ) is contactomorphic to (M∗

l , ξ∗l ). Let S0 , S1 be a fibre in Mk,M∗
l ,

respectively. From Theorem 4.10.1 (b) it follows that

(M̂S0 , ξ̂) = (M1 , ξ1)# · · ·#(Mk−1 , ξk−1)

and

(M̂S1 , ξ̂) = (M∗
1 , ξ∗1 )# · · ·#(M∗

l−1 , ξ
∗
l−1),

and by the preceding lemma these two manifolds are contactomorphic. So
the conclusion of the theorem follows from the inductive assumption.

(ii) It remains to deal with the case where all the Mi are irreducible.
Arguing as before (with the roles of the two connected sum decompositions
reversed), we see that each M∗

j must be irreducible. Choose a separating

† Since S0 is non-separating, there is a loop γ in M (in general position with respect to
all spheres in question) that intersects S0 in a single point, say one contained in the
interior of E ′. If S ′′

0 is separating, then γ intersects it in an even number of points.
Since γ does not intersect E ′′, these points all lie in D. So γ intersects S ′

0 in an odd
number of points, which means that S ′

0 is non-separating.
‡ Of course, from the topological prime decomposition theorem, one already knows that

k = l, but this does not help to simplify the present proof.
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2–sphere S ⊂ M such that the closures U, V of the components of M \ S

satisfy

(Û , ξ̂|U ) = (M1 , ξ1)# · · ·#(Mk−1 , ξk−1)

and (V̂ , ξ̂|V ) = (Mk, ξk ).†
Similarly, there exist pairwise disjoint 2–spheres T1 , . . . , Tl−1 in M such

that – with W1 , . . . ,Wl denoting the closures of the components of the com-
plement M \ (T1 ∪ . . . ∪ Tl−1), and ξj the restriction of ξ to Wj – we have
(Ŵj , ξ̂j ) = (M∗

j , ξ∗j ), j = 1, . . . , l.
Suppose that the system T1 , . . . , Tl−1 of embedded spheres has been chosen

in general position with respect to S and with S ∩ (T1 ∪ . . . ∪ Tl−1) having
the minimal number of components among all such systems.

Here we have to enter a caveat. The notation suggests that W1 has bound-
ary T1 , the Wj with j ∈ {2, . . . , l− 1} have boundary Tj−1 � Tj , and Wl has
boundary Tl−1 . In fact, some of the reasoning in the proof given in [128]
appears to rely on such an assumption. However, under the minimality con-
dition we have just described, it is perfectly feasible that some of the Wj

have several boundary components (i.e. the connected sum looks like a tree
rather than a chain). In particular, the numbering of the Wj is not meant
to suggest any kind of order in which they are glued together.

We claim that the minimality assumption implies

S ∩ (T1 ∪ . . . ∪ Tl−1) = ∅.

Assuming this claim, we have S ⊂ Wj for some j ∈ {1, . . . , l}. Since
Ŵj = M∗

j is irreducible, S bounds a 3–cell B in M∗
j . Thus, S cuts Wj

into two pieces X and Y , where say Ŷ = S3 . By the uniqueness of the
tight contact structure on S3 we have in fact (Ŷ , ξ̂|Y ) = (S3 , ξst). Moreover,
(X̂, ξ̂|X ) = (M∗

j , ξ∗j ) by Theorem 4.10.1 (b).
Of the 3–discs in M∗

j used for forming the connected sum with one or
several of the other prime manifolds, at least one has to be contained in B,
otherwise S would bound a disc in M . This means that of the closures
U, V of the two components of M \ S, the one containing Y must contain
at least one of W1 , . . . ,Wj−1 ,Wj+1 , . . . ,Wl . Thus, in the case Y ⊂ V ,
the numbering (including that of Wj ) can be chosen in such a way that
W1 , . . . ,Wj−1 ,X ⊂ U and Y,Wj+1 , . . . ,Wl ⊂ V , with j ≤ l − 1. (The case
with X ⊂ V and Y ⊂ U is analogous; here j ≥ 2.) With Theorem 4.10.1, and
in particular the fact that (S3 , ξst) is the neutral element for the connected

† The contact structure ξ̂|U is the same as the restriction of the contact structure ξ̂

(defined on M̂S = Û + V̂ ) to Û .
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sum operation, we conclude that

(M1 , ξ1)# · · ·#(Mk−1 , ξk−1) = (Û , ξ̂|U )

= (Ŵ1 , ξ̂1)# · · ·#(Ŵj−1 , ξ̂j−1)#(X̂, ξ̂|X)

= (M∗
1 , ξ∗1 )# · · ·#(M∗

j , ξ∗j )

and

(Mk, ξk ) = (V̂ , ξ̂|V )

= (Ŷ , ξ̂|Y )#(Ŵj+1 , ξ̂j+1)# · · ·#(Ŵl , ξ̂l)

= (M∗
j+1 , ξ

∗
j+1)# · · ·#(M∗

l , ξ∗l ).

Since Mk is prime, we must have j = l−1, hence (Mk, ξk ) = (M∗
l , ξ∗l ). Once

again, the theorem follows from the inductive assumption.

It remains to prove the claim. Arguing by contradiction, we assume that
S ∩ (T1 ∪ . . . ∪ Tl−1) �= ∅. Then we find a 2–disc D ⊂ S with ∂D ⊂ Ti

for some i ∈ {1, . . . , l − 1}, and Int (D) ∩ (T1 ∪ . . . ∪ Tl−1) = ∅. This disc
is contained in Wj for some j ∈ {1, . . . , l}. For ease of notation we assume
that i = j = 1, and that W2 is the other component adjacent to T1 .

Let E′, E′′ be the 2–discs in T1 bounded by ∂D. Since Ŵ1 is irreducible,
the sets D ∪ E′ and D ∪ E′′ (which are homeomorphic copies of S2) bound
3–cells B′, B′′ in Ŵ1 . One of these must contain the other, otherwise it
would follow that Ŵ1 can be obtained by capping off the 3–cell B′ ∪D B′′,
and thus would be a 3–sphere.

So suppose that B′′ ⊂ B′. Then D ∪ E′ can be deformed into a smooth
2–sphere T ′

1 that meets S in fewer components then T1 , see Figure 4.45. In
the complement M \(T ′

1∪T2∪. . .∪Tl−1) we still find W3 , . . . ,Wl , but W1 ,W2

have been changed to new components W ′
1 , W ′

2 . Write ξ′1 , ξ
′
2 , respectively,

for the restriction of ξ to these components. We are done if we can show
that

(Ŵ ′
i , ξ̂

′
i) = (Ŵi, ξ̂i), i = 1, 2,

because then the new system of spheres T ′
1 , T2 , . . . , Tl−1 contradicts the min-

imality assumption on T1 , T2 , . . . , Tl−1 .
The 2–sphere T ′

1 is isotopic to T1 in Ŵ1 : simply move D ⊂ T ′
1 across the

ball B′′ to E′′. But beware that T ′
1 need not be isotopic to T1 in W1 or M .

However, B′′ lies on the same side of T1 as W1 , so T ′
1 is isotopic to T1 in

Ŵ1 ∪W2 = Ŵ ′
1 ∪W ′

2 .

Cutting this latter manifold open along T1 and then capping off with discs
gives the disjoint union of (Ŵ1 , ξ̂1) and (Ŵ2 , ξ̂2); alternatively, cutting it open
along T ′

1 and capping off yields the disjoint union of (Ŵ ′
1 , ξ̂

′
1) and (Ŵ ′

2 , ξ̂
′
2).
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W2
T1

W1

S

T ′
1

D

D

B′′

E ′′ ⊂ Ŵ1

E ′ B′ \ B′′

E ′ E ′′

Fig. 4.45. Modification of the prime decomposition.

From Lemma 4.12.6 it follows that the results of either procedure are con-
tactomorphic.

This was the last point we had to show in order to conclude the proof of
the unique decomposition theorem.

Remark 4.12.8 There is no unique decomposition theorem for overtwisted
contact 3–manifolds. For instance, start with a connected sum of two distinct
prime tight contact 3–manifolds. Now perform a full Lutz twist in one
or the other summand, preserving the topology of the manifold and the
homotopy class of the contact structure as a 2–plane field (Lemma 4.5.3).
By Eliashberg’s classification of overtwisted contact structures (Theorem
4.7.2), the resulting manifolds are contactomorphic, and we obviously have
two distinct connected sum decompositions.
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Symplectic fillings and convexity

‘My wife was greatly impressed by the
number of your “fillings”.’

Wyndham Lewis,
Letter dated 5 Dec. 1943†

In Definition 1.7.14 we introduced the notion of weak and strong symplectic
filling of a contact 3–manifold. In the first section of the present chapter we
extend these definitions to contact manifolds of arbitrary dimension, and we
discuss other notions of fillings and their interrelations.

If a contact manifold (M, ξ) admits a strong symplectic filling (W,ω),
one also says that (M, ξ) is the ω–convex boundary of (W,ω). With the
appropriate changes of signs in the definition, one arrives at the notion of
ω–concave boundary. A symplectic manifold with a concave and a convex
boundary component can then be interpreted as a symplectic cobordism.
In particular, a strong filling of (M, ξ) may be interpreted as a symplectic
cobordism from the empty set to (M, ξ). In Section 5.2 we discuss the gluing
of symplectic cobordisms, which proves the transitivity of the cobordism
relation.

With this discussion we prepare the ground for the following chapter.
There we show how to perform surgery on a given contact manifold by
regarding it as the convex boundary component of a symplectic manifold
and then attaching symplectic handles to that boundary.

A word of warning is in order. In the literature on symplectic fillings,
there are many subtle variations in terminology. One of the first systematic
discussions of convexity in symplectic geometry can be found in a paper by
Eliashberg and Gromov [76]. My only deviation from the terminology used
there is that I call ‘ω–convex’ what they refer to as ‘locally ω–convex’.

In Section 5.3 we show how one can define a notion of convexity in complex

† From the entry for ‘filling’ in the Oxford English Dictionary.

268
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analysis in analogy with geometric convexity (in the naive sense), and in
Section 5.4 we relate this so-called Levi pseudoconvexity to ω–convexity.

5.1 Weak versus strong fillings

The following definitions of weak and strong symplectic fillings of contact
manifolds are the obvious modifications of those in dimension 3. In this
general setting, it is useful to consider an intermediate notion of domination,
see [79], [176].

Definition 5.1.1 Let M be a closed manifold of dimension 2n − 1 with
cooriented contact structure ξ = ker α. Notice that the (positive) conformal
class of the symplectic bundle structure dα|ξ is independent of the choice of
contact form defining ξ with given coorientation. We orient ξ by (dα)n−1 .

(a) A compact symplectic manifold (W,ω) of dimension 2n is called a
weak (symplectic) filling of (M, ξ) if ∂W = M as oriented manifolds†
and ωn−1 |ξ > 0.

(b) We say that a compact symplectic manifold (W,ω) dominates (M, ξ)
if ∂W = M as oriented manifolds and ω|ξ is in the conformal class of dα|ξ .

(c) A compact symplectic manifold (W,ω) is called a strong (symplec-
tic) filling of (M, ξ) if ∂W = M and there is a Liouville vector field Y de-
fined near ∂W , pointing outwards along ∂W , and satisfying ξ = ker(iY ω|T M )
(as cooriented contact structure). In this case we say that (M, ξ) is the con-
vex (or more precisely: ω–convex) boundary of (W,ω).

Remark 5.1.2 In the terminology of Definition 1.4.5, the boundary of a
strong filling is of contact type.

Example 5.1.3 By Examples 1.4.8 and 2.1.7, the disc D2n with its standard
symplectic form ωst is a strong filling of the sphere S2n−1 with its standard
contact structure ξst .

It turns out that two of these three notions coincide, but which two de-
pends on the dimension. Before we formulate this theorem, we record some
observations concerning strong fillings. Part (b) of the following lemma will
be used in the proof of part (c), but it is also of more general interest. For
instance, it will be instrumental in proving that one can attach symplec-
tic handles to weak fillings of 3–dimensional contact manifolds, see Lemma
6.5.2.

† The orientations of M and W are given by the volume forms α ∧ (dα)n−1 and ωn ,
respectively.
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Lemma 5.1.4 (a) If (W,ω) is a strong filling of (M, ξ0) and (M, ξ1), then
the contact structures ξ0 and ξ1 are isotopic.

(b) (see also Exercise 3.36 in [177]) Let ω0 and ω1 be symplectic forms
on a manifold W (inducing the same orientation) that coincide on the tan-
gent bundle TM , where M is the compact boundary of W or, more gener-
ally, a compact, oriented hypersurface. Then there is a symplectomorphism†
ψ : (N (M), ω0) → (N ′(M), ω1) of suitable neighbourhoods, fixing M point-
wise.

(c) (see also [240, Lemma 2]) Let (W,ω) be a compact symplectic manifold
with boundary M . Write j : M → W for the inclusion of M in W . If
j∗ω = dα for some contact form α inducing the boundary orientation, then
(W,ω) is a strong filling of (M, ker α). (The converse of this statement has
already been observed in Lemma/Definition 1.4.5.)

Proof (a) Let Y0 and Y1 be the Liouville vector fields near ∂W corresponding
to the two contact structures ξ0 and ξ1 , respectively. Then the vector field
Yt := (1 − t)Y0 + tY1 is also a Liouville vector field for ω for all t ∈ [0, 1].
Hence iYt

ω|T M defines a homotopy of contact forms, and the result follows
from Gray stability (Thm. 2.2.2).

(b) Observe that a skew-symmetric bilinear form ω on the vector space
R⊕ R2n−1 is symplectic if and only if

(i) ω|R2 n −1 has rank 2n − 2, and thus a 1–dimensional kernel 〈X〉 ⊂
R2n−1 , and

(ii) for 0 �= X ′ ∈ R we have ω(X ′,X) �= 0.

Notice that ker(ω|R2 n −1 ) can be oriented canonically. In our given situa-
tion, let X be a non-zero section of the trivial line bundle ker(ω0 |T M ) =
ker(ω1 |T M ), and X ′ a vector field on W along M , complementary to TM in
TW |M . Set ωt = (1 − t)ω0 + tω1 , t ∈ [0, 1]. Then ωt |T M = ω0 |T M for all
t ∈ [0, 1]. Our orientation assumptions imply that ω0(X ′,X) and ω1(X ′,X)
have the same sign, hence ωt(X ′,X) �= 0 for all t ∈ [0, 1]. The linear alge-
braic criterion just mentioned then implies that ωt is symplectic along M

for all t. By the compactness of M , we can find a neighbourhood of M in
W on which ωt is symplectic for all t ∈ [0, 1].

Since (ω1−ω0)|T M = 0, the generalised Poincaré Lemma (Cor. A.4) allows
us to find a 1–form ζ on W with ζ|T W |M = 0 and dζ = ω1 − ω0 in a
neighbourhood of M .

Now we apply the Moser trick to the equation ψ∗
t ωt = ω0 , where ψt is sup-

posed to be the flow of some time-dependent vector field Xt . Differentiating

† A symplectomorphism is a diffeomorphism ψ : (W, ω) → (W ′, ω′) between symplec-
tic manifolds with ψ∗ω′ = ω.
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this equation gives

ψ∗
t

(
ω̇t + LXt

ωt

)
= 0.

This translates into

dζ + d(iXt
ωt) = 0.

Since ωt is symplectic (in a neighbourhood of M), we may define the vector
field Xt by

ζ + iXt
ωt = 0.

Then Xt ≡ 0 on M , so the flow ψt will be defined up to time 1 in a neigh-
bourhood of M . The map ψ := ψ1 is the desired symplectomorphism.

(c) Extend α to a 1–form α′ on W . Then

j∗(dα′) = dα = j∗ω.

The generalised Poincaré Lemma, applied to ω−dα′, gives us a 1–form ζ in a
neighbourhood of M in W with dζ = ω−dα′. In fact, Corollary A.4 tells us
that we may even impose the condition that ζ vanish on M , but this is not
needed here. However, if we do impose that condition, it is less abusive to
write α again for the 1–form α′ + ζ, with α now defined in a neighbourhood
of M in W .

Define a vector field Y in that neighbourhood by iY ω = α. Then Y is a
Liouville vector field for ω, and the calculation in the proof of Lemma/Defini-
tion 1.4.5, together with our orientation assumptions, shows that Y is point-
ing outwards along M .

Theorem 5.1.5 The following implications hold between the above defini-
tions:

(a) ⇐⇒ (b) ⇐= (c) for n = 2,

(a) ⇐= (b) ⇐⇒ (c) for n > 2.

The implications not shown are not valid, in general. More precisely, in
all dimensions (odd and at least 3) there are contact manifolds with a weak
filling that is not a strong filling; in dimension 3 there are even weakly fillable
contact manifolds that do not admit any strong fillings.

Proof The implications going to the left are straightforward. Given (c), we
may take α := iY ω|T M as contact form defining ξ. Then, by the Liouville
condition, ω|ξ = dα|ξ , so ω dominates ξ. That (b) implies (a) is equally
straightforward.

The implication (a)⇒ (b) for n = 2 is just as simple: if ω|ξ > 0, the ‘area
forms’ ω|ξ and dα|ξ differ only by a conformal factor f : M → R+.
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The only implication left to be shown is (b) ⇒ (c) for n > 2. This impli-
cation was first noticed in [176]. Thus, let (W,ω) be a compact symplectic
manifold that dominates (M, ξ). Choose a defining 1–form α for ξ on M

such that ω|ξ = dα|ξ . Let R be the Reeb vector field of α.
The ω–orthogonal complement ξ⊥ of ξ in TW |M is a symplectic vector

bundle of rank 2. The vector field R can be projected along ξ to a non-
vanishing vector field in ξ⊥. This shows that one can choose a vector field
Y ∈ ξ⊥ with ω(Y,R) = 1 and Y pointing outwards. Extend Y to a non-
vanishing vector field on W near ∂W = M , and use the flow of −Y to define
a collar neighbourhood of M in W .

With the help of that flow we may regard α as a 1–form on this collar
neighbourhood with α(Y ) ≡ 0 and LY α ≡ 0, hence also iY dα ≡ 0 by
Cartan’s formula. Likewise we regard R as a vector field on this collar with
LY R ≡ 0.

With β := iRω it then follows that

ω = dα + α ∧ β; (5.1)

one simply has to verify this identity on pairs of vectors (Rp,v), (Rp, Yp)
and (v, Yp), with v ∈ ker αp .

We now find that

dα ∧ β − α ∧ dβ = dω = 0. (5.2)

Since both iRdα and β(R) vanish, we get

0 ≡ iR (α ∧ dβ) = dβ − α ∧ iRdβ.

Wedging this equation with α we get α ∧ dβ ≡ 0. But then also dα ∧ β ≡ 0
by (5.2).

We now want to deduce from this last identity that β|T M = 0. Here the
assumption n > 2 is used; in the case n = 2 the identity (dα ∧ β)|ξ ≡ 0
is satisfied for dimensional reasons and does not yield any non-trivial infor-
mation. Given any point p ∈ M and any tangent vector v ∈ TpM at that
point, we may choose (for n > 2) vectors v1 ,v2 ∈ ξp that are dα–orthogonal
to v and satisfy dα(v1 ,v2) = 1. Thus

0 = (dα ∧ β)(v1 ,v2 ,v) = dα(v1 ,v2)β(v) = β(v),

hence β|T M = 0. With Equation (5.1) we deduce ω|T M = dα. Now apply
Lemma 5.1.4 (c).

It remains to discuss the non-implications. For the 3–dimensional case
see [71] and [50]. Higher-dimensional examples of weak fillings that are not
strong were constructed in [76, 3.1.3] with the help of contact surgery.
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The relation between symplectic convexity and the usual geometric con-
vexity is anything but straightforward, as the following example shows.

Example 5.1.6 The unit circle S1 in R2 with its standard symplectic struc-
ture ωst = r dr∧ dϕ (in polar coordinates) is simultaneously ωst–convex and
ωst–concave. In other words, there are Liouville vector fields X± for ωst

defined near and transverse to S1 , with X+ pointing out of the unit disc D2

and X− pointing into the unit disc. Such vector fields are given by

X+ =
1
2
r ∂r and X− = −4− r2

2r
∂r .

The deeper reason behind this example is the fact that the punctured disc
Int (D2

R ) \ {0} of radius R can be turned ‘inside out’ symplectically by the
map

(r, ϕ) �−→ (
√

R2 − r2 ,−ϕ);

above I took R = 2.

However, symplectic convexity is related to (strict) pseudoconvexity of
(real) hypersurfaces in complex spaces, and this notion of convexity is in
turn modelled on the definition of geometric convexity. I shall elaborate on
this point in Section 5.3.

5.2 Symplectic cobordisms

There is a natural correspondence between surgery and cobordisms, which
we are going to recall in detail in Section 6.1. When one wants to perform
surgery on contact manifolds, this gives rise to a corresponding notion of
symplectic cobordisms. With the following discussion of such cobordisms
we thus pave the way to the next chapter.

Definition 5.2.1 Let (M±, ξ±) be closed contact manifolds of dimension
2n−1 with cooriented contact structures, which induce the orientation of the
respective manifold. A symplectic cobordism from (M−, ξ−) to (M+ , ξ+)
is a compact 2n–dimensional symplectic manifold (W,ω), oriented by the
volume form ωn , such that the following conditions hold.

• The oriented boundary of W equals ∂W = M+ � M−, where M−
stands for M− with reversed orientation.

• In a neighbourhood of ∂W , there is a Liouville vector field Y for ω,
transverse to the boundary and pointing outwards along M+ , inwards
along M−.

• The 1–form α := iY ω restricts to TM± as a contact form for ξ±.
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We call M+ the convex boundary of the cobordism W and M− the concave
boundary.

Example 5.2.2 Every closed contact manifold (M, ξ = ker α) is symplecti-
cally cobordant to itself via the trivial symplectic cobordism(

[0, 1]×M, d(etα)
)
,

with Y = ∂t .

Remark 5.2.3 A strong symplectic filling of a contact manifold (M, ξ) is
the same as a symplectic cobordism from the empty set to (M, ξ). If one
wants to be more specific, this should be called a convex filling; later we
shall also consider concave fillings (i.e. symplectic cobordisms from a given
contact manifold to the empty set).

One could similarly define a notion of weak symplectic cobordisms in ana-
logy with weak fillings. Although we shall have reason to mention such cobor-
disms briefly during the course of the proof of Theorem 1.7.15 in the next
chapter, such cobordisms are less useful. The reason is that such cobordisms
cannot be glued together, in general. For (strong) symplectic cobordisms,
such a gluing construction exists, as we shall discuss now.

Let M be a hypersurface in the symplectic manifold (W,ω) transverse to a
Liouville vector field Y that is defined and non-vanishing in a neighbourhood
of M . Write j for the inclusion of M in W , and set α = j∗(iY ω). In the
following lemma we are going to consider two such set-ups, indexed by 0
and 1.

Lemma 5.2.4 Given a strict contactomorphism φ : (M0 , α0) → (M1 , α1),
extend it to a diffeomorphism φ̃ of a cylindrical neighbourhood of M0 in W0

to a corresponding neighbourhood of M1 in W1 by sending the flow lines of
Y0 to those of Y1 . Then φ̃ is a symplectomorphism, i.e. φ̃∗ω1 = ω0 .

Proof Observe that φ̃∗ω1 is a symplectic form in a cylindrical neighbourhood
of M0 in W0 for which Y0 is a Liouville vector field. Moreover, we compute

j∗0 (iY0 φ̃
∗ω1) = j∗0 φ̃∗(iY1 ω1) = φ∗j∗1 (iY1 ω1) = φ∗α1 = α0 .

This implies that we may identify all corresponding objects (which we now
write again without index), except for the two symplectic forms ω0 and ω1

(the latter replacing φ̃∗ω1). In order to prove ω0 = ω1 , it suffices to show
that ω := ω0 is completely determined by α and Y .
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Set α̃ = iY ω. Since α̃(Y ) = 0 and, by the Cartan formula,

LY α̃ = iY d(iY ω) = iY LY ω = iY ω = α̃,

the 1–form α̃ on the cylindrical neighbourhood of M in W is completely
determined by its restriction α to TM . With t denoting the parameter of
the flow lines of Y , passing through M at t = 0, we have in fact α̃ = etα.
(Strictly speaking, instead of α we have to write its pull-back under the
projection of the cylindrical neighbourhood to M along the flow lines.)

It follows that ω = dα̃ is also determined by α and Y .

We can now formulate the result about the gluing of symplectic cobor-
disms. This entails that the relation of being symplectically cobordant is
transitive, see also [5].

Proposition 5.2.5 Let (W−, ω−) be a symplectic cobordism from the contact
manifold (M−, ξ−) to (M, ξ), and (W+ , ω+) a symplectic cobordisms from
(M, ξ) to (M+ , ξ+). Then there is a symplectic cobordism from (M−, ξ−) to
(M+ , ξ+), which is topologically given by gluing W− and W+ along M .

Proof Write j± : M → W± for the inclusion maps and Y± for the Liouville
vector fields on (W±, ω±). Set α± := j∗±(iY±ω±). Since both α− and α+

are contact forms for the cooriented contact structure ξ, we find a function
f : M → R such that α+ = ef α−. After multiplying ω+ (and hence α+) by
a large positive constant (while keeping Y+ as it is), we may assume that f

takes values in R+.
By the proof of Lemma 5.2.4, there is an ε > 0 and a collar neighbourhood

of M in (W−, ω−) of the form(
(−ε, 0]×M, ω− = d(etα−)

)
,

and a collar neighbourhood of M in (W+ , ω+) of the form(
[0, ε)×M, ω+ = d(etα+) = d(et+f α−)

)
.

Set

W0 := {(t, x) ∈ R×M : 0 ≤ t ≤ f(x)},

with symplectic form d(etα−). Then W− ∪M W0 ∪M W+ is a symplectic
cobordism from (M−, ξ−) to (M+ , ξ+), where the identification along the
boundaries is given, in terms of the collar description, by

W− 
 (0, x) ∼ (0, x) ∈W0

and

W0 
 (f(x), x) ∼ (0, x) ∈W+ .
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This concludes the proof.

Remark 5.2.6 Example 5.2.2 shows that the notion of being symplectically
cobordant is also reflexive. In contrast with topological cobordisms, however,
the notion is not symmetric. For instance, as we shall see in Section 6.5, there
is a symplectic cobordism from any contact 3–manifold to the empty set, but
a symplectic cobordism from the empty set to the given contact 3–manifold
imposes strong conditions on that contact manifold, e.g. tightness of the
contact structure.

5.3 Convexity and Levi pseudoconvexity

In this section I give a very brief introduction to Levi pseudoconvexity, one of
several important notions of convexity studied in complex analysis. For more
details and other notions of convexity in complex analysis see the well-written
account in Chapter II of the textbook by Range [211]. Another standard
reference is Chapter IX in the classic monograph [120] by Gunning and
Rossi. The definition of Levi pseudoconvexity is modelled on the definition
of geometric convexity, so we begin with the latter.

A region G ⊂ Rm (i.e. an open connected subset) has differentiable
boundary ∂G if there is a smooth function ρ : Rm → R such that

G = {x ∈ Rm : ρ(x) < 0}

and

dρx �= 0 in a neighbourhood of ∂G,

so that ∂G is a submanifold of Rm of codimension 1, given by the equation
ρ = 0, with 0 a regular value of ρ. For the following discussion it would be
enough to assume that ρ is of class C2 .

The tangent space Tp(∂G) to ∂G at a point p ∈ ∂G can be described as

Tp(∂G) = {X ∈ Rm : dρp(X) = 0}.

Given two defining functions ρ1 , ρ2 for G and a point p ∈ ∂G, choose local
coordinates (x1 , . . . , xm ) near p such that p = 0 and

ρ2(x1 , . . . , xm ) = xm .

With x′ := (x1 , . . . , xm−1) we then have ρ1(x′, 0) = 0 for x′ near 0 ∈ Rm−1 .
The fundamental theorem of calculus applied to the function t �→ ρ1(x′, txm )
yields

ρ1(x′, xm ) = ρ1(x′, xm )− ρ1(x′, 0) = xm

∫ 1

0

∂ρ1

∂xm
(x′, txm ) dt.
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In other words, we have found a smooth function h such that ρ1 = hρ2

on Rm . Then dρ1 = h dρ2 on ∂G. These last two equations determine h,
and in particular we see that h is everywhere positive.

We now want to describe the (geometric) convexity of G in terms of the
function ρ.

Lemma 5.3.1 If G is convex near p ∈ ∂G, then
m∑

j,k=1

∂2ρ

∂xj ∂xk
(p)XjXk ≥ 0 for all X = (X1 , . . . , Xm ) ∈ Tp(∂G). (5.3)

Conversely, if Equation (5.3) holds with strict inequality for all 0 �= X ∈
Tp(∂G), in which case one says that G is strictly convex at p, then G is
convex in a neighbourhood of p in Rm .

Proof First of all we notice that the statements in this lemma are indepen-
dent of the choice of defining function ρ and invariant under linear coordi-
nate changes in Rm . Indeed, given two defining functions ρ1 and ρ2 , with
ρ1 = hρ2 as above, we have

∂2ρ1

∂xj ∂xk
=

∂2h

∂xj ∂xk
ρ2 +

∂h

∂xj
· ∂ρ2

∂xk
+

∂h

∂xk
· ∂ρ2

∂xj
+ h

∂2ρ2

∂xj ∂xk
.

For p ∈ ∂G and X ∈ Tp(∂G) we have

m∑
j=1

∂ρ2

∂xj
(p)Xj = 0,

and hence
m∑

j,k=1

∂2ρ1

∂xj ∂xk
(p)XjXk = h(p)

m∑
j,k=1

∂2ρ

∂xj ∂xk
(p)XjXk .

Moreover, if (x1 , . . . , xm ) and (y1 , . . . , ym ) are two local systems of coor-
dinates, then the corresponding coordinate descriptions (X1 , . . . , Xm ) and
(Y1 , . . . , Ym ) of a tangent vector are related by

Yr =
m∑

j=1

∂yr

∂xj
Xj .

We compute

∂2ρ

∂xj ∂xk
=

m∑
r,s=1

∂2ρ

∂yr ∂ys
· ∂yr

∂xj
· ∂ys

∂xk
+

m∑
s=1

∂ρ

∂ys
· ∂2ys

∂xj ∂xk
.
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The second summand disappears for a linear coordinate change, though not
for a general one, and we get

m∑
j,k=1

∂2ρ

∂xj ∂xk
(p)XjXk =

m∑
r,s=1

∂2ρ

∂yr ∂ys
(p)YrYs.

These preliminary considerations show that we may assume without loss
of generality that p = 0 and that Tp(∂G) is the linear subspace of Rm

corresponding to the first m − 1 coordinates. Moreover, we may then take
the function ρ near p = 0 to be of the form

ρ(x1 , . . . , xm ) = f(x1 , . . . , xm−1)− xm

with df0 = 0. Convexity of ρ at p then translates into saying that the
function t �→ f(tX1 , . . . , tXm−1) is convex at t = 0 for any non-zero vector
(X1 , . . . , Xm−1). The claims follow.

Now suppose m = 2n and identify R2n with Cn . Write J for the complex
bundle structure on the tangent bundle TR2n induced by multiplication by
i =

√
−1 on Cn . Write ∂xj

, ∂yj
, j = 1, . . . , n, for the (pointwise) standard

basis for TR2n with J(∂xj
) = ∂yj

. Set

∂zj
=

1
2
(
∂xj

− i ∂yj
), ∂zj

=
1
2
(
∂xj

+ i ∂yj
), j = 1, . . . , n.

These are vector fields on the complexified bundle TR2n ⊗R C. The C–linear
extension of J (still satisfying J2 = −id) to this bundle is characterised by

J(∂zj
) = i ∂zj

, J(∂zj ) = −i ∂zj .

Observe that a real vector field X on R2n can be written as

X =
n∑

j=1

(
Xj ∂xj

+ Yj ∂yj

)
=

n∑
j=1

(
Zj ∂zj

+ Zj ∂zj

)
with Zj := Xj + iYj ,

that is X = 2Re(Z) with Z :=
∑

j Zj ∂zj
.

We usually identify TpR2n with R2n in a canonical fashion. Likewise,
we identify the complex tangent space T C

p Cn ⊂ TpR2n ⊗R C (spanned by
∂z1 , . . . , ∂zn

) with Cn , that is, we identify the vector
∑

j Zj ∂zj
∈ T C

p Cn with
(Z1 , . . . , Zn ) ∈ Cn . Then the natural identification of R2n with Cn , mapping

(X1 , Y1 , . . . , Xn , Yn ) �−→ (Z1 , . . . , Zn ) := (X1 + iY1 , . . . , Xn + iYn ),

defines an isomorphism

TpR2n −→ T C
p Cn

X �−→ Z = 1
2 (X − iJX).

Observe that the complex tangent space T C
p Cn ⊂ TpR2n ⊗R C can also be
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characterised as the eigenspace of the endomorphism J corresponding to the
eigenvalue +i.

Definition 5.3.2 Given G as before, we define the complex tangent space
to ∂G at p ∈ ∂G as

T C

p (∂G) := Tp(∂G) ∩ J(Tp(∂G)).

This is the largest J–invariant subspace of Tp(∂G) ⊂ TpR2n, of real dimen-
sion 2n− 2.

In terms of standard complex Cartesian coordinates (z1 , . . . , zn ) on Cn we
define complex-valued 1–forms on Cn by

∂ρ =
n∑

j=1

∂ρ

∂zj
dzj and ∂ρ =

n∑
j=1

∂ρ

∂zj
dzj ,

so that

dρ = ∂ρ + ∂ρ.

One should really regard these as sections of the bundle T ∗R2n ⊗R C. Notice
that ∂ρ is C–linear and ∂ρ is C–antilinear.

Lemma 5.3.3 The complex tangent space T C
p (∂G) is given by

T C

p (∂G) = {X ∈ TpR2n : ∂ρp(X) = 0} = {Z ∈ T C

p Cn : ∂ρp(Z) = 0}.

Proof Since ρ is real-valued we have ∂ρ = ∂ρ. This implies that dρ(X) =
2Re(∂ρ(X)). Moreover, the C–linearity of the 1–form ∂ρ gives

Re(∂ρ(JX)) = Re(i∂ρ(X)) = −Im(∂ρ(X)).

Since T C
p (∂G) can be characterised as the vector space of those X ∈ R2n

with

dρp(X) = dρp(JX) = 0,

the first description of T C
p (∂G) follows. The second description follows by

writing X in the form X =
∑

j (Zj ∂zj
+ Zj ∂zj

).

Remark 5.3.4 When below we write Z ∈ T C
p (∂G), where we regard Z as an

element of Cn , this is always meant to correspond to X =
∑

j (Zj ∂zj
+Zj ∂zj

)
in the real description of T C

p (∂G). This is the natural identification of the J–
invariant subspace T C

p (∂G) of TpR2n with a complex linear subspace of Cn =
T C

p Cn .
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We would now like to find a complex analogue of the convexity condi-
tion (5.3). In order for it to have any chance to bear a relation to other no-
tions of convexity in complex analysis, which are typically defined in terms
of the existence of certain holomorphic functions (see [211]), it should be a
condition that is invariant under biholomorphisms.

The quadratic term in the Taylor expansion of ρ(p + Z) at p ∈ ∂G, with
Z = (Z1 , . . . , Zn ) ∈ Cn , can be written as

Re
n∑

j,k=1

∂2ρ

∂zj ∂zk
(p)ZjZk +

n∑
j,k=1

∂2ρ

∂zj ∂zk
(p)ZjZk =: Qpρ(Z) + Lpρ(Z).

Observe that Qpρ(iZ) = −Qpρ(Z) and Lpρ(iZ) = Lpρ(Z).
If the geometric convexity condition (5.3) holds, then

Qpρ(Z) + Lpρ(Z) ≥ 0 for all Z =
1
2
(X − iJX) ∈ Tp(∂G).

For Z ∈ T C
p (G), this equation holds both for Z and JZ = iZ; summing these

two equations we obtain

Lpρ(Z) ≥ 0 for all Z ∈ T C

p (∂G). (5.4)

Definition 5.3.5 The Hermitian form

Lpρ(Z) =
n∑

j,k=1

∂2ρ

∂zj ∂zk
(p)ZjZk

is called the Levi form (or complex Hessian) of ρ at p ∈ ∂G. One says
that G is (strictly) Levi pseudoconvex if its boundary ∂G is smooth and
condition (5.4) holds for all p ∈ ∂G (with strict inequality for Z �= 0).

From this definition and the preceding considerations it follows immedi-
ately that any (strictly) convex region with smooth boundary is (strictly)
Levi pseudoconvex. The converse is false, of course. For instance, for n = 1
condition (5.4) is empty, so any region in C with smooth boundary is strictly
Levi pseudoconvex.

Here is the verification that Levi pseudoconvexity is indeed a condition
invariant under biholomorphisms. Let φ−1 be a biholomorphism defined in
a neighbourhood of p ∈ ∂G. To keep notation simple, I am not going to
specify that neighbourhood and write things as if φ was globally defined.
The region φ−1(G) is defined by the condition ρ ◦ φ(z) < 0, and with φ′

denoting the holomorphic Jacobian of φ we have

∂(ρ ◦ φ)p(Z) = ∂ρφ(p)(φ′(p)Z).

Given the characterisation of the complex tangent space in Lemma 5.3.3,
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we see that multiplication by φ′(p) defines an isomorphism from T C
p (∂G) to

T C

φ(p)(∂(φ(G)). Then the equation

Lp(ρ ◦ φ)(Z) = Lφ(p)ρ(φ′(p)Z)

shows the invariance of the Levi condition (5.4). That last equation is derived
as in the real case. The essential difference is that the term ∂2wk/(∂zj ∂zk )
in the formula relating the Levi form in terms of coordinates (z1 , . . . , zn ) to
that in terms of (w1 , . . . , wn ), see the computations in the proof of Lemma
5.3.1, disappears for all holomorphic coordinate changes, not only linear
ones.

5.4 Levi pseudoconvexity and ω–convexity

In this section we are going to relate ω–convexity in the sense of Definition
5.1.1 to (strict) Levi pseudoconvexity. Before we address the issue of fill-
ings, we show that strictly Levi pseudoconvex hypersurfaces carry a natural
contact structure.

Given a region G ⊂ R2n ≡ Cn as in the previous section, define a real
1–form α on T (∂G) by

α := −dρ ◦ J |T (∂G) .

Since dzj ◦ J = i dzj and dzj ◦ J = −i dzj , this can be written as

α = i
n∑

j=1

(
∂ρ

∂zj
dzj −

∂ρ

∂zj
dzj

)
,

where restriction to T (∂G) is from now on understood. We then compute

dα = 2i
n∑

j,k=1

∂2ρ

∂zj ∂zk
dzj ∧ dzk ;

the purely holomorphic or purely antiholomorphic terms disappear by the
symmetry of the second derivatives of ρ and the antisymmetry of the wedge
product.

Observe that α = i(∂ρ − ∂ρ) = 2 Im(∂ρ). Arguing as in the proof of
Lemma 5.3.3, we see that ker αp = T C

p (∂G).

Lemma 5.4.1 For X ∈ T C
p (∂G) and with Z = (X − iJX)/2 as before, we

have

dαp(X,JX) = 4Lpρ(Z).
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Proof Write X = Z + Z with Z =
∑

j Zj ∂zj
and Z =

∑
j Zj ∂zj

. Then
JX = iZ − iZ. Hence

dαp(X,JX) = 2i
n∑

j,k=1

∂2ρ

∂zj ∂zk
(p) dzj ∧ dzk (Z + Z, iZ − iZ)

= 4
n∑

j,k=1

∂2ρ

∂zj ∂zk
(p)ZjZk

= 4Lpρ(Z),

which is the claimed identity.

Proposition 5.4.2 Let G ⊂ Cn be a strictly Levi pseudoconvex region. Then
the hyperplane distribution ξ on ∂G defined by ξp = T C

p (∂G), p ∈ ∂G, is a
contact structure.

Proof Strict Levi pseudoconvexity means, by the foregoing lemma, that

dαp(X,JX) > 0 for all 0 �= X ∈ ξp = T C

p (∂G) = ker αp.

So dα|ξ is symplectic, and hence ξ a contact structure.

Remark 5.4.3 More generally, with Y = W + W , we have

dαp(X,Y ) = 2i
n∑

j,k=1

∂2ρ

∂zj ∂zk
(p) dzj ∧ dzk (Z + Z,W + W )

= 2i
n∑

j,k=1

∂2ρ

∂zj ∂zk
(p) (ZjWk −WjZk ),

from which one sees that dα(JX, JY ) = dα(X,Y ), i.e. J |ξ is compatible
with the symplectic structure dα|ξ .

Example 5.4.4 (see also Example 2.1.7) With ρ : Cn → R given by

ρ(z) :=
‖z‖2 − 1

4
,

so that the corresponding domain G = {ρ(z) < 0} ⊂ Cn is the open unit
ball, we have

dα =
i
2

n∑
j=1

dzj ∧ dzj =
n∑

j=1

dxj ∧ dyj ,

i.e. the standard symplectic form on Cn . So the unit ball has a strictly Levi
pseudoconvex boundary, and the complex tangencies to this boundary (the
unit sphere in Cn ) define a contact structure.
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Since (strict) Levi pseudoconvexity is a notion invariant under biholomor-
phisms, one can sensibly speak of pseudoconvex hypersurfaces in arbitrary
complex manifolds, or pseudoconvex boundaries of complex manifolds. This
gives rise to a further type of filling. Concerning compatibility of orienta-
tions, observe that the condition

dα(X,JX) > 0 for all 0 �= X ∈ ξp = T C

p (∂G)

says that the orientations on T C
p (∂G) induced by the complex structure J on

the one hand, and the symplectic structure dα on the other, coincide. If Y

is a vector orthonormal to ∂G (with respect to the standard inner product
on R2n ) and pointing outwards, then JY is tangent to ∂G and

α(JY ) = −dρ(J2Y ) = dρ(Y ) > 0.

This implies that the orientation on ∂G induced by the cooriented contact
structure ξ = ker α coincides with the boundary orientation, with G being
naturally oriented as open subset of Cn .

In the following definition, this choice of coorientation of ξ (and hence
induced orientation of M) is understood.

Definition 5.4.5 A compact complex manifold W is called a holomorphic
filling of the contact manifold (M, ξ) if W has strictly Levi pseudoconvex
boundary ∂W , equal to M as oriented manifold, and the contact structure ξ

is given by ξp = T C
p (∂W ), p ∈ ∂W .

The following theorem relates this notion of filling to those encountered
earlier, at least in dimension 3.

Theorem 5.4.6 Let (M, ξ) be a (closed) 3–dimensional contact manifold.
If (M, ξ) admits a holomorphic filling, then it is also strongly symplectically
fillable.

The proof of this theorem relies on the following notions.

Definition 5.4.7 (a) A Stein manifold is an affine complex manifold, i.e.
a complex manifold that admits a proper holomorphic embedding into CN

for some large integer N .
(b) A smooth function ρ : W → R on a complex manifold W is called

strictly plurisubharmonic if the Levi form Lpρ is positive definite for all
p ∈ W .

(c) A function ρ as in (b) is called an exhausting function if it is proper
and bounded below.
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The definition of Stein manifold given here is not the original one, which
is in terms of holomorphic convexity and the existence of ‘sufficiently many’
(which I am not going to elaborate) holomorphic functions, see [120].

The following theorem relates these notions to each other.

Theorem 5.4.8 (Grauert [116]) A complex manifold is Stein if and only
if it admits an exhausting plurisubharmonic function.

One direction of this theorem is simple. The function ρ =
∑N

j=1 |zj |2
on CN restricts to an exhausting plurisubharmonic function on any Stein
manifold W ⊂ CN .

Given a strictly plurisubharmonic function ρ : W → R on a complex mani-
fold (W,J) and a regular value c of ρ, the complex tangencies define a contact
structure on the level set Mc := {p ∈W : ρ(p) = c} as in Proposition 5.4.2.

Proposition 5.4.9 Let (W,J) be a Stein manifold and ρ : W → R an ex-
hausting plurisubharmonic function on W . For any regular value c of ρ, the
manifold Wc := {p ∈ W : ρ(p) ≤ c} is in a natural way a strong symplectic
filling of the contact manifold Mc .

Proof The manifold Wc is compact, since ρ is an exhausting function.
As we have seen above, the contact structure on Mc is defined by the

restriction of the 1–form α := −dρ◦J to TMc . Our local calculations at the
beginning of this section show that ω := dα is a symplectic form on Wc , and
that

g(X,Y ) := ω(X,JY )

defines a Riemannian metric on Wc .
Let ∇ρ be the gradient of ρ with respect to this Riemannian metric g.

Then

ω(∇ρ,−) = −g(∇ρ, J(−)) = −dρ ◦ J = α.

This implies that ∇ρ is a Liouville vector field for ω, since

L∇ρω = d(i∇ρω) = dα = ω.

This proves the proposition.

If we call Wc a Stein filling of Mc , then the proposition can be phrased
more succinctly as ‘Every Stein filling is a strong symplectic filling’. In
fact, as shown by Hill and Nacinovich [131], it is enough to require that
Int (Wc) be a Stein manifold (with no assumption on ρ other than c being a
regular value and Wc compact), and that the complex structure on Int (Wc)



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

5.4 Levi pseudoconvexity and ω–convexity 285

extend smoothly (as an almost complex structure) to the boundary Mc (there
defining the contact structure), in order to find a Stein filling in our sense.

The converse of the proposition is false. As shown by Ghiggini [100], there
are contact 3–manifolds that admit a strong symplectic filling, but no Stein
filling.

Proof of Theorem 5.4.6 If (M, ξ) has a holomorphic filling, then by [120,
Thm. IX.C.4] one may regard M as the level set of a strictly plurisubhar-
monic function on a Stein surface with singularities not in M . As shown
in [28], one can then find a Stein filling of M as follows. First resolve the
singularities; this preserves M and the complex structure near it. Then the
main theorem of [28] says that a small deformation of this desingularised
surface will be Stein, and that M remains a level set of a strictly plurisub-
harmonic function during the deformation. By Gray stability, the contact
structures on M defined by the complex tangencies (for each complex struc-
ture in the deformation family) are isotopic.

For more details on some of the topics discussed in this section see the
notes taken by Abreu of lectures by Eliashberg [72].
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‘The afternoon he came to say goodbye there was a
positively surgical atmosphere in the flat.’

Christopher Isherwood,
Goodbye to Berlin

The proof of the Lutz–Martinet theorem in Chapter 4 was based on Dehn
surgery along transverse knots in a given contact 3–manifold. This con-
struction does not admit any direct extension to higher dimensions. In 1982,
Meckert [178] developed a connected sum construction for contact manifolds.
Now, forming the connected sum of two manifolds is the same as performing
a surgery along a 0–sphere (i.e. two points, one in each of the two manifolds
we want to connect). Since a point in a contact manifold is the simplest
example of an isotropic submanifold, this intimated that there might be a
more general form of ‘contact surgery’ along isotropic submanifolds. On the
other hand, Meckert’s construction is so complex that such a generalisation
did not immediately suggest itself.

Then, in 1990, Eliashberg [65] did indeed find such a general form of con-
tact surgery. In fact, he solved a much more intricate problem about the
topology of Stein manifolds, involving the construction of complex structures
on certain handlebodies such that their boundaries are strictly pseudoconvex
(and hence inherit a contact structure), see Example 2.1.7 and Section 5.3.
A little later it was realised by Weinstein [241] that the symplectic and con-
tact geometric part of Eliashberg’s result can be described in a considerably
simplified form.

In Section 6.1 we recall the notion of surgery on differential manifolds and
the equivalent description via attaching of handles to manifolds with bound-
ary. A special instance of this has already been discussed in Section 1.7.2.

In Section 6.2 we give Weinstein’s description how this topological con-
struction can be performed with the additional structures we are interested

286
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in, that is, contact structures on surgered manifolds or symplectic structures
on cobordisms. In passing, we discuss Eliashberg’s more difficult construc-
tion of Stein manifolds with a given topology.

When trying to apply contact surgery to the construction of contact mani-
folds, special attention has to be paid to the framings of the surgeries in
question (i.e. the framings of the spheres along which surgery is performed).
This question was addressed in Eliashberg’s paper on Stein manifolds, but
not by Weinstein. In Section 6.3 we deal with that part of Eliashberg’s gen-
eral discussion that is directly relevant to contact geometry. Essentially, it
will be shown that all framings that satisfy an obvious topological condition
(extendibility of an almost complex structure over the corresponding han-
dle) can be used to perform contact surgery. In this argument we appeal
to various so-called h–principles; Section 6.3.1 is devoted to a discussion
of the h–principle for isotropic immersions. As a by-product, we obtain in
Section 6.3.2 a contact geometric proof of the Whitney–Graustein theorem,
stating that immersions of S1 in R2 are classified by their rotation number.

There are special problems related to framings in the case of 3–dimensional
contact manifolds; these will be discussed in Section 6.4. We then apply
these 3–dimensional results in Section 6.5 to questions concerning symplectic
fillings of contact 3–manifolds. In particular, we provide a proof of Theorem
1.7.15, based on a surgery description of contact 3–manifolds found by Fan
Ding and this author [51].

6.1 Topological surgery

Basic references on surgery are the textbooks by Kosinski [153] and Ra-
nicki [213]. Milnor’s beautiful article [183] remains one of the best intro-
ductions to surgery; the survey [216] by Rosenberg is also very useful. In
the topological setting, it is usually not vital to have an explicit coordinate
description for surgeries or the corresponding handle attachments. This sit-
uation changes, however, once we want to construct geometric structures on
the surgered manifolds or the corresponding cobordisms. Such explicit co-
ordinate descriptions are given in Milnor’s article, and, following Weinstein,
we are going to adapt them to the contact geometric or symplectic setting,
respectively. In the present section we first give the topological picture.

Let Dk+1 denote the unit disc in the Euclidean space Rk+1, with boundary
∂Dk+1 = Sk the unit k–sphere. The product manifold Sk ×Sn−k−1 may be
regarded as the boundary either of Sk ×Dn−k or of Dk+1 × Sn−k−1 .

Now let M be an n–dimensional differential manifold, and suppose that
we have an embedded k–sphere Sk ⊂ M with trivial normal bundle. This
implies that we can find an embedded copy of Sk ×Dn−k in M .
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Definition 6.1.1 Given Sk ×Dn−k ⊂ M , one can form a new manifold

M ′ :=
(
M \ Sk × Int (Dn−k )

)
∪S k ×S n −k −1 (Dk+1 × Sn−k−1)

by making the obvious identification along

Sk × Sn−k−1 = ∂
(
M \ Sk × Int (Dn−k )

)
= ∂(Dk+1 × Sn−k−1).

(The fact that M ′ is indeed a manifold is a simple consequence of the col-
laring theorem for manifolds with boundary, see [38], [132] or [153].) The
procedure of constructing M ′ from M is called a surgery along Sk ⊂M .

Observe that M may be recovered from M ′ by a surgery along Sn−k−1 .

Remark 6.1.2 The result M ′ of a surgery along Sk ⊂ M is, up to diffeo-
morphism, determined by the choice of embedding Sk ×Dn−k →M , which
amounts to a choice of trivialisation of the normal bundle of Sk ⊂ M , i.e. a
choice of framing. In fact, the diffeomorphism type of M ′ depends only on
the isotopy class of the embedding Sk ×Dn−k → M . This is a consequence
of the standard isotopy extension theorem in differential topology.

Examples 6.1.3 (1) Suppose that M consists of two connected components
M+ and M−. Let S0 → M be an embedding of S0 = {±1} ⊂ R into
M sending ±1 to M±, respectively. Then surgery along S0 is the same
as taking the connected sum of M+ and M−. In the oriented case, it is
understood that the two embeddings {±1} × Dn → M± are chosen with
opposite orientation behaviour. This amounts to the same as an orientation-
preserving embedding of S0 × Dn , oriented as (part of) the boundary of
D1 ×Dn . See also the third example below.

(2) The unit n–sphere Sn ⊂ Rn+1 may be viewed as a union

Sn = (Dk+1 × Sn−k−1) ∪ (Sk ×Dn−k ),

with

Sk ×Dn−k :=
{
(x0 , . . . , xn ) ∈ Sn : x2

k+1 + · · ·+ x2
n ≤ 1/2

}
.

The surgery along Sk ⊂ Sn defined by this embedding of Sk×Dn−k produces

(Dk+1 × Sn−k−1) ∪ (Dk+1 × Sn−k−1) = Sk+1 × Sn−k−1 .

(3) Fix Sk ×Dn−k ⊂ Sn as in the preceding example. Up to homotopy,
any other choice of normal framing of Sk ⊂ Sn (for k ≥ 1) is realised by an
embedding

φ : Sk × Dn−k −→ Sk × Dn−k ⊂ Sn

(x , y) �−→
(
x , α(x)(y)

)
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for some α ∈ πk (SO(n− k)).† The corresponding surgered manifold

M ′ = (Dk+1
− × Sn−k−1) ∪ (Dk+1

+ × Sn−k−1),

where the subscripts ± merely serve to distinguish the two copies of the
manifold Dk+1 × Sn−k−1 , is obtained by identifying

(x,y) ∈ Sk × Sn−k−1 = ∂(Dk+1
+ × Sn−k−1)

with

φ(x,y) =
(
x, α(x)(y)

)
∈ Sk × Sn−k−1 = ∂(Dk+1

− × Sn−k−1).

The projection mapping (x,y) �→ x is compatible with this gluing, so M ′

inherits the structure of an Sn−k−1–bundle over the (k + 1)–sphere Sk+1 :=
Dk+1

+ ∪Dk+1
− . The map α ∈ πk (SO(n− k)) is the characteristic map of that

bundle; it describes the gluing along the equator Sk = Dk+1
+ ∩Dk+1

− of two
trivial bundles over the hemispheres Dk+1

± .
Conversely, given any Sn−k−1–bundle over Sk+1 = Dk+1

+ ∪ Dk+1
− , it re-

stricts to trivial bundles Dk+1
± × Sn−k−1 over the hemispheres, and – up to

homotopy – the gluing along the equator can be described by a characteristic
map α ∈ πk (SO(n− k)) as above.

In the case k = 0 we have the same one-to-one correspondence between
surgeries on Sn along S0 ⊂ Sn and Sn−1–bundles over S1 , except that here
we may take α ∈ π0(O(n)), i.e. there are two choices.

We now give the alternative description of surgery in terms of handle
attaching. Start with the cylinder [−1, 1] × M over the n–manifold M .
Given an embedded copy of Sk ×Dn−k ⊂ M ≡ {1} ×M , we can form the
manifold

W = ([−1, 1]×M) ∪S k ×Dn −k (Dk+1 ×Dn−k ),

see Figure 1.6, but beware that there the notation W is used differently. One
says that W is obtained from [−1, 1]×M by attaching a (k +1)–handle (or
handle of index k+1) Dk+1×Dn−k−1 to the boundary component {1}×M .
As it stands, W is not actually a manifold – one first needs to ‘smooth the
corners’‡ at Sk × Sn−k−1 . This being understood, the boundary of W is
given by the disjoint union of M ≡ {−1} ×M (or M in the oriented case)
and the result M ′ of performing surgery on M defined by Sk ×Dn−k ⊂M .
In other words, W is a cobordism between M and M ′.

† More precisely: α should be a smooth representative of an element in the homotopy
group πk (SO(n − k)).

‡ Kirby writes in [146]: ‘The phrase “corners can be smoothed” has been a phrase that
I have heard for 30 years, and this is not the place to explain it.’ Neither is this, but
see [38, (13.12)] and Section 7.6. An alternative expression for ‘smoothing corners’ is
‘straightening the angle’.
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The process of smoothing corners may be rather awkward in the presence
of additional geometric structures. The following description of the cobor-
dism W given in [183] uses only identification over open subsets. It thus
gives the manifold structure for free (only the Hausdorff property needs to
be checked), and we shall see later how it can be modified so as to yield a
symplectic structure on the cobordism with boundaries of contact type, see
Definition 1.4.5.

Let H (for ‘handle’) denote the locus of points (x,y) ∈ Rk+1 × Rn−k

satisfying the inequalities

−1 ≤ ‖y‖2 − ‖x‖2 ≤ 1

and

‖x‖ · ‖y‖ < sinh 1 · cosh 1,

see Figure 6.1.

x

yH

Fig. 6.1. The model handle H .

This manifold H is not diffeomorphic to Dk+1×Dn−k , i.e. not a handle in
the strict sense, but rather a copy of Dk+1 ×Dn−k with the corners cut off.
We call the subset of H described by ‖y‖2 −‖x‖2 = −1 its ‘lower’ boundary
∂−H (in Figure 6.1 it is actually on the left and right); the subset described
by ‖y‖2−‖x‖2 = 1 will be referred to as the ‘upper’ boundary ∂+H of H (top
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and bottom in our figure). The lower boundary is connected for k ≥ 1, and it
has two components (as in the figure) if k = 0. Analogous statements hold for
the upper boundary. The k–sphere Sk

H in Figure 6.1 in the lower boundary,
visualised by the two points on the x–axis, will correspond to the k–sphere
along which we want to perform surgery. The (k + 1)–disc Dk+1 ×{0} ⊂ H

is called the core of the handle; the (n − k)–disc {0} × Dn−k ⊂ H, the
belt disc or cocore; the (n− k − 1)–sphere {0} × ∂Dn−k ⊂ ∂H, the belt
sphere.

The lower boundary is diffeomorphic to Sk × Int (Dn−k ) under the corre-
spondence

(u cosh r,v sinh r) ←→ (u, rv), u ∈ Sk , v ∈ Sn−k−1 , 0 ≤ r < 1.

Similarly, the upper boundary is diffeomorphic to Int (Dk+1)×Sn−k−1 under
the correspondence

(u sinh r,v cosh r) ←→ (ru,v), u ∈ Sk , v ∈ Sn−k−1 , 0 ≤ r < 1.

For given (x0 ,y0) ∈ Rk+1 × Rn−k , the velocity vector of the curve

γ : t �−→ (t−1x0 , ty0), t ∈ R+ ,

equals the gradient of the function (x,y) �→ ‖y‖2 − ‖x‖2 up to positive
scaling, so γ is orthogonal to the level sets of that function. Notice that
‖x‖ · ‖y‖ ≡ const. along γ. If one of x0 or y0 equals zero, the curve γ is a
straight line through the origin. If both x0 and y0 are different from zero,
the curve γ is a hyperbola that intersects the upper and lower boundary of
H in one point each. Some of these hyperbolic segments joining the two
boundaries are indicated in Figure 6.1.

Now we use this handle H to describe the cobordism corresponding to a
surgery on the n–manifold M defined by an embedding φ : Sk×Dn−k → M .†
Start with the topological sum

[−1, 1]×
(
M \ φ(Sk × {0})

)
+ H,

and define W as the quotient space obtained by the following identification.
For each u ∈ Sk , v ∈ Sn−k−1 , 0 < r < 1 and c ∈ [−1, 1], identify(

c, φ(u, rv)
)
∈ [−1, 1]×

(
M \ φ(Sk × {0})

)
with the unique point (x,y) ∈ H defined by the conditions

• ‖y‖2 − ‖x‖2 = c,
• (x,y) lies on the trajectory γ through the point (u cosh r,v sinh r).

† The sphere φ(Sk × {0}) ⊂ M is the attaching sphere for the handle; occasionally I
also refer to Sk

H := Sk × {0} ⊂ ∂−H as the attaching sphere.
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This correspondence defines a diffeomorphism

[−1, 1]× φ
(
Sk × Int (Dn−k \ {0})

)
−→ H ∩ (Rk+1 \ {0})× (Rn−k \ {0})

of open subsets. So the resulting quotient space W , which is easily verified
to be a Hausdorff space, is again a differential manifold, see Figure 6.2.

M ≡ {−1} × M H

M ′

Fig. 6.2. Cobordism W corresponding to surgery.

The boundary component of W corresponding to c = −1 can be identified
with the original manifold M by sending p ∈ M to{

(−1, p) ∈ [−1, 1]×
(
M \ φ(Sk × {0})

)
for p �∈ φ(Sk × {0}),

(u cosh r,v sinh r) ∈ H for p = φ(u, rv), r < 1.

This is well defined, since for p ∈ φ
(
Sk×Int (Dn−k \{0})

)
the two definitions

agree.
The surgered manifold M ′ can be described as a quotient space of the

topological sum (
M \ φ(Sk × {0})

)
+ (Dk+1 × Sn−k−1),

where (ru,v) ∈ Dk+1 × Sn−k−1 is identified with φ(u, rv) ∈ M for 0 <

r ≤ 1. We see that M ′ can be identified with the upper (or, in Figure 6.2,
inner) boundary of W by sending p ∈

(
M \ φ(Sk × {0})

)
to (1, p), and

(ru,v) ∈ Dk+1 × Sn−k−1 to (u sinh r,v cosh r). That this is well defined
follows from the following commutative diagram (for 0 < r ≤ 1).



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

6.2 Contact surgery and symplectic cobordisms 293

M 
 φ(u, rv) �∼ � (ru,v) ∈ Dk+1 × Sn−k−1

{1} ×M 

(
1, φ(u, rv)

)�
�∼� (u sinh r,v cosh r)

�
∈ H

For the identification at the bottom of this diagram, observe that the point
(x,y) = (u sinh r,v cosh r) is the unique point in H satisfying ‖y‖2−‖x‖2 =
1 and lying on the trajectory t �→ (t−1u cosh r, tv sinh r), viz., corresponding
to the value t = cosh r/ sinh r of the curve parameter.

6.2 Contact surgery and symplectic cobordisms

In the preceding section, the key point in the construction of the cobordism
corresponding to a surgery was the following. Given Sk ⊂ M with trivial
normal bundle, it has a neighbourhood in M diffeomorphic to a neighbour-
hood of the k–sphere given by {y = 0} in the lower boundary of H. This
diffeomorphism extends to a diffeomorphism of the punctured neighbour-
hood Sk × (Dn−k \ {0}) crossed with the interval [−1, 1] on the one side,
and H with the coordinate planes removed on the other, by mapping the
obvious foliation by line segments in one space to the foliation by gradient
flow lines γ on the other. This allowed the gluing that gave us the desired
cobordism.

We now want to show that one can perform surgery along an isotropic
sphere with trivial conformal symplectic normal bundle in a given contact
manifold such that the resulting manifold carries again a contact structure
(which coincides with the old one outside the neighbourhood where surgery
takes place). We shall call this a contact surgery. We are going to perform
this surgery by constructing the corresponding symplectic cobordism. Thus,
the task becomes obvious. First of all, we need a neighbourhood theorem
for isotropic submanifolds in a contact manifold. This will enable us to
identify (by a contactomorphism) a neighbourhood of an isotropic sphere
in a given contact manifold with a neighbourhood of an isotropic sphere in
a model handle. Such a neighbourhood theorem has already been proved
(Thm. 2.5.8). As we shall see, the isotropic spheres in the model handle will
have trivial conformal symplectic normal bundle, so the same condition will
have to be imposed on any sphere along which we want to perform contact
surgery.

Secondly, we need to work with a suitable flow, replacing the gradient flow
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in the topological picture, that will yield a symplectomorphism for the gluing
construction. Observe that if (M, ξ = ker α) is a contact manifold, then a
natural symplectic structure ω on [−1, 1]×M is obtained by symplectisation
(see Example 1.4.7), that is, ω := d(etα). Here the obvious foliation by line
segments is given by the flow of the Liouville vector field ∂t . Correspond-
ingly, the gradient flow in our topological handle H will have to be replaced
by a Liouville flow on a symplectic handle. Moreover, the neighbourhood
theorem for isotropic submanifolds will have to be strong enough so that the
identification of flow lines in [−1, 1] ×M with those in H actually yields a
symplectomorphism.

For that last point, we shall need a version of Theorem 2.5.8 for strict
contact manifolds, see Definition 2.1.2. In the process, we also provide the
argument hinted at in Remark 2.5.12. For the following definition recall
Lemma 1.3.3 and Definition 2.5.3.

Definition 6.2.1 Let L be an isotropic submanifold of a strict contact
manifold (M,α). The quotient bundle

SNM (L) := (TL)⊥/TL

with the symplectic bundle structure induced by dα is called the symplectic
normal bundle of L in M . Here (TL)⊥ ⊂ ker α denotes, as in Chapter 2,
the symplectic orthogonal complement.

Theorem 6.2.2 Let (Mi, αi), i = 0, 1, be strict contact manifolds with closed
isotropic submanifolds Li. Suppose there is an isomorphism of symplectic
normal bundles Φ: SNM 0 (L0) → SNM 1 (L1) that covers a diffeomorphism
φ : L0 → L1 . Then this diffeomorphism φ extends to a strict contactomor-
phism ψ : N (L0) → N (L1) of suitable neighbourhoods N (Li) of Li such that
Tψ|SNM 0 (L0 ) = Φ.

Proof By the proof of Theorem 2.5.8 we may assume that

• M0 = M1 =: M , L0 = L1 =: L, φ = idL ,
• α0 = α1 and dα0 = dα1 on TM |L , Φ = id|SNM (L) (notice that

SNM (L) is the same for both contact forms).

Observe that these conditions entail that the Reeb vector fields R0 and
R1 also coincide on L. Now choose an open neighbourhood N (L) of L in M

and a hypersurface Σ in N (L) with the following properties:

• L ⊂ Σ,
• Σ is transverse to R0 and R1 , and each integral curve of R0 or R1 ,

respectively, in N (L) intersects Σ exactly once,
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• ξ|L = TΣ|L .

These conditions imply that both dα0 and dα1 induce symplectic forms
on Σ, with dα0 = dα1 on TΣ|L . With j : Σ → M denoting the inclusion
and αt := (1− t)α0 + t α1 it follows (by shrinking N (L) and Σ, if necessary)
that the 2–form ωt := j∗dαt is a symplectic form on Σ for all t ∈ [0, 1].

We now apply the symplectic Moser trick to this family of symplectic
forms. Our aim is to find an isotopy ψt of a neighbourhood of L ⊂ Σ with
ψ∗

t ωt = ω0 , and furthermore ψt |L = idL and Tψt = id on TΣ|L .
The generalised Poincaré Lemma (Cor. A.4) applied to the 2–form

η := ω1 − ω0 = ω̇t

allows us to find a 1–form ζ in a neighbourhood of L ⊂ Σ, vanishing to
second order on L, such that η = dζ.

Assuming that ψt is the flow of a time-dependent vector field Xt , we obtain
from ψ∗

t ωt = ω0 by differentiation the equation

ψ∗
t

(
dζ + d(iXt

ωt)
)

= 0.

In order to find a solution Xt to this equation, we need only solve

ζ + iXt
ωt = 0,

which is possible (in a unique way) because ωt is a symplectic form in a
neighbourhood of L ⊂ Σ for all t ∈ [0, 1]. Since ζ vanishes to second order
on L, the same is true for the vector field Xt . In particular, the (local) flow
of Xt fixes L, and therefore it can be defined up to time 1 in a neighbourhood
of L (see the argument in the proof of Theorem 2.5.1). Moreover, we have
Tψt = id on TΣ|L for all t ∈ [0, 1], since this is true for ψ0 = idΣ, and – for
any vector field Y on Σ and with ψ∗

t defined as T (ψ−1
t ) on vector fields –

d

dt

(
ψ∗

t Y
)

= ψ∗
t

(
LXt

Y
)

= ψ∗
t

(
[Xt, Y ]

)
= 0 on L.

The formula for the time derivative of ψ∗
t Y used here follows by dualising

the argument in the proof of Lemma 2.2.1.
Now extend ψ1 to a diffeomorphism ψ : N (L) → N1(L) of the neighbour-

hood N (L) of L ⊂ M (again after shrinking N (L) and Σ, if necessary) to
another such neighbourhood N1(L) by requiring that ψ send flow lines of
the Reeb vector field R0 to those of R1 . Since R0 = R1 along L, this gives
Tψ = id on TM |L . This also implies ψ∗α1 = α0 on TM |L . Moreover, since
the Reeb vector field R of a contact form α satisfies iRdα ≡ 0 and LRdα ≡ 0,
this extension guarantees that ψ∗dα1 = dα0 on N1(L).

Thus, changing notation in the obvious way, we may now assume that

• α0 = α1 on TM |L , dα0 = dα1 on N1(L), and Φ = id|SNM (L) .
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The 1–form αt , defined as before, will then be a contact form on N (L) for
all t ∈ [0, 1], provided this neighbourhood has been chosen small enough. As
in the proof of Darboux’s theorem for contact forms (Thm. 2.5.1), we now
apply the Moser trick to the equation ψ∗

t αt = α0 . As in that proof, ψt is
found as the flow of the vector field Xt satisfying the equation

α̇t + d(αt(Xt)) + iXt
dαt = 0,

see Equation (2.4). By the generalised Poincaré Lemma, applied to the
1–form

η := α1 − α0 = α̇t ,

we find a function f on N (L) – after shrinking that neighbourhood, if nec-
essary – vanishing to second order along L, such that η = df (which means
that Equation (2.5) is satisfied for Ht = −f). The unique solution Xt (with
αt(Xt) = −f) to its defining equation above is then given by Xt = −fRt .

By the same argument as that used in the first part of this proof, we
deduce from the vanishing of Xt to second order on L that the flow of Xt

exists up to time 1 in a sufficiently small neighbourhood of L, and that
Tψt = id on TM |L for all t ∈ [0, 1], in particular for ψ := ψ1 .

Remark 6.2.3 The foregoing proof contains the general principle behind
Example 2.5.13.

Next we describe the symplectic model handle. For notational convenience
we consider the handle corresponding to an isotropic (k − 1)–sphere L in a
(2n− 1)–dimensional contact manifold M , where 1 ≤ k ≤ n. The picture is
essentially the same as in Figure 6.1, except that we replace x by

(q1 , . . . , qk ) ∈ Rk ,

and y by

(qk+1 , . . . , qn , p1 , . . . , pn ) ∈ R2n−k .

On R2n = Rk × R2n−k we have the standard symplectic form

ω0 =
n∑

j=1

dpj ∧ dqj .

A Liouville vector field Y for ω0 of the same qualitative behaviour as the
gradient vector field of the function (x,y) �→ ‖y‖2 − ‖x‖2 in Figure 6.1 is
given by

Y :=
k∑

j=1

(
−qj ∂qj

+ 2pj ∂pj

)
+

1
2

n∑
j=k+1

(
qj ∂qj

+ pj ∂pj

)
.
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Notice that Y is the gradient vector field, with respect to the standard
Euclidean metric on R2n , of the function

g : (q,p) �−→
k∑

j=1

(
−1

2
q2
j + p2

j

)
+

1
4

n∑
j=k+1

(
q2
j + p2

j

)
.

Let NH
∼= Sk−1×Int (D2n−k ) be an open neighbourhood in the hypersurface

g−1(−1) ⊂ R2n of the (k − 1)–sphere

Sk−1
H := {

k∑
j=1

q2
j = 2, qk+1 = · · · = qn = p1 = · · · = pn = 0}.

This NH is going to play the role of the lower boundary. We now define the
symplectic handle H as the locus of points (q,p) ∈ (R2n , ω0) satisfying
the inequality

−1 ≤ g(q,p) ≤ 1

and lying on a gradient flow line of g through a point of NH .
Since the Liouville vector field Y is obviously transverse to the level sets

of g, the 1–form

α0 := iY ω0 =
k∑

j=1

(
qj dpj + 2pj dqj

)
+

1
2

n∑
j=k+1

(
−qj dpj + pj dqj

)
induces a contact form on the lower and upper boundary of H, see Lemma
1.4.5. With respect to this contact form, Sk−1

H is an isotropic sphere in the
lower boundary. Its symplectic normal bundle SN∂H (Sk−1

H ) is trivialised by
the vector fields ∂qj

, ∂pj
, j = k + 1, . . . , n, see Example 2.5.6.

Remark 6.2.4 The inequality ‖x‖ · ‖y‖ < sinh 1 · cosh 1 in the topological
picture merely served to make a specific choice for NH . Given an isotropic
sphere Sk−1 in a contact manifold (M,α) of dimension 2n−1, the preceding
theorem allows us to identify a small neighbourhood N (Sk−1) of Sk−1 ⊂M

with a small neighbourhood of Sk−1
H ⊂ ∂H via a strict contactomorphism.

Since there is no a priori estimate on the size of that last neighbourhood,
we simply take that to be NH and define H accordingly.

Lemma 5.2.4 now allows us to glue this model handle H symplectomorphi-
cally to [−1, 1]×M so as to obtain a symplectic structure on the cobordism
corresponding to the surgery.

One last issue that we have to address before formulating the contact
surgery theorem is the framing of the surgery corresponding to the cobor-
dism constructed by using the symplectic handle H. Recall the observation
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following Definition 2.5.3 that the normal bundle NL of an isotropic sub-
manifold L in a (strict) contact manifold (M,α) splits as

NL ∼= 〈R〉 ⊕ J(TL)⊕ SNM (L),

where 〈R〉 is the trivial line bundle spanned by the Reeb vector field R of α,
and J is a complex bundle structure on kerα compatible with dα.

Now suppose that L is a (k − 1)–dimensional sphere, and fix an identi-
fication of L with Sk−1 ⊂ Rk . The stabilised tangent bundle TSk−1 ⊕ ε

has a natural trivialisation, corresponding to the identification of the trivial
line bundle ε with the normal bundle of Sk−1 ⊂ Rk . This induces a natural
trivialisation of 〈R〉 ⊕ J(TL).† Therefore, in order to specify a trivialisation
of NSk−1 , it suffices to do so for SNM (Sk−1).

The trivialisation of the normal bundle Sk−1
H ⊂ ∂H is given by the vector

fields ∂p1 , . . . , ∂pk
and the symplectic trivialisation of SN∂H (Sk−1

H ) described
earlier. Consider the standard complex structure J0 on R2n . (This is given by
J0(∂pj

) = ∂qj
, j = 1, . . . , n. It preserves the contact hyperplanes along Sk−1

H

and is compatible with dα0 .) Under J0 the Liouville vector field Y along
Sk−1

H is mapped to the Reeb vector field. The trivialisation ∂p1 , . . . , ∂pk
is

mapped to the standard trivialisation ∂q1 , . . . , ∂qk
of TRk |S k −1

H
, where that

last bundle should be thought of as 〈−Y 〉⊕TSk−1
H if Sk−1

H is oriented as the
boundary of the unit disc in Rk .

Thus, when we perform a surgery on an isotropic sphere Sk−1 ⊂ M with
the help of the symplectic handle H, this corresponds to the framing given
by the natural trivialisation of 〈−R〉 ⊕ J(TSk−1) and an arbitrary choice of
symplectic trivialisation of SNM (Sk−1), which then determines a bundle iso-
morphism φ : SNM (Sk−1) → SN∂H (Sk−1

H ). We call this framing of Sk−1 the
natural framing determined by the chosen trivialisation of the (conformal)
symplectic normal bundle.

With this discussion we have proved the following contact surgery theorem.

Theorem 6.2.5 Let Sk−1 be an isotropic sphere in a contact manifold
(M, ξ = ker α) with a trivialisation of the conformal symplectic normal bun-
dle CSNM (Sk−1). Then there is a symplectic cobordism from (M, ξ) to the
manifold M ′ obtained from M by surgery along Sk−1 using the natural fram-
ing. In particular, the surgered manifold M ′ carries a contact structure that
coincides with the one on M away from the surgery region.

Remarks 6.2.6 (1) The Liouville vector field on the symplectic cobordism

† There is a subtle point here concerning the orientation of the normal bundle, as the
subsequent discussion will show. We shall deal with this in an ad hoc fashion in the
applications, see Example 6.2.7 and Section 8.3.
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corresponding to a single surgery is globally defined, and it vanishes only in
the single point 0 ∈ H.

(2) The isotopy extension and neighbourhood theorems from Chapter 2
imply that the resulting contact structure on M ′ is uniquely determined up
to isotopy by the isotropic isotopy class of Sk−1 and the homotopy class of
the trivialisation of CSNM (Sk−1).

(3) For k = 1 the assumptions of the theorem are trivially satisfied. In par-
ticular, one can always form the connected sum of equidimensional contact
manifolds.

(4) The rank of CSNM (Sk−1) is 2(n−k) (for dimM = 2n−1). So contact
surgery is always possible along a Legendrian sphere Sn−1 ⊂ M , and the
framing for the contact surgery is completely determined by the embedding
of that sphere.

Example 6.2.7 The purpose of this example is to show that the natural
framing of contact surgery along a Legendrian knot in a contact 3–manifold
differs from the contact framing by one negative (i.e. left) twist. The com-
putations are quite similar to those in Example 3.5.7.

Thus, consider the case k = n = 2. Here

(α0 ∧ dα0)|S 1
H

= q1 dp1 ∧ dp2 ∧ dq2 + q2 dp2 ∧ dp1 ∧ dq1 .

Orient S1
H by the vector field q1 ∂q2 − q2 ∂q1 . Then the normal orientation of

S1
H is given by dp1 ∧ dp2 , so the oriented framing of the surgery is given by

the ordered basis {∂p1 , ∂p2 }.
On the other hand, the contact framing of the Legendrian sphere S1

H is
given by the vector field q2 ∂p1 − q1 ∂p2 ∈ (ker α0)|S 1

H
. As we go once along

S1
H , this vector field makes one positive (right-handed or counter-clockwise)

twist relative to the basis {∂p1 , ∂p2 }. Hence, conversely, the natural fram-
ing of the contact surgery makes one negative twist relative to the contact
framing.

Given closed manifolds M−,M,M+ and (topological) cobordisms W−
from M− to M and W+ from M to M+, the collaring theorem for manifolds
with boundary says that there is a neighbourhood of M in W− diffeomorphic
to (−ε, 0]×M , and a neighbourhood of M in W+ diffeomorphic to [0, ε)×M .
Since the gluing (

(−ε, 0]×M
)
∪{0}×M

(
[0, ε)×M

)
clearly produces the smooth manifold (−ε, ε)×M , one can likewise form a
smooth cobordism W−∪M W+ from M− to M+. In particular, a sequence of
surgeries gives rise to a cobordism from the original manifold to the surgered



P1: xxx
CUUK1064-McKenzie December 7, 2007 20:6

300 Contact surgery

one. If the original manifold is a sphere, one may further attach a ball (i.e.
a cobordism from the empty set to the sphere), so as to obtain a manifold
with only the surgered manifold as boundary. Such a manifold, obtained
from a ball by attaching handles, is called a handlebody.

As we have seen in Proposition 5.2.5, gluing of cobordisms is also possible
in the symplectic category. This entails the symplectic analogues of the
preceding statements.

Example 6.2.8 Consider S2n−1 ⊂ R2n with its standard contact structure
as in Example 2.1.7, admitting a strong symplectic filling by (D2n , ωst).
What is the effect of performing contact surgery along the Legendrian sphere
Sn−1 ⊂ S2n−1 given by

{x2
1 + · · ·+ x2

n = 1, y1 = · · · = yn = 0}?

From the Examples 6.2.7 and 3.5.7 we deduce that, for n = 2, contact
surgery along S1 ⊂ S3 corresponds to a surgery with framing −2 relative to
the surface framing. So the handlebody corresponding to this surgery will
be a D2–bundle over S2 with Euler number −2, see [111, Example 4.4.2]
or Lemma 6.5.7 below. Topologically this corresponds to the cotangent
disc bundle of S2 . (The zero section of the tangent bundle TS2 has self-
intersection 2 (so this is the Euler number of the bundle); the Euler number
of T ∗S2 is minus that of TS2 ; see [31, pp. 125/6, 267, 273].) So the result
of the contact surgery is, at least topologically, the unit cotangent bundle
ST ∗S2 , which is a copy of RP 3 .

I claim that the same is true in general, i.e. contact surgery along Sn−1 ⊂
S2n−1 produces ST ∗Sn . We begin with the observation that Sn−1 bounds
a Lagrangian† disc

Dn = {x2
1 + · · ·+ x2

n ≤ 1, y1 = · · · = yn = 0}

in (D2n , ωst). The core of the symplectic model handle is likewise a La-
grangian disc. So the symplectic handlebody resulting from the surgery is a
Dn–bundle over Sn with Lagrangian zero section. The neighbourhood the-
orem for Lagrangian submanifolds ([239], [177, Thm. 3.33]) implies that a
neighbourhood of that zero section looks (as a symplectic manifold) like a
neighbourhood of the zero section in (T ∗Sn , dλ), with λ the Liouville form
from Section 1.4. This is sufficient for concluding that the handlebody is dif-
feomorphic to the cotangent disc bundle, and hence the surgered manifold
diffeomorphic to ST ∗Sn . The Liouville vector fields that induce the contact
structure ker λ on ST ∗Sn on the one hand, and the contact structure on the

† A Lagrangian submanifold L in a symplectic manifold (W, ω) is a submanifold with
the property that Tq L is a Lagrangian subspace of (Tq W, ωq ) for each point q ∈ L.
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surgered manifold on the other, can be described explicitly. It is then not
very difficult to see that the result of contact surgery is actually contacto-
morphic to (ST ∗Sn , ker λ), see also the arguments in the proof of Theorem
7.6.2.

If one is merely interested in obtaining a contact structure on the surg-
ered manifold, and not a symplectic cobordism, the above picture can be
simplified. To keep things as concrete as possible, I only discuss the forming
of the connected sum of two (connected) contact 3–manifolds. Let (M±, ξ±)
be the two contact 3–manifolds that we want to connect. Choose points
p± ∈M±. By Darboux’s theorem (modified in the obvious way) we can find
local coordinates in a neighbourhood of p± such that

ξ± = ker
(
±dz +

1
2
x dy − 1

2
y dx

)
.

t

p0
+p0

−

Y

{t = −1} {t = 1}

x, y, z

Fig. 6.3. Contact surgery.

Now consider R4 with coordinates x, y, z, t and standard symplectic form
ω = dx ∧ dy + dz ∧ dt. The vector field

Y :=
1
2
x ∂x +

1
2
y ∂y + 2z ∂z − t ∂t

is a Liouville vector field for ω. It is transverse to the hypersurfaces {t = ±1},
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where it induces the contact forms

(iY ω)|T ({t=±1}) = ±dz +
1
2
x dy − 1

2
y dx,

see Figure 6.3.
The cylindrical tube in that picture, smoothly connecting the two hy-

perplanes {t = ±1}, is everywhere transverse to Y and hence also inherits
a contact structure. This means that we can form the contact connected
sum of these two hyperplanes. The Darboux theorem allows us to iden-
tify neighbourhoods of p± ∈ (M±, ξ±) with neighbourhoods of the points
p0
± ∈ {t = ±1} (see Figure 6.3) via a contactomorphism. If we choose the

cylindrical tube so narrow that it connects to the two hyperplanes inside
those neighbourhoods, we can glue that tube to M± to give us the contact
connected sum of the two manifolds.

The picture for higher-dimensional surgeries is completely analogous.

q1 , . . . , qk

qk+1 , . . . , qn , p1 , . . . , pn

glue in

identify via
Liouville flow

cut out

Fig. 6.4. Contact surgery via Liouville flow.

The following ‘intermediate’ point of view will prove useful in Section 6.4.
Again, we are only interested in obtaining a contact structure on the surg-
ered manifold. We use the symplectic model handle to do so, but not by
forming a symplectic cobordism. Rather, we perform the construction indi-
cated in Figure 6.4. First we remove a neighbourhood Sk−1 ×D2n−k of the
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isotropic sphere Sk−1 in (M, ξ). This corresponds (contactomorphically) to
a neighbourhood Sk−1

H × D2n−k of Sk−1
H in g−1(−1) in Figure 6.4 labelled

‘cut out’. We choose these neighbourhoods so small that we also have a con-
tactomorphisms of collars of the resulting manifolds with boundary (that is,
the manifolds M \ Int (Sk−1 ×D2n−k ) and g−1(−1) \ Int (Sk−1

H ×D2n−k )).
Using the Liouville flow, see Lemma 2.1.5, we can identify this collar neigh-
bourhood with a subset of g−1(1) as shown in the figure, which then enables
us to glue in a copy of Dk × S2n−k−1 ⊂ g−1(1) so as to obtain the surgered
contact manifold.

6.3 Framings in contact surgery

According to Theorem 6.2.5, the framing for a contact surgery along an
isotropic sphere with trivial conformal symplectic normal bundle (CSN) is
determined by a choice of trivialisation of that bundle.

For topological applications of this theorem, the following problems need
to be discussed.

(1) Given an embedding f of a (k − 1)–dimensional sphere in a contact
manifold of dimension 2n − 1, where 1 ≤ k ≤ n, is it possible to
find an isotropic embedding (with trivial CSN) topologically isotopic
to f?

(2) For a given topological isotopy class of embeddings f , is it possible
to realise different topological framings as natural framings in the
sense of Theorem 6.2.5 (beyond the freedom in trivialising CSN) by
choosing different isotropic embeddings in that topological isotopy
class?

The answer to the first question is provided by an h–principle. For a gentle
introduction to the method of h–principles see [95]; all the results quoted
here can be found in [77]; the brave-hearted should also consult [119]. The
relevant results will be described in Section 6.3.1.

The answer to the second question, which will be presented in detail be-
low, can be conveniently formulated in terms of the extension of an almost
complex structure over the handle corresponding to the surgery.

Since, in this section, we are dealing only with homotopical questions, we
may revert to the original more simple-minded handle attaching picture of
Section 6.1, except that we want to be more explicit about the embedding
of Sk−1 ×D2n−k used for the surgery or the handle attachment. Thus, we
define a k–handle H (of dimension 2n) as

H = Dk ×D2n−k .
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The lower boundary of H is

∂−H := ∂Dk ×D2n−k .

We can attach H to a boundary component M of a 2n–dimensional manifold
(e.g. [−1, 1]×M) with the help of an embedding (‘attaching map’)

f : ∂−H −→ M.

Now assume that M carries a contact structure ξ = ker α. Let (W,ω) be a
symplectic manifold which has (M, ξ) as a convex boundary component, e.g.
W = [−1, 1]×M with the symplectic form ω = d(etα) (and M ≡ {1}×M).
By Proposition 2.4.5, this determines a homotopically unique ω–compatible
almost complex structure J on W . Along M this J may be described as
the homotopically unique complex bundle structure on TW |M that is ξ–
compatible and sends the outer normal vector field (or the Liouville vector
field) to a vector field positively transverse to ξ (e.g. the Reeb vector field
of α). In particular, along M the almost complex structure J does not
depend (up to homotopy) on the specific choice of (W,ω).

Here is the main theorem of the present section. Observe that it only
applies to contact manifolds of dimension at least 5. The 3–dimensional
case will have to be dealt with separately.†

Theorem 6.3.1 Let (M, ξ) be a (2n− 1)–dimensional contact manifold and
assume that it contains a (k − 1)–dimensional embedded sphere with trivial
(topological) normal bundle, where n > 2 and 1 ≤ k ≤ n. Describe the
sphere and a trivialisation of its normal bundle by an embedding

f : Sk−1 ×D2n−k −→M.

Let (W,ω) be a symplectic manifold with (M, ξ) as a convex boundary com-
ponent. Let W ′ = W ∪f H be the manifold obtained from W by attaching a
k–handle H along its lower boundary ∂−H = Sk−1 × D2n−k with the help
of f , and call M ′ the new boundary component (the result of surgery on M).
If the almost complex structure J described above extends over H to an al-
most complex structure on all of W ′, then W ′ carries a symplectic form ω′

and an ω′–compatible almost complex structure homotopic to J such that M ′

is a convex boundary component of (W ′, ω′). The induced contact structure
ξ′ on M ′ is the result of performing contact surgery along an isotropic sphere
topologically isotopic to f(Sk−1 × {0}).

† In different terms, the essential part of the corresponding result in dimension 3 has
already been formulated in Example 6.2.7.
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Remarks 6.3.2 (1) If, conversely, (M ′, ξ′) is the result of performing a con-
tact surgery on (M, ξ), then the corresponding symplectic cobordism gives
an extension of J over H. Thus, the theorem gives a complete description
of the necessary and sufficient condition for being able to perform contact
surgery in a given topological type (i.e. given a topological isotopy class of
embeddings Sk−1 →M and a choice of normal framing).

(2) The Liouville vector fields for ω′ defined near M ′ and pointing out-
wards along M ′ form a convex set, hence so do the induced contact forms
on M ′. Since the modification of M to M ′ occurs in a compact set, we can
sensibly speak (by Gray stability) of the contact structure ξ′ induced by ω′.

(3) For n = 2 and k = 1 (i.e. connected sums or more general surgeries of
index 1 of contact 3–manifolds), the theorem remains true without changes;
the homotopical condition (extension of the almost complex structure over
the 1–handle) is trivially satisfied. For n = k = 2, the theorem remains
true provided ξ is an overtwisted contact structure (and W necessarily non-
compact or with additional non-convex boundary components).

By attaching handles along the convex boundary of the disc D2n with its
standard symplectic form, we obtain the following corollary.

Corollary 6.3.3 Let W be a manifold with boundary obtained from the disc
D2n , n > 2, by attaching handles of index between 1 and n. If W admits
an almost complex structure, then it admits a symplectic form for which the
boundary ∂W is convex; in particular, ∂W admits a contact structure.

Remark 6.3.4 Eliashberg [65] proved a stronger version of this corollary in
the holomorphic setting. Under the same assumptions on W , one can actu-
ally homotope the almost complex structure to a genuine complex structure
such that the boundary ∂W is strictly pseudoconvex, see Example 2.1.7 and
Section 5.3. Moreover, one can achieve that the interior of W with that com-
plex structure is a Stein manifold. By a famous theorem of Lefschetz [156]
and Andreotti–Frankel [11], see [185, Thm. 7.2], a Stein manifold of real di-
mension 2n has the homotopy type of an n–dimensional CW–complex, which
implies that it can be constructed as a handlebody of the type described in
the corollary. Thus, the corollary (in Eliashberg’s version) establishes that
in dimension 2n > 4 there are no further obstructions to the existence of a
Stein structure beyond that topological restriction and the existence of an
almost complex structure.

In dimension 2n = 4 there is a stronger restriction on the framings that
can be used to attach symplectic 2–handles. This will be discussed below.
What remains true, however, is that any symplectic handlebody obtained
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by attaching symplectic 1– and 2–handles (with the framing restriction) to
D4 likewise carries a Stein structure. See also [110] and [111].

In the following subsections we prepare the ground for the proof of The-
orem 6.3.1. Several of the results presented there are of some independent
interest. In all the applications of this theorem discussed in this book (no-
tably in Chapter 8), we can deal with the framing issue in an ad hoc fashion.
Therefore, I refrain from giving a proof of Theorem 6.3.1 in its full general-
ity, for this would require us to delve deep into such matters as Whitney’s
classification of half-dimensional immersions via the self-intersection index.
Besides, a readable account of such a general proof is going to be available
in [47]. Instead, I only present a complete proof for the cases k < n and,
mutatis mutandis, k = n = 2. In spite of the special features of that last
case, it is quite suited to illustrate the result for n = k > 2.

6.3.1 The h–principle for isotropic immersions

The first task in the proof of Theorem 6.3.1 will be to find an isotropic em-
bedding of Sk−1 into M , isotopic to the given embedding f |S k −1 ×{0}. This
will be done via the h–principle for isotropic immersions. Given a differen-
tiable map g : L→M with Tg(TL) ⊂ ξ, we can form the complexification
T Cg of the differential Tg (with respect to a ξ–compatible complex bundle
structure J on ξ) by setting

T C

p g
(
(a + ib)v

)
:= aTpg(v) + bJ(Tpg(v)) for p ∈ L, v ∈ TpL, a, b ∈ R.

For g being an isotropic immersion, this defines a fibrewise injective complex
bundle map TL⊗ C → ξ over g. The h–principle says, in essence, that this
homotopical condition, i.e. the existence of such a bundle map, is sufficient
for the existence of an isotropic immersion.

Theorem 6.3.5 Let L be a (k − 1)–dimensional manifold and f0 : L → M

a map covered by a fibrewise injective complex bundle map F0 : TL⊗C → ξ,
where (M, ξ) is a (2n − 1)–dimensional contact manifold (the existence of
such a bundle map forces k ≤ n). Then f0 is homotopic to an isotropic
immersion f1 : L → M homotopic to f0 and with T Cf1 homotopic to F0

via fibrewise injective complex bundle maps. Moreover, the map f1 and the
homotopy between f0 and f1 can be chosen arbitrarily C0–close to f0 .

Proof See [77, Chapter 16]. For the special case L = S1 and dim M = 3
(where the bundle condition is trivially satisfied, because any orientable
vector bundle over S1 is trivial), this is essentially Theorem 3.3.1. That
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theorem was only stated for f0 an embedding, but the proof equally applies
to an arbitrary (continuous) map f0 .

The following is the extension of this result to embeddings.

Proposition 6.3.6 Under the assumptions of the preceding theorem, if f0

is an embedding and L is closed, one may further achieve that f1 is likewise
an embedding isotopic to f0 (again in any C0–small neighbourhood of f0).

Proof This follows from general position arguments. Consider the Legen-
drian case (i.e. k = n) – the argument will go through a fortiori in the
isotropic case with k < n. By applying the neighbourhood theorem for iso-
tropic submanifolds (Thm. 2.5.8) locally on f1(L), we can find finitely many
points pν ∈ f1(L), ν = 1, . . . ,m, and Darboux charts Uν ⊂ M , with the
contact structure ξ on each Uν given by

ξ = ker
(
dz +

n−1∑
j=1

xj dyj

)
,

having the following properties (for each ν).

• f−1
1 (pν ) ⊂ L consists of a single point.

• f−1
1 (Uν ) consists of finitely many connected components (use com-

pactness of L).
• The component of f1(L) ∩ Uν containing f1(pν ) is given in the Dar-

boux coordinates by the set

{z = x1 = · · · = xn−1 = 0, |yj | < 3, j = 1, . . . , n− 1}.

By mild abuse of notation we write this set as C(3)ν and regard it as
a subset of L (rather than f1(L)).

• The subsets

{z = x1 = · · · = xn−1 = 0, |yj | < 1, j = 1, . . . , n− 1}

from all m Darboux charts still cover L. We label these sets as C(1)ν .
Correspondingly, we define sets C(2)ν .

We are now going to homotope the Legendrian immersion f1 to a Legen-
drian embedding on one of the sets C(1)ν at a time. Thus, assume that for
some i ∈ {1, . . . , m}, the map f1 is already an embedding on ∪i−1

ν=1C(1)ν .
We now want to turn f1 into an embedding on ∪i

ν=1C(1)ν by changing f1

only in C(2)i . That is, we want to remove intersection points of f1(C(1)i)
with any other part of the image f1(L), without creating intersection points
of the image of C(2)i with that of ∪i−1

ν=1C(1)ν .
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In the sequel, we drop the subscript i. Represent f1(C(3)) by its image
under the front projection πF : R2n−1 → Rn , defined by

πF(z, x1 , . . . , xn−1 , y1 , . . . , yn−1) = (z, y1 , . . . , yn−1),

see Definition 3.2.2. This image may be regarded as the graph of the iden-
tically zero function on

Cy(3) := {y ∈ Rn−1 : |yj | < 3, j = 1, . . . , n− 1}.

Observe that for any smooth function ϕ on Cy(3), the graph

{(y, z) ∈ Rn : y ∈ Cy(3), z = ϕ(y)}

lifts in a unique way to a Legendrian submanifold in (R2n−1 , ξ) by the re-
quirement xj = −∂ϕ/∂yj , j = 1, . . . , n− 1, see Lemma 3.2.3. In particular,
two graphs intersecting transversely lift to disjoint Legendrian submanifolds.

Now consider the connected components of the open subset f−1(Ui) of L,
one of which is C(3) = C(3)i . Regard the composition of f , restricted to
any of these components, with the front projection as a collection of maps of
open subsets of L to Rn . The map on the component C(3) may be identified
with the map y �→ (y, 0) on Cy(3). The usual transversality theorem for
sections (see [153, Chapter IV], for instance) allows us to find a function ϕ1 ,
identically zero on Cy(3)\Cy (2), whose graph is transverse to the other maps
on Cy(1), and everywhere remains transverse to the restriction of those other
maps to ∪i−1

ν=1C(1)ν . Indeed, by Sard’s theorem there is a dense set of values
c ∈ R such that the constant function ϕ ≡ c satisfies the transversality
condition; the function ϕ1 can now be defined as a smooth interpolation
between ϕ1 ≡ c on Cy(1) and ϕ1 ≡ 0 on Cy(3) \ Cy(2). For c sufficiently
small, this map will have the desired properties (see Figure 6.5).

Thus, we have now achieved that the (perturbed) f1 is a Legendrian em-
bedding homotopic and C0–close to f0 . We may regard f1 as a map from L

into a tubular neighbourhood of f0(L), inducing isomorphisms on all homo-
topy groups. By a result of Haefliger quoted below (Thm. 8.2.6) – for k < n

this is a simple general position result – f1 is isotopic to f0 (inside that
tubular neighbourhood) provided k < n or n ≥ 3. The only case where this
general argument does not apply is k = n = 2; for that case, however, we
provided an ad hoc argument in Theorem 3.3.1.

Example 6.3.7 It is well known that every finitely presentable group π

is the fundamental group of some closed manifold M of dimension m ≥ 4.
Given a presentation of π with generators g1 , . . . , gk and relations r1 , . . . , rl ,
the desired manifold is obtained as follows. Start with the connected sum
of k copies of S1 × Sm−1 . The fundamental group of this connected sum is
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πF (Ui )

z

y1 , . . . , yn−1

Fig. 6.5. Achieving transversality.

the free group on k obvious generators, which we identify with g1 , . . . , gk .
Now perform surgery along disjoint embedded circles representing the words
r1 , . . . , rl in these generators. With each surgery, a copy of S1 × Dm−1 is
replaced by D2×Sm−2 . Because of m ≥ 4, this has – by Seifert–van Kampen
– the effect of killing the corresponding word.

It follows immediately that every finitely presentable group is the funda-
mental group of a contact manifold of dimension 2m − 1 ≥ 7: simply take
the unit cotangent bundle of the manifold constructed above.

Here is the argument for proving the same statement in dimension 5. This
was first observed by A’Campo and Kotschick [4]. By surgery along k copies
of S0 in (S5 , ξst) we obtain a contact structure ξ on the connected sum of k

copies of S1 ×S4 . Over the embedded circles representing the relations, the
U(2)–bundle ξ is trivial, so the h–principle for isotropic embeddings applies.
Alternatively, see [4] for an elementary ad hoc argument that the embedded
circles can be made isotropic. Contact surgery along these circles produces
a contact 5–manifold with the desired fundamental group.

6.3.2 Interlude: the Whitney–Graustein theorem

In Theorem 6.3.5 we formulated the h–principle for isotropic immersions
in its non-parametric form only. In this interlude we briefly discuss the
parametric version. We prove the one-parametric version via the Whitney–
Graustein theorem, i.e. the classification of immersions of S1 in R2 . We then
give an alternative direct proof, and in turn deduce the Whitney–Graustein
theorem. For a more elementary account of this contact geometric proof of
the Whitney–Graustein theorem see [99].
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Let (M, ξ) be a contact manifold and L an arbitrary manifold. Fix a com-
plex bundle structure J on ξ. Write Imm ξ (L,M) for the space of isotropic
C1–immersions of L in (M, ξ), equipped with the weak C1–topology. Write
Mon (TL⊗C, ξ) for the space of continuous and fibrewise injective complex
bundle maps TL⊗C → ξ with the weak C0–topology. Then the parametric
h–principle for isotropic immersions says that the map

Imm ξ (L,M) −→ Mon (TL⊗ C, ξ)
f �−→ T Cf

is a weak homotopy equivalence. We now want to prove this on the level
of π0 (i.e. the one-parametric h–principle) for the special case L = S1 and
(M, ξ) = (R3 , ξst). Observe that for two isotropic immersions to be in
the same connected component of Imm ξ (L,M) is the same as saying that
they are C1–homotopic via isotropic immersions (any continuous path in
Imm ξ (L,M) can be homotoped to a C1–path). A C1–homotopy via immer-
sions is called a regular homotopy.

Remark 6.3.8 If we write ξ = ker α (and choose J compatible with dα),
the space Mon (TL⊗C, ξ) may be replaced by the space of fibrewise injective
bundle maps F : TL → ξ satisfying F ∗(dα) ≡ 0. The map F �→ F C sending
F to its complex linear extension F C defines a homotopy equivalence between
these two spaces.

Indeed, suppose we start with a bundle monomorphism F : TL → ξ sat-
isfying F ∗(dα) ≡ 0. Assume F C(X + iY ) = 0, that is, F (X) + JF (Y ) = 0.
Then

0 = F ∗(dα)(X,Y ) = dα(F (X), F (Y )) = dα(F (X), JF (X)).

This implies F (X) = 0, hence X = 0, and then likewise Y = 0.
Conversely, starting from an element F̃ ∈ Mon (TL ⊗ C, ξ), there is a

canonical procedure (depending only on a choice of a suitable covering of
M by open sets) for constructing an F as above with F C homotopic to F̃ ,
via local orthonormalisation of frames F̃ (X1), . . . , F̃ (Xk−1) (where k − 1 =
dim L) with respect to a Hermitian structure associated with dα and J . See
[59, Lemma 2.5] for details.

Given a Legendrian immersion γ : S1 → (R3 , ξst), we write rot(γ) for its
rotation number (see Remark 3.5.22).

Lemma 6.3.9 Let γ0 , γ1 be two Legendrian immersions of the circle S1

in (R3 , ξst). Then rot(γ0) = rot(γ1) if and only if T Cγ0 and T Cγ1 are
homotopic as complex bundle isomorphisms TS1 ⊗ C → ξst.
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Proof Choose a homotopy H between γ0 and γ1 , i.e. a continuous map
H : S1 × [0, 1] → R3 with H(θ, i) = γi(θ) for i = 0, 1 and all θ ∈ S1 . We
do not need to assume this to be a regular homotopy, although it would be
possible to do so.

The bundle ξ := ξst is trivialised by the vector fields ∂x and ∂y − x ∂z ,
and the rotation number measures rotations relative to this trivialisation.
Then H∗ξ is a trivialised 2–plane bundle over S1× [0, 1]. Notice that we can
interpret the vector field γ′

i as a section of H∗ξ over S1 × {i}, i = 0, 1.
To argue in one direction, assume that rot(γ0) = rot(γ1). This means

that γ′
0(θ) and γ′

1(θ) make the same number of rotations with respect to the
trivialisation of ξ as θ ranges over S1 . This implies that there is a global
non-vanishing section of H∗ξ that restricts to γ′

i over S1 × {i}. The map
from TS1× [0, 1] ⊂ T (S1× [0, 1]) to H∗ξ sending ∂θ to that section defines a
homotopy between Tγ0 and Tγ1 as injective bundle homomorphisms into ξ.
In this dimension this is equivalent to saying that T Cγ0 and T Cγ1 are homo-
topic as complex bundle isomorphisms to ξ. (For isotropic immersions f in
higher dimensions, the condition that T Cf be an injective complex bundle
map is stronger than just Tf being injective, as is clear from the remark
preceding this lemma.)

Conversely, assume that T Cγ0 and T Cγ1 are homotopic as complex bundle
isomorphisms to ξ. Then Tγ0 and Tγ1 are homotopic as injective bundle
maps. Let H̃ : TS1× [0, 1] → ξ be such a homotopy. Given the trivialisation
of ξ, we can regard this as a homotopy of maps S1 → R2 \ {0}. The degree
of these maps is a homotopy invariant, and at t = 0, 1 this degree equals
rot(γ0) and rot(γ1), respectively.

With this lemma, the one-parametric h–principle for Legendrian immer-
sions S1 → (R3 , ξst) now takes the following form. Here a Legendrian
regular homotopy means a C1–homotopy via Legendrian immersions.

Theorem 6.3.10 Legendrian regular homotopy classes of Legendrian im-
mersions γ : S1 → (R3 , ξst) are in one-to-one correspondence with the inte-
gers, the correspondence being given by [γ] �→ rot(γ).

We are going to relate this h–principle to that for immersions of S1 in
R2 , known as the Whitney–Graustein† theorem. Recall the definition of the
rotation number of such an immersion (Defn. 3.5.20).

Theorem 6.3.11 (Whitney–Graustein) Regular homotopy classes of im-

† The theorem is proved in a paper by Whitney [243], who writes: ‘This theorem, together
with its proof, was suggested to me by W. C. Graustein.’
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mersions γ : S1 → R2 are in one-to-one correspondence with the integers,
the correspondence being given by [γ] �→ rot(γ).

For a direct proof of this proposition see [95, Prop. 4.5].

Proof of Theorem 6.3.10 from Theorem 6.3.11 It is easy to see that any
integer can be realised as the rotation number of a Legendrian immersion
S1 → R3 . What we need to show is that two such immersions γ0 , γ1 with
rot(γ0) = rot(γ1) are Legendrian regularly homotopic.

By the discussion in Chapter 3, the Lagrangian projections γi,L = πL ◦ γi ,
i = 0, 1, are immersions S1 → R2 with rot(γi,L) = rot(γi), satisfying the
area condition

∮
γi , L

x dy = 0. By the Whitney–Graustein theorem, γ0,L

and γ1,L are regularly homotopic. The proof of that theorem can easily be
adapted to yield a homotopy via immersions satisfying the area condition∮

x dy = 0. Then this homotopy lifts to a Legendrian regular homotopy
between γ0 and γ1 .

Proof of Theorem 6.3.11 from Theorem 6.3.10 Again we only have to show
that two immersions γ0 , γ1 : S1 → R2 (where we think of R2 as the (x, y)–
plane) with rot(γ0) = rot(γ1) are regularly homotopic.

After a regular homotopy we may assume that the γi satisfy the area con-
dition

∮
γ i

x dy = 0 and thus lift to Legendrian immersions γi : S1 → (R3 , ξst)
with rot(γi) = rot(γi). By Theorem 6.3.10, γ0 and γ1 are Legendrian regu-
larly homotopic. The Lagrangian projection of this homotopy gives a regular
homotopy between γ0 and γ1 .

For this last argument to be of any interest, we do of course need to supply
a direct proof of Theorem 6.3.10. In order to furnish such a proof, we revert
to the front projection picture.

Proof of Theorem 6.3.10 Again we need only show that two Legendrian im-
mersions S1 → R3 with the same rotation number are Legendrian regularly
homotopic.

In the front projection of the Legendrian immersion γ, left and right cusps
alternate. We label the up-cusps with + and the down-cusps with −. Up to
Legendrian regular homotopy, γ is completely determined by the sequence of
these labels, starting at a right-cusp, say, and going once around S1 . (This
can be seen by homotoping γF so that all left cusps come to lie on the line
{y = 0} and all right cusps on the line {y = 1}, say. The cusps on either
line can be shuffled by further homotopies.) Moreover, a pair +− or −+ can
be cancelled from this sequence by a Legendrian regular homotopy; locally
this is in fact achieved by a Legendrian isotopy, viz., the first Legendrian
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Reidemeister move (see Figure 6.6; there is an analogous move with the
picture rotated by 180◦).

Fig. 6.6. The first Legendrian Reidemeister move.

Therefore, this sequence of labels can be reduced to a sequence containing
only plus or only minus signs, or to one of the sequences (+,−), (−,+);
see Figure 6.7 for an example. The formula rot(γ) = (c− − c+)/2 from
Proposition 3.5.19 shows that there are the following possibilities: if rot(γ)
is positive (or negative, respectively), we must have a sequence of 2 rot(γ)
minus signs (or plus signs, respectively); if rot(γ) = 0, we must have the
sequence (+,−) or (−,+). The proof is completed by observing that these
last two sequences correspond to Legendrian isotopic knots: use a first Rei-
demeister move as in Figure 6.6, followed by the inverse of the rotated move.

Fig. 6.7. An example of a Legendrian regular homotopy.

Remark 6.3.12 Self-tangencies in the front projection γF correspond to
self-intersections of the Legendrian curve γ, since the negative slope of γF

gives the x–component of γ. Therefore, as we pass such a self-tangency in
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the moves of Figure 6.7, we effect a crossing change in the Legendrian curve.
With the orientation indicated in the figure, this example has rot(γ) = −1.

6.3.3 Proof of the framing theorem

We continue with the proof of Theorem 6.3.1. The following lemma shows
that the extendibility of the almost complex structure over the handle, as
described in that theorem, allows us to apply the above h–principle so as
to obtain a handle attached along an isotropic sphere with trivial conformal
symplectic normal bundle. Write εC for a trivial complex line bundle (over
a base that will be clear from the context).

Lemma 6.3.13 Let f0 be the restriction to Sk−1 ≡ Sk−1 × {0} of the
attaching map

f : Sk−1 ×D2n−k −→M = ∂W

of a k–handle H as in Theorem 6.3.1. If the almost complex structure J

on W extends over H, then f0 is covered by a fibrewise isomorphic complex
bundle map

F̃0 : (TSk−1 ⊗ C)⊕ εn−k
C

−→ ξ.

Proof Use Cartesian coordinates (x1 , . . . , xn , y1 , . . . , yn ) on R2n in such
a way that in the product H = Dk × D2n−k the Dk–factor belongs to
the coordinates (x1 , . . . , xk ), and correspondingly D2n−k to the coordinates
(xk+1 , . . . , xn , y1 , . . . , yn ). Write J0 for the standard complex structure on
H given by J0(∂xj

) = ∂yj
, j = 1, . . . , n.

We write J also for the extension of the almost complex structure over H

postulated in the lemma. Since the space of complex vector space structures
on R2n compatible with a given orientation is connected, see Lemma 8.1.7
below, we may assume that J coincides with J0 on Dk

1/2 ×D2n−k , say. Here
Dr denotes the closed disc of radius r.

Set Sk−1
r = ∂Dk

r , which we identify with Sk−1
r × {0} ⊂ H. Let ξr be

the complex bundle of rank n− 1 over Sk−1
r given by the maximal complex

tangency of ∂Dk
r ×D2n−k , that is,

ξr =
(
T (∂Dk

r ×D2n−k ) ∩ J(T (∂Dk
r ×D2n−k ))

)
|S k −1

r
.

Notice that for r = 1/2, where J is assumed to coincide with J0 , we have
ξ1/2

∼= (TSk−1 ⊗C)⊕ εn−k
C

. By the homotopy properties of vector bundles,
see [140, Chapter 3], we have the same bundle isomorphism for ξ1 . Moreover,
since J is the extension over the handle H of the almost complex structure
given on W , the differential of the attaching map of H sends the maximal
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complex tangency in ∂−H isomorphically to the maximal complex tangency
in ∂W , which is the given contact structure ξ. Thus, under the described
bundle isomorphisms, the differential of the attaching map gives the desired
bundle map F̃0 .

The reader should be warned that the framing theorem is anything but
a straightforward consequence of the discussion so far. The trouble is that
the isotropic embedding we find with the help of the h–principle will not,
in general, give us the same normal framing as the original attaching map.
To illustrate this point, consider the case k = n = 2. The almost complex
structure on the handle determines the homotopy class of the bundle map
F̃0 = F0 in Theorem 6.3.5, and hence – essentially by Lemma 6.3.9, assuming
for simplicity that M = S3 – the rotation number rot of the Legendrian
knot along which we want to perform surgery. The normal framing of this
Legendrian knot, however, is given by its Thurston–Bennequin invariant tb,
and only the parity of tb is determined by rot, see Proposition 3.5.23.

As shown in Example 6.2.7, the natural framing (as defined in Section 6.2)
of the contact surgery along a Legendrian knot K in (S3 , ξst) differs from its
contact framing by one negative twist.

In the case k < n, the proof of the framing theorem concludes as follows.
Identify L with the zero section in the 1–jet space J1(L) with its natural
contact structure (see Example 2.5.11) and consider contact embeddings of
an open neighbourhood of L in J1(L) into (M, ξ). Here we have a similar
h–principle, which now allows us to control the normal framing. For details
see [47]. Moreover, for k < n one can apply a general position argument
to the homotopy of f0 to an isotropic embedding f1 , and turn this into an
isotopy while fixing the ‘endpoints’ f0 and f1 .

The following proposition concludes the proof of the framing theorem for
k = n = 2 and ξ an overtwisted contact structure.

Proposition 6.3.14 Let γ0 : S1 → (M, ξ) be a Legendrian embedding into a
contact 3–manifold. Then there is a Legendrian embedding γ1 : S1 → (M, ξ)
with the following properties.

• There is a Legendrian regular homotopy of γ0 to γ1 ; equivalently:
the complexified differential T Cγ0 is homotopic to T Cγ1 via complex
bundle isomorphisms TS1 ⊗ C → ξ.

• There is an isotopy of topological embeddings from γ0 to γ1 .
• The contact framing of γ1(S1) differs from that of γ0(S1) by two

negative twists.

If ξ is overtwisted, one can also achieve that the contact framing changes by
two positive twists.
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Notice that by the parity condition of Proposition 3.5.23 (and Remark
4.6.35), fixing the homotopy class of T Cγ entails that the contact framing can
at best be changed by an even number of twists – at least for homologically
trivial knots and with an adequate (and simple) generalisation of Lemma
6.3.9. But this observation holds true in general, for the following reason
(which in turn gives an alternative argument for the parity condition in the
previous setting).

Given γ0 , γ1 satisfying the first two conditions in the proposition, we have
an isotopy of embeddings γt : S1 → M , covered by a homotopy of bundle
isomorphisms φt : TS1 ⊗ C → ξ|γt (S 1 ) , with φi = T Cγi for i = 0, 1. This
extends to a homotopy of bundle isomorphisms

φ̃t : (TS1 ⊗ C)⊕ ε → TM |γt (S 1 ) .

The contact framings of the Legendrian knots γi(S1) are given by the image
under φ̃i of the obvious trivialisation of iTS1 ⊕ ε, i = 0, 1. These two
framings differ by an element of π1(SO(2)). The existence of the homotopy
φ̃t implies that this element has to lie in the kernel of the stabilising map
Z ∼= π1(SO(2)) → π1(SO(3)) = Z2 .

Proof of Proposition 6.3.14 The construction is local, so we may work with
the front projection of a Legendrian knot in (R3 , ξst). Figure 6.8 (taken
from [62]) shows a Legendrian regular homotopy that by Proposition 3.5.9
adds two negative twists to the contact framing. Moreover, the final knot in
this sequence is clearly topologically isotopic to the initial one.

Fig. 6.8. A Legendrian regular homotopy decreasing tb by 2.

If ξ is overtwisted, we can find a Legendrian knot K1 (viz., the bound-
ary of an overtwisted disc) whose surface framing coincides with its contact
framing, and whose rotation number (relative to the overtwisted disc) is ±1,
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depending on its orientation. The connected sum, as shown in Figure 6.9,† of
two copies K±

1 of K1 with opposite orientations yields a topologically trivial
Legendrian knot K2 that, by Proposition 3.5.9 has

tb(K2) = tb(K+
1 ) + tb(K−

1 ) + 1 = 1

and, by Proposition 3.5.19,

rot(K2) = rot(K+
1 ) + rot(K−

1 ) = 0.

K0#K1

K0 K1

Fig. 6.9. Connected sum of two knots.

By a topological isotopy we can isotope the embedding γ0 to an embedding
γ̃0 disjoint from a disc bounded by K2 . By Theorem 3.3.1 we may assume
that γ̃0 , too, is a Legendrian embedding. Adding ‘zigzags’ as in Figure 6.10
allows one to change the rotation number at will, so we can use this to
obtain a Legendrian embedding γ̃1 with T Cγ̃1 = T Cγ0 . The contact framing
of γ̃1 can now be changed by any even number. The addition of negative
twists has already been described. To add positive twists, we perform the
connected sum of the oriented Legendrian knot γ̃1(S1) with K2 . This does
not change the topological isotopy class of γ̃1 , the homotopy class of T Cγ̃1

remains unchanged by Proposition 3.5.19 and Lemma 6.3.9, and the contact
framing receives two positive twists by Proposition 3.5.9.

Remarks 6.3.15 (1) In tight contact 3–manifolds, a (homologically trivial)
Legendrian knot satisfies the Bennequin inequality (Thm. 4.6.36). This im-
plies that it is not possible, in general, to add positive twists to its contact

† Of course, the K±
1 do not sit in (R3 , ξst ), but the connected sum may be taken in such

a Darboux chart, and the computations of the change in tb and rot can be done in
this chart.
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framing by a Legendrian regular homotopy. Therefore, the framing theorem
fails for k = n = 2 and ξ a tight contact structure.

(2) When we are dealing with framings of Legendrian knots γ in contact
3–manifolds, it is usually not essential to keep track of the homotopy class
of the bundle map T Cγ. So the preceding proposition may, alternatively, be
phrased as follows.

• It is always possible to add a negative twist to the contact fram-
ing of a Legendrian knot by adding (in a Darboux chart) a ‘zigzag’
(Figure 6.10) to the front projection of the given knot. The rotation
number increases or decreases by one, depending on the two extra
cusps being oriented downwards or upwards. This is called a (posi-
tive or negative) stabilisation of the Legendrian knot, and up to
Legendrian isotopy this process is independent of where we put the
zigzag, see [82].

Fig. 6.10. Legendrian ‘zigzags’.

• Given a Legendrian knot K in an overtwisted contact manifold (M, ξ),
one can find a Legendrian knot K ′ topologically isotopic to K whose
contact framing differs from that of K by one positive twist. (The
topological isotopy between K and K ′ allows us to compare framings.)

A word of warning is in order. If ξ|M \K is overtwisted (a knot K having
this property is called loose [74]), one can directly form the connected sum
of K with K±

1 as above. The resulting K ′ is then a destabilisation of K,
i.e. a stabilisation of K ′ of the appropriate sign brings us back to K. It may
well happen, however, that ξ is an overtwisted contact structure on M that
becomes tight when restricted to M \K; see [60]. Then we first have to sep-
arate K from the overtwisted disc bounded by K±

1 – by a topological isotopy
– before we can form the connected sum without changing the topological
type of K. In this case, although we can still produce a knot K ′ whose
classical invariants look like those of a destabilisation of K, it is not clear,
in general, whether K ′ actually is such a destabilisation.

Here is an alternative view of the phenomenon described in this last re-
mark, suggested to me by Paolo Lisca. Consider a non-loose knot K in
an overtwisted contact 3–manifold (M, ξ0), e.g. the one from [60]. Choose
an overtwisted contact structure ξ′ on S3 that is homotopic (as a 2–plane
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field) to the standard contact structure ξst . Then the contact structure
ξ1 := ξ0#ξ′ on M#S3 = M – where we form the connected sum in the
complement of K – is homotopic (as a 2–plane field) to ξ0 . By Eliashberg’s
classification of overtwisted contact structures (Thm. 4.7.2), ξ1 is actually
isotopic as a contact structure to ξ0 . However, K ⊂ (M#S3 , ξ1 = ξ0#ξ′) is
obviously loose.

Write K1 for the knot K when regarded as a Legendrian knot in (M, ξ1).
Let ψt , t ∈ [0, 1], be an isotopy of M with Tψ1(ξ0) = ξ1 . Then set K0 :=
ψ−1

1 (K1); this is a loose Legendrian knot in (M, ξ0). So the Legendrian knots
K and K0 in (M, ξ0) cannot be Legendrian isotopic (by Theorem 2.6.2).

However, we have a continuous family of Legendrian knots ψ−1
t (K1) in

(M,Tψ−1
t (ξ1)), starting at K1 ⊂ (M, ξ1) and ending at K0 ⊂ (M, ξ0). The

contact framing of K1 ⊂ (M, ξ1) is the same as that of K ⊂ (M, ξ0), so
K and K0 are isotopic as framed knots (in particular, they have the same
Thurston–Bennequin invariant, provided they are homologically trivial).

Finally, we want to convince ourselves that there is also a Legendrian
regular homotopy between the Legendrian immersions γ0 : S1 ∼=−→ K0 and
γ : S1 ∼=−→ K, where we may assume that γ = ψ1 ◦γ0 . By the parametric h–
principle for Legendrian immersions, this is equivalent to saying that T Cγ0

and T Cγ are homotopic as complex bundle isomorphisms TS1 ⊗ C → ξ0 .
By the construction of the contact structure ξ1 , there is a family of 2–

plane fields ηt , t ∈ [0, 1], with ηi = ξi for i = 0, 1, and ηt = ξ0 near K for
all t ∈ [0, 1]. By Remark 4.7.25 (1) we may assume that the path of contact
structures from ξ0 to ξ1 given by ξt := Tψt(ξ0), t ∈ [0, 1], is homotopic rel
{0, 1} – as a path of 2–plane fields – to (ηt)t∈[0,1] . Then, by the homotopy
properties of vector bundles (see in particular the proof of [140, Thm. 3.4.3]),
one can construct a family of complex bundle isomorphisms Ft : ξ0 → ξt ,
with F0 = idξ0 and F1 equal to the identity over a neighbourhood of K.
Then

F−1
t ◦ T C(ψt ◦ γ0) : TS1 ⊗ C −→ ξ0 , t ∈ [0, 1],

is a homotopy of bundle isomorphisms as required; indeed, it starts at T Cγ0

and ends at T C(ψ1 ◦ γ0) = T Cγ.

It turns out that the two negative twists that the move in Figure 6.8
adds to the contact framing can be ‘read off’ from the fact that the part of
the lower strand that pushes across the upper strand in the third picture
describing that move has Euler characteristic +1, and only positive Euler
characteristics can be realised by a disjoint union of 1–dimensional manifolds
with boundary.
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For k = n > 2, one has a similar front projection picture. Again one works
in a neighbourhood of a cusp, but now one pushes part of a lower ‘strand’
of Rn across a second copy of Rn . By pushing up a neighbourhood of a ball,
one realises Euler characteristic +1; by pushing up a tubular neighbourhood
of a figure eight, one can realise Euler characteristic −1. This is the key to
proving the framing theorem in that case.

6.4 Contact Dehn surgery

Recall from Section 1.7.2 that Dehn surgery with coefficient p/q ∈ Q∪ {∞}
along a knot K in S3 means cutting out a tubular neighbourhood νK and
gluing in a solid torus by sending its meridian to pµ + qλ, where µ is the
meridian of ∂(νK), and λ its preferred longitude determining the surface
framing. Also recall that surgery in the sense of the present chapter is the
same as Dehn surgery with integer coefficients.

As shown in Example 6.2.7, the natural framing of contact surgery along
a Legendrian knot in a contact 3–manifold (M, ξ) is obtained by adding one
negative twist to the contact framing. Given an arbitrary knot K in (M, ξ),
we may isotope it by Theorem 3.3.1 to a Legendrian knot. By Remarks
6.3.15 we can therefore perform any integer Dehn surgery along K as a
contact surgery, provided ξ is an overtwisted contact structure. If ξ is tight,
the surgery coefficient needs to be a sufficiently small integer (because of the
Bennequin inequality).

When talking about Dehn surgery along a Legendrian knot K in (M, ξ),
it is convenient to express the surgery coefficient in terms of the longitude
determined by the contact framing; this makes sense even if K is not homo-
logically trivial. With this convention, the contact surgery discussed in the
foregoing sections becomes a (−1)–surgery. Recall in particular the ‘inter-
mediate’ point of view at the end of Section 6.2, which gives the ‘cut and
paste’ interpretation of contact surgery that we are using here.

Definition 6.4.1 Contact surgery in the sense of Theorem 6.2.5 along a
Legendrian knot in a contact 3–manifold is called contact (−1)–surgery.

Remark 6.4.2 With this notion, we can now phrase Remark 6.3.4 more suc-
cinctly as follows: any contact 3–manifold obtained from (S3 , ξst) by contact
(−1)–surgeries admits a Stein filling. In fact, the handlebody corresponding
to these surgeries carries such a Stein structure. (The same is true if there
are additional 1–handles.)

In [50] it was shown how to define a more general notion of contact r–
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surgery for any r ∈ Q ∪ {∞}. Recall from Example 2.5.10 that a model
for the contact structure in the neighbourhood of a Legendrian K = S1 is
provided by

cos θ dx− sin θ dy = 0.

We saw on page 95 that the tubular neighbourhood {x2 + y2 ≤ ε} has a
convex boundary in the sense of Definition 4.6.16. When we cut out this
tubular neighbourhood νK and glue back a solid torus (corresponding to
some surgery coefficient r relative to the contact framing), we should like to
extend the contact structure ξ on M \ νK over the solid torus we glue back.
This amounts to finding contact structures on the solid torus S1 ×D2 with
a certain convex boundary condition determined by r.

When r = 0, the meridional disc of S1 ×D2 gives rise to an overtwisted
disc. When r �= 0, then by results of Giroux [105] and Honda [137] there are
finitely many tight contact structures (and at least one such) on S1×D2 with
the corresponding convex boundary condition.† This allows one to speak of
contact r–surgery, with the caveat that the resulting contact structure on
the surgered manifold is not, in general, uniquely determined.

For r = 1/k with k ∈ Z, however, the results of Giroux and Honda say
that there is indeed a unique tight contact structure on S1 ×D2 satisfying
the relevant convex boundary condition. Thus, contact (1/k)–surgery is
a well-defined process also as regards the resulting contact structure. In
particular, this extension procedure can be taken as the definition of contact
(−1)–surgery, in which case the above definition becomes a theorem – proved
by combining Example 6.2.7 and the fact that the contact structure on the
upper boundary ∂+H = D2 × ∂D2 of a 4–dimensional symplectic 2–handle
is tight. This last statement is a consequence of the fact that attaching such
a handle to the symplectic 4–ball gives rise to a fillable and hence‡ tight
contact 3–manifold.

Thus, whereas integer Dehn surgeries have a special topological meaning,
the (1/k)–surgeries (with respect to the contact framing) are the ones a
contact geometer would prefer. The contact topologist, therefore, should be
most interested in contact (±1)–surgeries.

In the arguments of Section 6.2 it is feasible to exchange the roles of the
upper and lower boundary of the symplectic handle, and thus to consider
handles that can be attached to concave ends of symplectic cobordisms.
(This is reasonable only if we take k ≥ n, for the attaching sphere is now

† N.B. This is not saying that the contact structure on the surgered manifold will be
tight, even if ξ was tight.

‡ See Theorem 6.5.6.
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an S2n−k−1 , and we can only appeal to an h–principle if this is an isotropic
sphere.)

Proposition 6.4.3 The attaching of a 4–dimensional symplectic 2–handle
along the concave boundary of a 4–dimensional symplectic cobordism corre-
sponds to a contact (+1)–surgery on that concave boundary.

Proof This follows from a computation completely analogous to that in
Example 6.2.7.

Unfortunately, as soon as we start to mix contact (+1)– and contact (−1)–
surgeries on a given contact 3–manifold, we lose any correspondence with
symplectic cobordisms. Even so, the following theorem from [51] has proved
rather useful in applications, see e.g. [164] and [200].

Theorem 6.4.4 (Ding–Geiges) Let (M, ξ) be a closed, connected contact
3–manifold. Then (M, ξ) can be obtained by contact (±1)–surgery along a
Legendrian link in (S3 , ξst).

We need a few preparations for the proof of this theorem. Recall from page
95 the definition of a Legendrian push-off K ′ of a Legendrian knot K. By
construction, it is a knot parallel to K that determines the contact framing
of K. Observe that K may in turn be regarded as a Legendrian push-off
of K ′. It is not clear, a priori, whether two Legendrian push-offs of K in
opposite directions transverse to ξ are Legendrian isotopic in M \K. This,
however, has no impact on the validity of the following statement.

Proposition 6.4.5 (Cancellation Lemma) Let (M ′, ξ′) be the contact
manifold obtained from (M, ξ) by contact (−1)–surgery along a Legendrian
knot K and contact (+1)–surgery along a Legendrian push-off K ′ of K.
Then (M ′, ξ′) is contactomorphic to (M, ξ).

Proof As a warm-up, we deal with the topological part of this proposi-
tion, i.e. we prove that M ′ is diffeomorphic to M , even though the contact
geometric argument below also proves that part.

Write T for a solid torus S1 ×D2 and νK for a closed tubular neighbour-
hood of K. The meridian on ∂(νK) will be denoted by µK . We may assume
that K ′ lies on ∂(νK). Since K ′ represents the contact framing of K, contact
(−1)–surgery along K means that topologically we form the manifold

M ′′ := M \ νK ∪g T,

where the gluing map g sends the meridian µT := ∗× ∂D2 to µK −K ′ (and
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the longitude λT := S1 × ∗ to K ′, say). The gluing of λT with K ′ implies
that in the surgered manifold M ′′ the knot K ′ is isotopic to S1 × {0} ⊂ T .
Hence, the second surgery along K ′ amounts to cutting out T and regluing
it a second time.

Any parallel copy of K ′ on ∂(νK) = ∂T represents the contact framing
of K ′, so in the second surgery along S1 × {0} ⊂ T , the surgery coefficient
has to be read with respect to the longitude K ′ on ∂T . The meridian of
S1 ×{0} in M ′′ is µK −K ′. This means that for the second surgery we glue
in T by sending µT to (µK − K ′) + K ′ = µK , which amounts to a trivial
surgery.

Now we introduce contact structures into the picture by considering the
symplectic model handle with k = n = 2. As in Example 6.2.7 we see that
the contact framing of the Legendrian attaching sphere S1

H ⊂ ∂−H is given
by the vector field q1 ∂p1 + q2 ∂p2 tangential to the hypersurface g−1(−1)
along S1

H , and transverse to the contact structure ker α0 . It is now easy to
check that in terms of the coordinates (q1 , q2 , p1 , p2), the Legendrian push-
offs of S1

H are given by

(
√

2ε2 + 2 cos θ,
√

2ε2 + 2 sin θ,±ε cos θ,±ε sin θ), θ ∈ S1 .

Likewise, the Legendrian push-offs of the belt sphere

{q1 = q2 = 0, p2
1 + p2

2 = 1} ⊂ ∂+H ⊂ g−1(1)

are given by

(±δ cos θ,±δ sin θ,
√

1 + δ2/2 cos θ,
√

1 + δ2/2 sin θ), θ ∈ S1 .

The flow of the Liouville vector field Y = −q1 ∂q1 −q2 ∂q2 +2p1 ∂p1 +2p2 ∂p2

is given by

(q1 , q2 , p1 , p2) �−→ (e−tq1 , e−tq2 , e2tp1 , e2tp2).

Hence this flow moves any Legendrian push-off of the attaching sphere to
one of the belt sphere. We conclude that in the contact manifold obtained
by contact (−1)–surgery along K, the Legendrian push-off K ′ of K is Le-
gendrian isotopic to the belt sphere corresponding to this first surgery.

From the description of contact surgery on page 302 and in Figure 6.4 it
is then immediate (with Proposition 6.4.3) that by a contact (+1)–surgery
along this belt sphere we recover the original contact manifold.

Proof of Theorem 6.4.4 A proof of this theorem pretty much from first
principles was given in [51]. Here we give a much shorter proof.†

† The importance of the proof given in [51] lies in the fact that it also discusses equiva-
lences of contact Dehn surgeries, see [55].
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In [56] it was shown that any Lutz twist can be effected by two contact
(+1)–surgeries. The proof given there is by exhibiting explicit surgery curves
and calculations very similar to those in our proof of the Lutz–Martinet
theorem in Chapter 4.

Thus, by performing two such contact (+1)–surgeries on the given contact
manifold (M, ξ), we obtain an overtwisted contact structure ξ′ on M . Thanks
to the Lickorish–Wallace theorem (Thm. 1.7.5), we can recover S3 from M

by integer surgery. According to Remarks 6.3.15, ξ′ being overtwisted, we
can perform these surgeries as contact (+1)–surgeries, say. This produces
some contact structure ξ′′ on S3 .

By Eliashberg’s classification of contact structures on S3 (Thm 4.10.3)
and our proof of the Lutz–Martinet theorem, one may obtain ξ′′ from ξst by
Lutz twists or, as indicated, by contact (+1)–surgeries. Hence, conversely, we
can obtain ξst from ξ′′ by contact (−1)–surgeries thanks to the cancellation
lemma.

A further application of the cancellation lemma tells us that we can reverse
all these surgeries so as to obtain (M, ξ) from (S3 , ξst) by a sequence of
contact (±1)–surgeries. Since each surgery curve may be assumed to miss
the belt spheres of the preceding surgeries after a Legendrian isotopy, this
is the same (because of isotopy extension, Thm. 2.6.2) as saying that (M, ξ)
can be obtained from (S3 , ξst) by contact (±1)–surgery along a Legendrian
link.

Prima facie, this theorem appears to be weaker than the Lutz–Martinet
theorem based on surgery along transverse knots, because it does not assert
the existence of a contact structure on every 3–manifold (or indeed in every
homotopy class of tangent 2–plane fields). However, one can actually give a
proof of the Lutz–Martinet theorem using contact Dehn surgery, see [56].

In one respect Theorem 6.4.4 is considerably stronger than the Lutz–
Martinet theorem, because it says that every contact structure on a 3–
manifold M can be obtained by contact (±1)–surgery on (S3 , ξst).

6.5 Symplectic fillings

We are now going to use the surgery presentation of Theorem 6.4.4 to give a
proof of Theorem 1.7.15, saying that any weak symplectic filling of a contact
3–manifold (M, ξ) embeds into a closed symplectic 4–manifold. In condensed
form, this argument has appeared previously in [98] and is essentially due
to Özbağcı and Stipsicz [200]. In fact, what the proof shows is that any
boundary component of a weak filling can be capped off with a concave filling.
This entails that a contact manifold realisable as one of several boundary
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components of a (weak or strong) filling – such a contact manifold used to be
called semi-fillable – is in fact fillable in the sense of Definition 5.1.1; simply
cap off all the other boundary components.

Lemma 6.5.1 Strong fillings can be capped off.

Proof Let (W,ω) be a strong symplectic filling of the contact 3–manifold
(M, ξ). By Theorem 6.4.4, there is a Legendrian link L = L− � L+ in
(S3 , ξst) such that contact (−1)–surgery along the components of L− and
contact (+1)–surgery along those of L+ produces (M, ξ). By the cancellation
lemma (Prop. 6.4.5), we can now attach symplectic 2–handles to the bound-
ary (M, ξ) of (W,ω) corresponding to contact (−1)–surgeries that undo the
contact (+1)–surgeries along L+. The result will be a symplectic manifold
(W ′, ω′) strongly filling a contact manifold (M ′, ξ′), and the latter can be
obtained from (S3 , ξst) = ∂(D4 , ωst) by performing contact (−1)–surgeries
(along L−) only.

A handlebody obtained from (D4 , ωst) by attaching symplectic handles in
this way is in fact, by Remark 6.4.2, a Stein filling of its boundary contact
manifold, and for those a symplectic cap had been found earlier by Akbulut–
Özbağcı [8] and Lisca–Matić [163]. By Proposition 5.2.5, the cap that fits
on the Stein filling can also be glued to the strong filling (W ′, ω′).

The following lemma allows us to attach symplectic handles also to weak
fillings of contact 3–manifolds, see [87, Lemma 2.4].

Lemma 6.5.2 Let (W,ω) be a weak filling of the contact 3–manifold (M, ξ),
and L a Legendrian knot in (M, ξ). There is an arbitrarily C∞–small pertur-
bation of ξ to a new contact structure ξ′, the perturbation being stationary
outside an arbitrarily small neighbourhood of L in M , so that (W,ω) is still
a weak filling of (M, ξ′) and a strong filling near L. In other words, there is
a Liouville vector field Y for ω, defined in a neighbourhood of L in M , such
that ξ′ = ker(iY ω|T M ) near L.

Proof The idea of the proof is to take a Legendrian knot in the boundary
of a strong filling as a model, and then to adjust ξ in a neighbourhood of
L so that it looks like the contact structure in that ‘strong’ model. In fact,
we only need to have a contact type boundary in the model; compactness of
the filling is not essential.

Thus, let (W0 , ω0) be any symplectic 4–manifold with contact type bound-
ary (M0 , ξ0 = ker α0), and L0 a Legendrian knot in (M0 , ξ0). For instance,
we may take M0 = M , α0 = α (where ξ = ker α), and W0 = (−∞, 0] ×M
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with symplectic form ω0 = d(etα). We want to define a diffeomorphism ψ

from a neighbourhood N (L) of L in M to a neighbourhood N (L0) of L0 in
M0 such that

• ψ(L) = L0 ,
• ψ∗(α0 |L0 ) = α|L , so that in particular Tψ(ξ|L ) = ξ0 |L0 ,
• ψ∗(ω0 |N (L0 )) = ω|N (L) .

Here by restriction of a differential form to a subset U of M we mean the
restriction of that differential form to TM |U , likewise for subsets of M0 .

Assuming the existence of such a diffeomorphism ψ, the proof concludes
as follows. The third condition on ψ allows us, by Lemma 5.1.4, to extend
ψ to a symplectomorphism between a neighbourhood of L in (W,ω) and
a neighbourhood of L0 in (W0 , ω0). With ψ also denoting that extended
diffeomorphism, the vector field Tψ−1(∂t) is a Liouville vector field for ω

inducing the contact form ψ∗α0 on the boundary M near L ⊂ M . So our
task becomes to perturb ξ near L so that it coincides with ker(ψ∗α0).

Since, along L, the symplectic bundle structure

(ψ∗(dα0))|ξ = (ψ∗ω0)|ξ = ω|ξ

is in the (positive) conformal class of dα|ξ , and the 1–forms ψ∗α0 and α

coincide on L, the 1–form

αt := (1− t)α + tψ∗α0

is a contact form in a neighbourhood of L for all t ∈ [0, 1].
Now apply the Gray stability theorem (Thm. 2.2.2). Define the time-

dependent vector field Xt as in the proof of that theorem. At points of L

we have α̇t ≡ 0, so there Xt ≡ 0 by Remark 2.2.3. We may multiply Xt by
a bump function that is identically 1 near L and supported in an arbitrarily
small neighbourhood of L, so that the norm of this new vector field becomes
arbitrarily small. The flow of such a vector field defines an isotopy between ξ

and a contact structure C∞–close to ξ that coincides with ker(ψ∗α0) near L.
It remains to construct the diffeomorphism ψ with the described proper-

ties. This is done in three steps.
(i) Choose a diffeomorphism ψ : L → L0 . Of course, with our specific

choice of L0 , we may simply take ψ to be the identity on L.
(ii) In M choose a transversal Σ ⊃ L to the line field ker(ω|T M ) with

TΣ|L = ξ|L . This Σ may be taken to be an open annulus S1 × (−1, 1),
where L is identified with S1 × {0}. Define Σ0 ⊃ L0 in M0 analogously.

Given two area forms ω1 and ω2 on S1 × (−1, 1), one can define, for some
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small ε > 0, a diffeomorphism ψ of S1×(−ε, ε) onto its image in S1×(−1, 1)
of the form

S1 × (−ε, ε) −→ S1 × (−1, 1)
(θ , t) �−→

(
θ , g(θ, t)

)
,

with g(θ, 0) = 0 for all θ ∈ S1 and ψ∗ω2 = ω1 . Indeed, if we write ωi =
ai(θ, t) dθ∧dt, i = 1, 2, then g is found as solution of the differential equation

∂g

∂t
(θ, t) =

a1(θ, t)
a2(θ, g(θ, t))

,

with initial condition g(θ, 0) = 0.
In our situation this translates into saying that we can extend the map ψ

– after shrinking Σ and Σ0 appropriately – to a diffeomorphism ψ : Σ → Σ0

such that ψ∗(ω0 |T Σ0 ) = ω|T Σ.
(iii) Let R be a vector field spanning ker(ω|T M ) = ker(j∗ω), with j de-

noting the inclusion of M in W , and R0 an analogous vector field on M0 .
For R0 we may take the Reeb vector field of α0 ; for R we may require that
α(R) = 1 along L. Then

LR (j∗ω) = d(iRj∗ω) + iR
(
d(j∗ω)

)
≡ 0,

i.e. the flow of R preserves j∗ω. Similarly, the flow of R0 preserves j∗0 ω0 .
Hence, by mapping the flow lines of R to those of R0 , the map ψ from step
(ii) can be extended to the desired diffeomorphism. Notice that the condition
ψ∗(α0 |L0 ) = α|L is guaranteed by our normalisation of R and R0 along L

and L0 , respectively.

We now use this lemma to reduce the proof of Theorem 1.7.15 to the
consideration of homology spheres only, that is, 3–manifolds whose integral
homology is the same as that of S3 . First we need a topological lemma. This
is a special case of a more general procedure for computing the homology of
a manifold obtained by Dehn surgery, see [111, Prop. 5.3.11].

Lemma 6.5.3 Let K,L be a pair of knots in a homology 3–sphere M0 with
linking number lk(K,L) = 1. Then the manifold M1 obtained from M0 by
Dehn surgery along L with surgery coefficient p/q �= ∞ and Dehn surgery
along K with surgery coefficient 0 is again a homology sphere.

Proof Write C for the complement in M0 of tubular neighbourhoods of K

and L. By a simple Mayer–Vietoris argument as in Section 1.7.2, we see
that H1(C) ∼= Z⊕ Z, generated by the meridians µK and µL . The surgered
manifold M1 is obtained from C by attaching two 2–cells along the curves
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λK and pµL + qλL , respectively, and then attaching two 3–cells. Hence

H1(M1) ∼=
(
ZµK ⊕ ZµL

)
/〈λK , pµL + qλL 〉.

Here the longitudes are the ones determined by the surface framing. So
the longitude λK is the boundary of a Seifert surface ΣK ⊂ M0 for K.
Cutting out a tubular neighbourhood of L amounts to removing a single
(counting with signs) meridional disc of L from ΣK , since lk(K,L) = 1.
This punctured Seifert surface gives the relation λK = µL . Likewise, a
Seifert surface for L gives the relation λL = µK . It follows that H1(M1) = 0,
so M1 is a homology sphere by Poincaré duality.

Lemma 6.5.4 Let (W,ω) be a weak filling of (M, ξ). Then (W,ω) embeds
into a symplectic manifold weakly filling a homology sphere.

Proof Start from a contact surgery presentation of (M, ξ) as in the proof
of Lemma 6.5.1. For each component Li of L we choose a Legendrian knot
Ki in (S3 , ξst) linked only with that component, with lk(Ki, Li) = 1. More-
over, we may assume that tb(Ki) = 1; for instance, take the right-handed
Legendrian trefoil knot from Figure 3.3. Then contact (−1)–surgery along
Ki amounts to a surgery with coefficient 0 relative to the surface framing.
By the preceding lemma, the result of the surgeries on M along the Ki will
be a homology sphere. By Lemma 6.5.2 we can effect these surgeries by
attaching symplectic 2–handles, so the result will be a weak filling of that
homology sphere, containing the initial filling (W,ω).

Lemma 6.5.5 Any weak filling of a homology sphere can be deformed to a
strong filling.

Proof Let (W,ω) be a weak filling of (M, ξ), with M a homology sphere.
We want to modify ω in a collar neighbourhood [0, 1]×M of the boundary
M ≡ {1} ×M such that the resulting symplectic manifold is a strong filling
of the new induced contact structure on the boundary.

Since H2(M) = 0, we can write ω = dη with some 1–form η in a collar
neighbourhood as described. (We see that it would be enough to have M

a rational homology sphere.) Choose a 1–form α on M with ξ = ker α and
α ∧ ω|T M > 0, which is possible for a weak filling. Then set

ω̃ = d(fη) + d(gα)

on [0, 1]×M , where the smooth functions f(t) and g(t), t ∈ [0, 1], are chosen
as follows. Fix a small ε > 0. Choose f : [0, 1] → [0, 1] identically 1 on [0, ε]
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and identically 0 near t = 1. Choose g : [0, 1] → R+
0 identically 0 near t = 0

and with g′(t) > 0 for t > ε/2.
We compute

ω̃ = f ′ dt ∧ η + fω + g′ dt ∧ α + g dα,

whence

ω̃2 = 2ff ′ dt ∧ η ∧ ω + 2f ′g dt ∧ η ∧ dα + f 2ω2

+ 2fg′ ω ∧ dt ∧ α + 2fg ω ∧ dα + 2gg′ dt ∧ α ∧ dα.

The terms appearing with the factors f 2 , fg′ and gg′ are positive volume
forms. By choosing g small on [0, ε] and g′ large compared with |f ′| and g

on [ε, 1], one can ensure that these positive terms dominate the three terms
we cannot control. Then ω̃ is a symplectic form on the collar and, in terms
of the coordinate s := log g(t), the symplectic form looks like d(esα) near
the boundary, with Liouville vector field ∂s .

Theorem 1.7.15 is now an immediate consequence of Lemmata 6.5.1, 6.5.4
and 6.5.5.

Here, as an application of this theorem, is a tightness criterion for contact
structures. This is originally due to Gromov [118, 2.4.D′

2 .b] and Eliash-
berg [63, Thm. 3.2.1]. A detailed proof along the lines of the original argu-
ment can be found in [246]. The proof given here is from [200].

Theorem 6.5.6 (Eliashberg, Gromov) If a 3–dimensional contact mani-
fold (M, ξ) is weakly symplectically fillable, then ξ is tight.

Put the other way round, a 3–manifold with an overtwisted contact struc-
ture is not weakly symplectically fillable. A related phenomenon in higher
dimensions is described in [199]. For the proof of Theorem 6.5.6 we need one
simple and one hard topological fact. First, let us look at the simple one.

Lemma 6.5.7 Let K be a knot bounding an embedded disc ∆ in the 3–
manifold M = ∂W . Let W ′ be the 4–manifold with boundary obtained from
W by attaching a 2–handle along M with attaching 1–sphere K, correspond-
ing to a surgery along K with surgery coefficient n ∈ Z with respect to the
surface framing of K. Then ∆ and the core disc of the 2–handle glue together
to a 2–sphere Σ in W ′ with self-intersection number n.

Proof Push ∆ ‘vertically’ into W , and think of Σ as being obtained by gluing
the core disc, a vertical cylinder over ∂∆, and ∆, see Figure 6.11.

In order to compute the self-intersection number of Σ, we need to construct
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Fig. 6.11. Self-intersection of sphere in handle surgery.

a transverse push-off of Σ. In the 2–handle D2 ×D2 , the core disc D2 ×{0}
can be pushed to a disc D2 × ∗. The boundary of this 2–disc will be a knot
K ′ parallel to K with lk(K,K ′) = n in M . Complete this disc to a 2–sphere
Σ′ as before, where we push the disc ∆′ bounded by K ′ to a ‘depth’ in W

different from that of ∆. Then every intersection point of K with the Seifert
surface ∆′ of K ′ in M translates into an intersection point of Σ′ with Σ (of
the same sign) in W ′, so the result follows from Proposition 3.4.11.

The following auxiliary result, however, is well beyond the scope of the
present text. It is a special case of what is known as the adjunction inequality
and can be proved via Seiberg–Witten theory. For the relevant references
see [200, Chapter 13].

Theorem 6.5.8 Let Σ be a smoothly embedded 2–sphere in a closed symplec-
tic 4–manifold with b+

2 > 1, i.e. with the intersection product on the second
(real) homology being positive definite on an at least 2–dimensional subspace.
If the class of Σ in homology is non-trivial, then the self-intersection number
of Σ is negative.

Proof of Theorem 6.5.6 Let (W,ω) be a weak symplectic filling of (M, ξ). Ar-
guing by contradiction, we assume that ξ is overtwisted. By the discussion in
Section 6.3.3 we can find an embedded disc ∆ ⊂M with Legendrian bound-
ary ∂∆ satisfying tb(∂∆) = 2. Use Lemma 6.5.2 to attach a symplectic
2–handle to (W,ω) along M with attaching 1–sphere ∂∆; call the resulting
symplectic manifold (W ′, ω′). This is then a weak filling of M ′ := ∂W ′.
As we saw in the preceding section, M ′ is the result of a contact surgery
on M with surgery coefficient −1 with respect to the contact framing, and
hence with surgery coefficient +1 with respect to the surface framing of ∂∆.
It follows that the 2–sphere Σ in W ′, constructed as in Lemma 6.5.7, has
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self-intersection number +1. By adding another such handle, and then ap-
plying Theorem 1.7.15, we obtain a closed symplectic 4–manifold containing
a sphere Σ that contradicts Theorem 6.5.8.

Remark 6.5.9 The converse of Theorem 6.5.6 does not hold. Etnyre and
Honda [87] found the first examples of tight contact structures on certain
Seifert fibred 3–manifolds that do not admit any symplectic filling.

Corollary 6.5.10 The following contact structures are tight:

(i) the standard contact structures ξst on S3 and R3 ;
(ii) the standard contact structure on S2 × S1 ⊂ R3 × S1 , given by

z dθ + x dy − y dx = 0;

(iii) the contact structures ξn on T 3 , n ∈ N, given by

cos(nθ) dx− sin(nθ) dy = 0.

Proof (i) The tightness of ξst on S3 follows directly from Theorem 6.5.6,
since (S3 , ξst) admits the strong filling (D4 , ωst).

Any open subset of a tight contact 3–manifold is obviously again tight, so
the tightness of ξst on R3 follows from Proposition 2.1.8.

(ii) The standard contact structure on S2 × S1 may, by Gray stability,
alternatively be described as

α := z dθ +
1
2
x dy − 1

2
y dx = 0.

Then D3 ×S1 with symplectic form ω := dx∧dy +dz∧dθ is a strong filling,
since the Liouville vector field Y := (x ∂x + y ∂y )/2+ z ∂z for ω is transverse
to ∂(D3 × S1) = S2 × S1 and gives α = iY ω.

(iii) If (M, ξ) → (M ′, ξ′) is a covering of contact 3–manifolds and ξ is tight,
then so is ξ′, for any overtwisted disc in (M ′, ξ′) would lift to an overtwisted
disc in (M, ξ). Under the covering R3 → T 3 given by

(u, v, w) �→ (x, y, θ) = (w cos v + u sin v,−w sin v + u cos v, v) mod (2πZ)3 ,

the contact structure ξ1 on T 3 lifts to ker(dw + u dv) = ξst on R3 . Hence ξ1

is tight. Finally, ξn is the lift of ξ1 under the covering T 3 → T 3 given by
θ �→ nθ, hence all the ξn are tight.
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Further constructions of contact manifolds

‘Maybe I’m an open book...’

Sheena Easton,
For Your Eyes Only

Contact surgery, as we have just seen, is a powerful method for constructing
contact manifolds, but by far not the only one. Concerning 3–manifolds, we
saw in Section 4.4 that it is also possible to find contact structures with the
help of open books and branched coverings. In Sections 7.3 and 7.5, respec-
tively, we extend these two methods to contact manifolds of arbitrary dimen-
sion. The deep relation between open books and contact structures was dis-
covered by Giroux. One of the remarkable applications of open books is the
construction, due to Bourgeois, of contact structures on all odd-dimensional
tori. The compatibility of contact structures with branched coverings in
arbitrary dimensions was first observed by Gromov.

Before the advent of topological techniques for the construction of higher-
dimensional contact manifolds, two methods of a more geometric nature had
been used extensively: the explicit description of a contact form on Brieskorn
manifolds, which we shall discuss in Section 7.1, and the contact form given
by the connection 1–form on suitable principal S1–bundles (Boothby–Wang
construction), as described in Section 7.2.

In Section 7.4 I present the fibre connected sum of contact manifolds. This
construction was originally suggested by Gromov, both for symplectic and
contact manifolds. In symplectic topology, it was put on a sound footing
and used prominently by Gompf [109].

Section 7.6 deals with the plumbing of cotangent disc bundles. This can
be used to construct contact structures, notably on spheres, with strong
symplectic fillings. Special properties of these fillings were one of the first
means to detect ‘exotic’ contact structures, i.e. contact structures that are

332
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different from the standard contact structure (on S2n+1, say) but cannot be
distinguished from this standard structure by homotopical methods alone.

Finally, Section 7.7 treats contact manifolds with an action by a compact
Lie group. In contrast with the symplectic situation, such actions always
have a momentum map and give rise to a ‘reduced’ contact manifold. I
describe some of the basic aspects of this contact reduction.

7.1 Brieskorn manifolds

Let a = (a0 , . . . , an ) be an (n + 1)–tupel of integers aj > 1, and set

V (a) := {z := (z0 , . . . , zn ) ∈ Cn+1 : f(z) := za0
0 + · · ·+ zan

n = 0}.

Further, with S2n+1 denoting the unit sphere in Cn+1, we define

Σ(a) := V (a) ∩ S2n+1 .

Lemma 7.1.1 Σ(a) is a smooth manifold of dimension 2n− 1.

Proof Set

ρ0(z) := z0z0 + · · ·+ znzn ,

and consider the map (f, ρ0) : Cn+1 → C × R. Then Σ(a) is the preimage
under this map of the value (0, 1) ∈ C×R. By a standard result in differential
topology [38, Lemma 5.9], it suffices to show that (0, 1) is a regular value.
With a little Wirtinger calculus (and using the fact that f is holomorphic)
one finds that this regularity condition is equivalent to the condition that
the Jacobian matrix a0z

a0 −1
0 . . . anzan −1

n 0 . . . 0
0 . . . 0 a0z

a0 −1
0 . . . anzan −1

n

z0 . . . zn z0 . . . zn


have rank 3 over C in all points of Σ(a).

If z is a point where this matrix has rank smaller than 3, there exists
a non-zero complex number λ such that zj = λajz

aj −1
j , j = 0, . . . , n, and

hence
n∑

j=0

zj zj

aj
= λ

n∑
j=0

z
aj

j = λf(z).

This equality is incompatible with the conditions ρ0(z) = 1 and f(z) = 0 for
a point to lie on Σ(a).
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The manifolds Σ(a) are called Brieskorn manifolds after the seminal
paper [36] by Brieskorn, whose main theorem gives a necessary and sufficient
condition on a for Σ(a) to be a topological sphere, and means to show that
those Σ(a) yield, in general, exotic differentiable structures on the topological
(2n− 1)–sphere. For a more comprehensive account see [133].

Theorem 7.1.2 The real 1–form

α :=
i
4

n∑
j=0

(zj dzj − zj dzj )

induces a Stein fillable contact structure on any Brieskorn manifold Σ(a).

Proof The function ρ(z) := (‖z‖2 − 1)/4 is strictly plurisubharmonic on
Cn+1, and the same is true for its restriction to the complex submanifold
V (a) \ {0}. Notice that α = −dρ ◦ J , that is, α and ρ are related to each
other as in Section 5.4. From Proposition 5.4.2 and the definitions in Section
5.4 it is therefore immediate that kerα defines the complex tangencies of the
strictly Levi pseudoconvex boundary of V (a) ∩ D2n+2, and thus a contact
structure.

Unfortunately, V (a) is not a complex manifold – it has a singular point
at the origin 0. In order to get a Stein filling, we replace V (a) by Vs(a),
defined by the equation

za0
0 + · · ·+ zan

n = s,

and Σ(a) by Σs(a) := Vs(a) ∩ S2n+1, where s is a positive real number.
Now Vs(a) is indeed a non-singular complex manifold. As shown in [133,
Satz 14.3], there is an ε > 0 such that Σs(a) is diffeomorphic to Σ(a) = Σ0(a)
for all s ∈ [0, ε]. In fact, the proof given there shows that the Σs(a) form
the fibres of a differentiable fibre bundle.

Our previous argument shows that the 1–form α induces a contact struc-
ture on each Σs(a), with a Stein filling given by Vs(a)∩D2n+2 in case s > 0.
With the help of a connection on the fibre bundle formed by the Σs(a), we
may regard these contact structures as a smooth family ξs , s ∈ [0, ε], of con-
tact structures on Σ(a). By Gray stability (Thm. 2.2.2), the ξs are isotopic,
and since ξs is Stein fillable for s > 0, so is ξ0 .

In this argument, we did not use any special features of the complex
submanifold Vs(a). Also, notice that α is the standard contact form on
S2n+1. So the same argument proves the following statement, which was first
observed by Abe and Erbacher [2] (without the part about Stein fillings).
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Theorem 7.1.3 Let V be a complex submanifold of Cn+1 . If V intersects
S2n+1 transversely, then the standard contact form on S2n+1 restricts to a
contact form on the differentiable manifold V ∩ S2n+1 . If, moreover, V is a
proper submanifold, the induced contact structure is Stein fillable.

The fact that α induces a contact structure on Σ(a) was also established
by Sasaki and Hsü [217], using a direct computation.

The contact form α0 := α on Σ(a) has one essential drawback: the dy-
namics of its associated Reeb vector field is rather complicated. From that
viewpoint, it is more convenient to work with the form

α1 :=
i
4

n∑
j=0

aj (zj dzj − zj dzj ).

The disadvantage here is that the verification of the contact condition for
α1 is a lot more involved.

Assuming, for the time being, that α1 does indeed induce a contact form
on Σ(a), we can easily check that its associated Reeb vector field is given by

Rα1 = 2i
n∑

j=0

1
aj

(zj ∂zj
− zj ∂zj

).

Indeed, one computes

df(Rα1 ) = f(z) and dρ0(Rα1 ) = 0,

which shows that Rα1 is tangent to Σ(a). Furthermore, the defining equa-
tions for the Reeb vector field are satisfied, since

α1(Rα1 ) ≡ 1 and iRα 1
dα1 = −dρ0 ,

the latter form being zero on the tangent spaces to Σ(a).
The flow of Rα1 is given by

ψt(z0 , . . . , zn ) = (e2it/a0 z0 , . . . , e2it/an zn ).

All the orbits of this flow are closed, and the flow defines an effective S1–
action on Σ(a).

It remains to check the contact condition for α1 . In fact, the following
proposition tells us, together with Gray stability, that the contact structures
on Σ(a) induced by α0 and α1 are isotopic. The proof is based on ideas
from [171], where it was first shown that α1 defines a contact form on Σ(a).
The isotopy between α0 and α1 was observed by Ustilovsky in his thesis [234].
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Proposition 7.1.4 Set cj (t) := (1− t+ t/aj )−1 , t ∈ [0, 1]. Then the 1–form

αt :=
i
4

n∑
j=0

cj (t)(zj dzj − zj dzj )

defines a contact form on Σ(a) for each t ∈ [0, 1].

Proof The restriction of the skew-symmetric form dαt to each tangent space
of Σ(a) has at least a 1–dimensional kernel. In order to verify that the
restriction of αt to TΣ(a) satisfies the contact condition, we need to show
that αt does not vanish on that kernel (which forces that kernel to be one-
dimensional). In other words, we need to show that there is no non-zero
vector v ∈ TCn+1 |Σ(a) – with Cn+1 thought of as the real manifold R2n+2 –
that satisfies the following system of equations, where λ can be any complex
number and µ any real number:

df(v) = 0,

dρ0(v) = 0,

αt(v) = 0,

ivdαt = λ df + λ df + µdρ0 .

This system of equations can be written more explicitly as

n∑
j=0

∂f

∂zj
dzj (v) = 0, (7.1)

n∑
j=0

(
zj dzj (v) + zj dzj (v)

)
= 0, (7.2)

n∑
j=0

cj (t)
(
zj dzj (v)− zj dzj (v)

)
= 0, (7.3)

and

i
2

n∑
j=0

cj (t)
(
dzj (v) dzj − dzj (v) dzj

)
= λ

n∑
j=0

∂f

∂zj
dzj + λ

n∑
j=0

∂f

∂zj
dzj +

+ µ
n∑

j=0

(zj dzj + zj dzj ). (7.4)

Here and in the sequel it is understood that all functions are evaluated at
the footpoint of the tangent vector v. By comparing coefficients in (7.4) we
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find

i
2
cj (t) dzj (v) = λ

∂f

∂zj
+ µzj , (7.5)

− i
2
cj (t) dzj (v) = λ

∂f

∂zj
+ µzj . (7.6)

Multiply (7.5) by zj , (7.6) by zj , and take the sum over j. With (7.3) and
ρ0(z) = 1 along Σ(a) this gives

µ = −Re
(

λ
∑

j

zj
∂f

∂zj

)
. (7.7)

Multiply (7.5) by cj (t)−1(∂f/∂zj ) and sum over j. With (7.1) we obtain

0 = λ
∑

j

cj (t)−1
∣∣∣∣ ∂f

∂zj

∣∣∣∣2 − Re
(

λ
∑

j

zj
∂f

∂zj

)
·
(∑

j

zj

cj (t)
∂f

∂zj

)
. (7.8)

I claim that from this equation it follows that λ = 0. Assuming this claim
for the moment, we then see from (7.7) that µ = 0, and from (7.5) and (7.6)
we then find v = 0.

It remains to prove the claim. Here we distinguish two cases. If we have
Re

(
λ
∑

zj (∂f/∂zj )
)

= 0, then λ = 0 is immediate from (7.8), for the ∂f/∂zj

do not vanish simultaneously along Σ(a).
If Re

(
λ
∑

zj (∂f/∂zj )
)
�= 0, then from (7.8) we see that the complex

number ∑
j

cj (t)−1zj
∂f

∂zj

must be a real multiple of λ, and this allows us to rewrite (7.8) as

0 = λ

{∑
j

cj (t)−1
∣∣∣∣ ∂f

∂zj

∣∣∣∣2 − Re

[(∑
j

zj
∂f

∂zj

)(∑
j

zj

cj (t)
∂f

∂zj

)]}
.

Thus, we are done if we can show that the expression in braces is never zero
along Σ(a). For then this last equation will again force λ = 0.

Observe that our argument immediately shows that α1 is a contact form,
since cj (1) = aj and ∑

j

zj

aj

∂f

∂zj
= f,

so the second summand within the braces vanishes along Σ(a), while the
first does not. Similarly, αt is seen to be a contact form whenever f is
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any homogeneous polynomial (use the Euler identity). Now, however, we
consider the polynomial f(z) =

∑
z

aj

j as before, and compute

∑
j

cj (t)−1a2
j |zj |2(aj −1) ≥ (1− t)

∑
j

a2
j |zj |2(aj −1)

≥ (1− t)
∣∣∣∑

j

aj z
aj −1
j zj

∣∣∣2
= (1− t)

∑
j

aj z
aj

j

∑
j

aj z
aj

j

= Re

[(∑
j

zj
∂f

∂zj

)∑
j

(
1− t +

t

aj

)
aj z

aj

j

]
,

where the last equality follows from f(z) = 0. The first inequality is strict
for t ∈ (0, 1]. The second inequality (Cauchy–Schwarz with

∑
|zj |2 = 1)

is strict for t ∈ [0, 1) since, as shown at the beginning of this section, the
vector (z0 , . . . , z1) is never proportional to the vector (a0z

a0 −1
0 , . . . , anzan −1

n )
along Σ(a).

In his thesis and in [235], Ustilovsky computes the contact homology of
these contact structures on Brieskorn manifolds diffeomorphic to S4m+1,
which allows him to detect infinitely many non-diffeomorphic but homo-
topically standard contact structures on these spheres. Here ‘homotopically
standard’ means that the contact structure induces the same almost contact
structure (see Section 8.1 below) as the standard contact structure ξst , and
thus cannot be distinguished from ξst by homotopical methods alone. For
the computation of the contact homology of Brieskorn manifolds see also
[33] and [150].

The fact that a (homotopically standard) contact structure on an odd-
dimensional sphere is exotic, i.e. not diffeomorphic to the standard contact
structure, can be detected by classical† methods. On spheres of dimension
4n + 1, such exotic structures were first found by Eliashberg [67], on S7

and spheres of dimension 8n + 3, by this author, using Brieskorn manifolds
in an essential way. Exotic contact structures on the remaining spheres of
dimension 8n + 7 were finally found by Ding–Geiges [52].

For other interesting applications of Brieskorn manifolds in contact geo-
metry see [34] and [152].

† According to the usage of C. T. C. Wall, as related to me by Charles Thomas, any
result or method prior to one’s thesis may be referred to as ‘classical’. The classical
method here is Gromov’s theory of pseudoholomorphic curves.
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7.2 The Boothby–Wang construction

In this section I shall assume a certain familiarity with the notions of con-
nection and curvature on principal bundles. A good reference is [58, §25],
which treats in detail the case of principal S1–bundles. The Boothby–Wang
construction is concerned with contact forms on exactly such principal S1–
bundles, where the fibres are the orbits of the Reeb vector field. Another
very useful reference, dealing exclusively with principal S1–bundles, is the
paper [148] by Kobayashi.

As we shall see, the essential point in this construction is a certain regular-
ity property of the Reeb vector field. We begin by describing this property
for arbitrary nowhere vanishing vector fields. Thus, let R be such a vector
field on an (m + 1)–dimensional manifold M . According to the tubular flow
theorem [203, Thm. 2.1.1], given any point p ∈ M , we can find an ε > 0 and
local coordinates (x0 , . . . , xm ) around p such that in the ‘flow box’

{(x0 , . . . , xm ) ∈ Rm+1 : |xi | < ε, i = 0, . . . , m}

the point p ∈M corresponds to the origin 0 ∈ Rm+1, and the vector field R

is given by ∂x0 .†

Definition 7.2.1 A nowhere vanishing vector field R on M is called regular
if around each point of M there is a flow box that is pierced at most once
by any integral curve of R. A flow box with this property will be referred to
as a regular flow box.

Observe that if R is a regular vector field on a closed manifold M , then
all its orbits are embedded circles. (If R had an immersed copy of R as a
flow line, we could find a sequence of points (pν )ν∈N on this flow line with
pν → ∞ in R and pν → p ∈ M for ν → ∞ and some p ∈ M , contradicting
the existence of a regular flow box around p.)

Definition 7.2.2 A contact form α is called regular if its Reeb vector field
Rα is a regular vector field.

A simple example is given by the standard contact form on S2n+1 from
Example 2.1.7. Here the orbits of the Reeb vector field are the fibres of the
Hopf fibration S2n+1 → CPn .

The easy half of the theorem of Boothby and Wang [30] claims the ex-
istence of a regular contact form on suitable circle bundles over symplectic
manifolds. In order to state it succinctly, we introduce some further termi-
nology.

† The tubular flow theorem holds for arbitrary vector fields R in the neighbourhood of
any point p ∈ M where Rp 
= 0.
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Given a symplectic manifold (B,ω), the symplectic form ω, being a closed
2–form, represents a cohomology class [ω] in the second de Rham cohomology
group of B, which we may identify with H2(B; R), the singular cohomology
group with real coefficients. There is a natural map H2(B; Z) → H2(B; R)
induced by the inclusion Z ⊂ R. If [ω] lies in the image of this map, we call
ω an integral symplectic form.

Strictly speaking, a connection 1–form on a principal S1–bundle is 1–form
on the total space with values in the Lie algebra iR of S1 . But there is little
harm in regarding it as an R–valued 1–form, i.e. a differential form in the
usual sense. Then the normalisation and invariance property of a connection
on a principal bundle can, in this particular case, be summarised as follows.

Definition 7.2.3 Let π : M → B be a principal S1–bundle, with the S1–
action on M generated by the flow of a vector field R (with period 2π). A
connection 1–form on this bundle is a differential 1–form α on M with
the following properties:

• invariance: LRα ≡ 0,
• normalisation: α(R) ≡ 1.

From these conditions it follows with the Cartan formula that

LR (dα) ≡ 0 and iRdα ≡ 0.

This means that dα induces a well-defined 2–form ω on the quotient B

under the S1–action, i.e. there is a 2–form ω with π∗ω = dα. We call ω the
curvature form of the connection form α.

Since the differential Tπ is surjective, the pull-back map π∗ is injective.
So from π∗dω = d2α = 0 we get dω = 0. This means that ω defines a
de Rham cohomology class. The class −[ω/2π] turns out to be integral; it
is the Euler class of the S1–bundle. This class determines the bundle up
to isomorphism. Useful references for these facts – besides [58] – are [177,
Thm. 2.72, Example 3.48] and [31, §6], notably for the sign conventions in
this construction. A related discussion (about the fact that the Euler class
determines the bundle) can be found in Section 8.1 below.

Theorem 7.2.4 (Boothby–Wang – First Part) Let (B,ω) be a closed
symplectic manifold (of dimension 2n) with integral symplectic form ω/2π.
Let π : M → B be the principal S1–bundle with Euler class −[ω/2π] ∈
H2(B; Z). Then there is a connection 1–form α on M with the following
properties:

• α is a regular contact form,
• the curvature form of α is ω,
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• the vector field R defining the principal S1–action on M coincides
with the Reeb vector field of α.

Proof Choose any connection 1–form α′ on M . Then dα′ = π∗ω′, with ω′

a closed 2–form on B satisfying [ω′] = [ω]. It follows that ω − ω′ = dβ for
some 1–form β on B. Set α = α′ +π∗β. This is also a connection 1–form for
the given S1–bundle, and it satisfies dα = π∗ω, i.e. its curvature form is ω.

Since ω is a symplectic form on B, we have

α ∧ (dα)n = α ∧ π∗ωn �= 0,

so α is a contact form.
As we saw above, the invariance and normalisation condition on α imply

that the vector field R defining the S1–action also satisfies iRdα ≡ 0, which
means that R is the Reeb vector field of α. In particular, the orbits of
the Reeb vector field are the fibres of the S1–bundle, which – by the local
triviality of the bundle – ensures that α is a regular contact form.

In [30] this theorem was used to construct contact manifolds – starting
from an algebraic variety B ⊂ CPN with symplectic form given by the
Kähler form induced from CPN – that are different from spheres and cotan-
gent sphere bundles, which were essentially the only known examples of
contact manifolds (see Lemma 1.2.3) at that time.

The other half of the theorem of Boothby and Wang states that the con-
struction we just described is in fact the only way (up to scaling by constants)
in which regular contact forms can arise. The proof of this part is slightly
more involved – in fact, the proof given in [30] is incomplete in one important
respect.

Theorem 7.2.5 (Boothby–Wang – Second Part) Let α be a regular
contact form on a closed manifold M . Then, after rescaling by a suitable
constant, α is the connection 1–form on a principal S1–bundle π : M → B

over a symplectic manifold (B,ω), with ω the curvature form of α.

The key point in proving this theorem is to show that the function p �→
λ(p), assigning to each point p ∈ M the period λ(p) of the flow line of the
Reeb vector field Rα through p, is constant.† The argument that follows is
a variant of that given in [198], see also [229].

† In [30] it is shown that λ is a smooth function, but not that it is constant. Rescaling by
a non-constant function, however, might dramatically alter the dynamics of the Reeb
flow, as we saw in Example 2.2.5.
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Lemma 7.2.6 Let R be a regular vector field on a closed manifold M . Then
the function M → R+, p �→ λ(p) is smooth.

Proof First of all we notice that the function λ is bounded from below.
This follows from the fact that the compact manifold M can be covered by
finitely many regular flow boxes, and for points in a flow box (−ε, ε)m+1 the
function λ is bounded from below by 2ε.

Choose any point p0 ∈ M . We want to show that λ is differentiable at
this point. Set t0 = λ(p0) and consider the time-t0-map ψt0 of the flow of R.
On an open neighbourhood of p0 ≡ 0 contained in a regular flow box around
p0 , this map is given by

ψt0 (x0 , x1 , . . . , xm ) = (x̃0 , x1 , . . . , xm ),

with some smooth function x̃0 = x̃0(x0 , x1 , . . . , xm ) with x̃0(0) = 0. For
small |t| and (x0 , x1 , . . . , xm ) sufficiently close to 0 we have

ψt(x0 , x1 , . . . , xm ) = (x0 + t, x1 , . . . , xm ).

Then the equation ψt0 ◦ ψx0 = ψx0 ◦ ψt0 (with |x0 | small), applied at the
point (0, x1 , . . . , xm ), translates into

x̃0(x0 , x1 , . . . , xm ) = x̃0(0, x1 , . . . , xm ) + x0 .

Define a smooth function λ∗ in a neighbourhood of 0 by

λ∗(x0 , x1 , . . . , xm ) := t0 − x̃0(0, x1 , . . . , xm ).

This function also associates with each point a return time:

ψλ∗(x0 ,x1 ,...,xm )(x0 , x1 , . . . , xm ) =

= ψ−x̃0 (0,x1 ,...,xm ) ◦ ψt0 (x0 , x1 , . . . , xm )

= ψ−x̃0 (0,x1 ,...,xm )(x̃0(0, x1 , . . . , xm ) + x0 , x1 , . . . , xm )

= (x0 , x1 , . . . , xm ).

Moreover, λ∗(p0) = t0 = λ(p0). We now want to show that λ∗ coincides
with λ near p0 ; this will prove in particular that λ is smooth.

For p close to p0 , the return time λ∗(p) is close to t0 , and therefore positive.
It follows that

λ∗(p) = k(p)λ(p) with k(p) ∈ N.

We need to show that k ≡ 1 near p0 .
Arguing by contradiction, we assume that there is a sequence of points

(pν )ν∈N with limν→∞ pν = p0 and k(pν ) ≥ 2 for all ν ∈ N. Since λ is
bounded from above by the smooth function λ∗ and from below by some
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positive constant, we may choose this sequence in such a way that λ0 :=
limν→∞ λ(pν ) exists (and is positive). Then, using the fact that the map
(p, t) �→ ψt(p) is continuous, we have

p0 = lim
ν→∞

pν = lim
ν→∞

ψλ(pν )(pν ) = ψλ0 (p0).

It follows that λ0 = lt0 for some l ∈ N. Then

t0 = λ∗(p0) = lim
ν→∞

λ∗(pν ) = lim
ν→∞

(
k(pν )λ(pν )

)
≥ 2 lim

ν→∞
λ(pν ) = 2λ0 = 2lt0

≥ 2t0 .

This contradiction proves the lemma.

Lemma 7.2.7 Let Rα be the Reeb vector field of a regular contact form α

on a closed manifold M . Then the function M → R+, p �→ λ(p) is constant.

Proof The smooth vector field R := λRα/2π is regular and has all orbits of
period 2π, so the flow of this vector field generates a free S1–action on M .
This defines on M the structure of a principal S1–bundle, see [142].

In local coordinates (θ, x1 , . . . , x2n ) defined by a bundle chart around any
given point p ∈ M – where θ ranges over S1 , and (x1 , . . . , x2n ), over some
open subset of R2n – we can write α as

α = f(θ, x1 , . . . , x2n ) dθ +
2n∑

j=1

gj (θ, x1 , . . . , x2n ) dxj .

The condition α(Rα ) ≡ 1, and the fact that Rα = 2π∂θ/λ in this bundle
chart, gives f = λ/2π. In particular, f does not depend on θ.

The condition iRα
dα ≡ 0 translates into

0 ≡ i∂θ
dα =

2n∑
j=1

(
∂gj

∂θ
− ∂f

∂xj

)
dxj ,

that is, ∂gj/∂θ = ∂f/∂xj for j = 1, . . . , 2n. Hence

∂2gj

∂θ2 =
∂2f

∂xj∂θ
= 0,

since ∂f/∂θ = 0. So the functions gj are both linear and 2π–periodic in θ,
hence constant in θ. Thus ∂f/∂xj = ∂gj/∂θ = 0 for j = 1, . . . , 2n. This
proves that λ = 2πf is a constant function.

Proof of Theorem 7.2.5 By the preceding lemma, we may assume – after
rescaling α by a constant – that the flow of the Reeb vector field Rα (which
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is simply rescaled by the inverse of this constant) generates a free S1–action
on M . This gives M the structure of a principal S1–bundle π : M → B over
some manifold B, and the defining equations for the Reeb vector field mean
that (the rescaled) α is a connection 1–form for this bundle.

The curvature 2–form ω on B is defined by dα = π∗ω. We saw above that
ω is closed, and from π∗ωn = (dα)n �= 0 it follows that ω is a symplectic
form.

The notion of a regular contact form has been generalised to that of a
so-called almost regular contact form in [229]. Here the Reeb vector field
is allowed to pierce small flow boxes a finite number of times, with a global
upper bound on this number. This corresponds to S1–actions without fixed
points. Examples are provided by the contact form α1 on Brieskorn mani-
folds from Section 7.1.

As observed by Gromov [119, p. 343], the Boothby–Wang construction can
be used to define a notion of blow-up for contact manifolds. Suppose M ′ is
a submanifold of a (strict) contact manifold (M,α) with the property that
α|T M ′ is a regular contact form. Assume further that the corresponding
S1–action on M ′ lifts to a symplectic S1–action on the symplectic normal
bundle SNM (M ′). Then one can get a new contact manifold by blowing
up M along M ′, essentially by an S1–invariant extension of the symplectic
blow-up [177, 7.1]. For an application of this observation see [210, Cor. 8.3].

7.3 Open books

The aim of the present section is to extend the construction of contact struc-
tures on open books from the 3–dimensional setting in Section 4.4.2 to arbi-
trary (odd) dimensions. Most of the ideas in this section belong to Giroux
[106], [107], partially in collaboration with Mohsen [108].

Some features of the 3–dimensional construction in Section 4.4.2 do not
readily generalise to higher dimensions. We therefore need to begin with
two simple observations concerning the differential topology of open books.
Our notation is as in Alexander’s theorem (Thm. 4.4.3) and Definition 4.4.4,
except that M is now of dimension 2n + 1 and Σ of dimension 2n.

Lemma 7.3.1 Let φt , t ∈ [0, 1], be a technical isotopy of diffeomorphisms
of Σ, i.e. φt ≡ φ0 for t near 0, and φt ≡ φ1 for t near 1, with φt equal to
the identity map near ∂Σ for all t. Then M(φ0) is diffeomorphic to M(φ1).

Proof It is enough to show that there is a diffeomorphism from the mapping
torus Σ(φ1) to Σ(φ0), equal to the identity near the boundary. Define a
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diffeomorphism of Σ× [0, 2π] by

(x, ϕ) �−→ (φϕ/2π ◦ φ−1
1 (x), ϕ).

This diffeomorphism gives rise to the commutative diagram

(x, 2π) �∼� (φ1(x), 0)

(x, 2π)
�

�∼� (φ0(x), 0)
�

and hence it descends to the desired diffeomorphism.

The second observation concerns a less restrictive definition of the notion
of mapping torus. Let ϕ : Σ → R+ be a smooth function, constant near ∂Σ.
Define the (generalised) mapping torus Σϕ (φ) as the quotient space of

{(x, ϕ) ∈ Σ× R : 0 ≤ ϕ ≤ ϕ(x)},

by identifying (x, ϕ(x)) with (φ(x), 0). With c denoting the value of ϕ near
∂Σ,† we form Mϕ (φ) as the quotient space(

Σϕ (φ) + ∂Σ×D2)/∼,

where (x, eiϕ ) ⊂ ∂(∂Σ×D2) is identified with [x, cϕ/2π] ∈ ∂(Σϕ (φ)).
A diffeomorphism from M(φ) to Mϕ (φ) is then given by the identity map

on ∂Σ×D2 , and by

[x, ϕ] �−→
[
x,

ϕ

2π
ϕ(x)

]
for [x, t] ∈ Σ(φ).

Before we turn to the construction of contact structures on higher-dimen-
sional open books, we revisit the 3–dimensional case. The next lemma shows
that we may without loss of generality impose the condition that the mono-
dromy map φ be a symplectomorphism. In the higher-dimensional situation,
this condition will have to figure as an additional assumption.

Let β be a 1–form on a surface Σ as in Lemma 4.4.6, and denote the
symplectic form dβ by ω.

Lemma 7.3.2 The diffeomorphism φ of Σ is isotopic, via diffeomorphisms
equal to the identity near ∂Σ, to a symplectomorphism of (Σ, ω).

† For notational convenience only I pretend that ϕ takes the same constant value c near
all boundary components of Σ.
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Proof Set ωt = (1 − t)ω + tφ∗ω, t ∈ [0, 1], so that ω0 = ω and ω1 = φ∗ω.
Notice that ωt is an area form for all t ∈ [0, 1]. Our aim will be to construct
an isotopy ψt of Σ (as always equal to the identity near ∂Σ) satisfying ψ∗

t ωt =
ω0 . Given such an isotopy, the map φ◦ψ1 is the desired symplectomorphism
isotopic to φ.

We apply the Moser trick to the equation ψ∗
t ωt = ω0 . Suppose ψt is

the flow of the time-dependent vector field Xt . Then differentiation of the
equation ψ∗

t ωt = ω0 with respect to t yields

ψ∗
t

(
ω̇t + LXt

ωt

)
= 0.

Since ω̇t = φ∗ω − ω = d(φ∗β − β) and LXt
ωt = d(iXt

ωt), that equation will
be satisfied if

φ∗β − β + iXt
ωt = 0.

That last equation can be solved uniquely for Xt , because ωt is an area
form. Moreover, we have φ∗β − β = 0 near ∂Σ, which entails Xt ≡ 0 near
the boundary. This guarantees both the global existence of the flow ψt , and
ψt to be the identity map near the boundary.

This lemma (together with Lemma 7.3.1) allows us to assume – still in the
3–dimensional situation – that φ is a symplectomorphism of (Σ, ω). Observe
that with ω = dβ the condition φ∗ω = ω translates into saying that φ∗β−β

is closed.
In order for the construction from Section 4.4.2 to work in higher dimen-

sions, this assumption has to be imposed from the start. The following will
be the main result of this section.

Theorem 7.3.3 Let M a closed odd-dimensional manifold such that M =
M(φ) (in the notation of Theorem 4.4.3), with the following properties:

• Σ is a compact manifold admitting an exact symplectic form ω = dβ,
• the Liouville vector field Y for ω defined by iY ω = β is transverse to

∂Σ, pointing outwards,
• the monodromy map φ is a symplectomorphism of (Σ, ω), equal to the

identity near the boundary ∂Σ.

Then M admits a contact structure supported by the open book decomposition
(B, p) corresponding to the abstract open book (Σ, φ).

Write β∂ for the restriction of β to T (∂Σ). This is a contact form on ∂Σ
by Lemma 1.4.5. The conditions in the theorem imply that ω = d(esβ∂ ) on
a collar neighbourhood (−ε, 0]× ∂Σ of ∂Σ in Σ, just as in Lemma 4.4.6. In
higher dimensions, however, there is no analogue of the convexity statement
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in that lemma. Instead one needs a suitable modification of the monodromy
map.

Lemma 7.3.4 The symplectomorphism φ of (Σ, ω = dβ) is isotopic, via
symplectomorphisms equal to the identity near ∂Σ, to an exact symplecto-
morphism φ1 , i.e. a symplectomorphism such that φ∗

1β − β is exact.

Proof We mimic the argument of Lemma 7.3.2 in the attempt to ‘improve’
the given symplectomorphism φ. Thus, define a vector field X on Σ by the
equation

φ∗β − β + iX ω = 0,

and let ψt denote its flow. As before, we have X ≡ 0 near ∂Σ, so ψt is
globally defined and equal to the identity map near the boundary.

We claim that φ ◦ ψ1 is an exact symplectomorphism as desired. Set

γ := φ∗β − β = −iX ω.

Then dγ = 0 and

LX γ = d(γ(X)) + iX dγ = 0,

so we have ψ∗
t γ = γ for all t ∈ R. Likewise, we have

LX ω = d(iX ω) = −dγ = 0,

so ψ∗
t ω = ω for all t. This implies that φ ◦ ψ1 is isotopic to φ via symplec-

tomorphisms that equal the identity map near ∂Σ. Observe further that

LX β = d(β(X)) + iX dβ = d(β(X))− γ.

Finally, we compute

(φ ◦ ψ1)∗β − β = ψ∗
1 φ∗β − β = ψ∗

1 (β + γ)− β = ψ∗
1 β + γ − β

= γ +
∫ 1

0

d

dt
ψ∗

t β = γ +
∫ 1

0
ψ∗

t (LX β)

= d

∫ 1

0
ψ∗

t (β(X));

this shows that φ ◦ ψ1 is exact symplectic.

Proof of Theorem 7.3.3 By Lemmata 7.3.1 and 7.3.4 we may assume that
φ is an exact symplectomorphism of (Σ, dβ), equal to the identity near ∂Σ.
The equation

φ∗β − β =: dϕ
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defines a function ϕ on Σ, unique up to adding a constant. Thanks to the
compactness of Σ we may assume that ϕ takes positive values only.

The 1–form

α := β + dϕ

is a contact form on Σ× R invariant under the transformation

(x, ϕ) �−→ (φ(x), ϕ− ϕ(x)).

It follows that α descends to a contact form on Σϕ (φ).
Near the boundary ∂Σ the map φ is the identity, and ϕ is a locally constant

function. So the contact form α looks near the boundary ∂(Σϕ (φ)) as in the
construction in Section 4.4.2, and we can define the extension over ∂Σ×D2

as we did there in order to obtain a contact structure on Mϕ (φ) ∼= M(φ)
adapted to the open book decomposition. Indeed, we now have to work with
an ansatz α = h1(r)β∂ + h2(r) dϕ on ∂Σ×D2

1+ε , with boundary conditions
(1) and (2) as on page 153. With the functions h1 , h2 described there, we
compute

α ∧ (dα)n = nh1(r)n−1(h1(r)h′
2(r)− h′

1(r)h2(r)
)
·

β∂ ∧ (dβ∂ )n−1 ∧ dr ∧ dϕ

> 0.

I leave it to the reader to check that all the conditions of Definition 4.4.7,
notably the orientation conventions, are satisfied.

For examples of higher-dimensional manifolds with contact structures sup-
ported by open books see [151] and [152].

Rather remarkably, there is the following converse to Theorem 7.3.3. Un-
fortunately, complete details of its proof have not yet appeared, but see [106].

Theorem 7.3.5 (Giroux–Mohsen) To any contact structure ξ on a closed
manifold M of dimension at least equal to 3 one can find an open book
decomposition (B, p) of M supporting ξ.

In 1979 Lutz discovered a contact structure on the 5–torus T 5 . Ever since,
it had been a prominent question whether all odd-dimensional tori T 2n+1

admit a contact structure. This question was finally settled by Bourgeois [32]
in 2002. Using the theorem of Giroux–Mohsen he was able to generalise the
construction by Lutz considerably.

Theorem 7.3.6 (Bourgeois) Let (M, ξ) be a closed contact manifold. Then
M ×T 2 admits a contact structure ξ̃ invariant under the obvious T 2–action,
and with M × {q} a contact submanifold of (M × T 2 , ξ̃) for each q ∈ T 2 .
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Proof Needless to say, we may assume that M is connected. Write 2n − 1
for the dimension of M . If n = 1, then M = S1 . A contact structure on
S1 × T 2 of the desired kind is given by

ξ̃ = ker
(
dθ + cos θ dθ1 − sin θ dθ2

)
;

here θ denotes the S1–coordinate, while θ1 , θ2 are the circle-valued coordi-
nates on T 2 .

Now suppose n ≥ 2. Write ξ = ker α with α satisfying the conditions
(o), (i) and (ii) of Definition 4.4.7 for some open book decomposition (B, p)
of M . Let (r, ϕ) be polar coordinates on the D2–factor of a neighbourhood
B × D2 of the binding B, such that p : M \ B → S1 is given by ϕ in that
neighbourhood.

Choose a smooth function ρ of the variable r on B × D2 satisfying the
requirements that

• ρ(r) = r near B ≡ B × {0},
• ρ′(r) ≥ 0,
• ρ ≡ 1 near B × ∂D2 .

Extend ρ to a smooth function on M by setting it equal to 1 outside B×D2 .
Then x1 := ρ cos ϕ and x2 := ρ sin ϕ are smooth functions on M that coincide
with the Cartesian coordinate functions on the D2–factor near B × {0} ⊂
B ×D2 . The usual identities

x1 dx2 − x2 dx1 = ρ2 dϕ and dx1 ∧ dx2 = ρ dρ ∧ dϕ

continue to hold in this situation (on all of M).
Now define a 1–form α̃ on M × T 2 by

α̃ = x1 dθ1 − x2 dθ2 + α.

Then

dα̃ = dx1 ∧ dθ1 − dx2 ∧ dθ2 + dα,

hence

(dα̃)n = n(dα)n−1 ∧ (dx1 ∧ dθ1 − dx2 ∧ dθ2)

− n(n− 1)(dα)n−2 ∧ dx1 ∧ dθ1 ∧ dx2 ∧ dθ2 .

In order to verify the contact condition, we now compute

α̃ ∧ (dα̃)n = n(dα)n−1 ∧ (x1 dx2 − x2 dx1) ∧ dθ1 ∧ dθ2

+ n(n− 1)α ∧ (dα)n−2 ∧ dx1 ∧ dx2 ∧ dθ1 ∧ dθ2

= n(dα)n−1 ∧ (ρ2 dϕ) ∧ dθ1 ∧ dθ2

+ n(n− 1)α ∧ (dα)n−2 ∧ (ρ dρ ∧ dϕ) ∧ dθ1 ∧ dθ2 .
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Condition (i) of Definition 4.4.7 guarantees that the first summand is a
positive volume form away from B×T 2 ; along B×T 2 this summand vanishes.
The second summand is non-negative on all of M × T 2 as well, and it is
positive near B × T 2 by condition (ii).

So ξ̃ := ker α̃ is a contact structure on M × T 2 . The other properties of ξ̃

stated in the theorem are easily verified.

7.4 Fibre connected sum

The fibre connected sum is a method for constructing manifolds that is
closely related to surgery: the connected sum of manifolds is an example
for either method and, as I shall explain, any fibre connected sum can be
effected as a sequence of surgeries.

Let M,M ′ be two closed, oriented manifolds with dimM ′ < dim M . No
assumption is made on these manifolds being connected. Suppose we are
given two embeddings j0 , j1 : M ′ → M with disjoint images. Furthermore,
it is assumed that the normal bundles Ni of the submanifolds ji(M ′) ⊂ M ,
i = 0, 1, are isomorphic under a fibre-orientation-reversing bundle isomor-
phism Φ covering j1 ◦j−1

0 |j0 (M ′) . Choose a bundle metric on N0 , and give N1

the induced metric that turns Φ into a bundle isometry. Write ‖v‖ for the
corresponding norm of an element v ∈ Ni . Identify Ni with an open tubu-
lar neighbourhood of ji(M ′) in M , with N0 , N1 ⊂ M still disjoint. For any
interval I ⊂ R+

0 , denote by NI
i the subset of Ni given by {v ∈ Ni : ‖v‖ ∈ I}.

Definition 7.4.1 The fibre connected sum #ΦM is the closed, oriented
manifold given as the quotient space(

M \ (j0(M ′) ∪ j1(M ′))
)
/ ∼,

where we identify along open subsets with an orientation-preserving diffeo-
morphism as follows:

N
(0,ε)
0 
 v ∼←→

√
ε2 − ‖v‖2

‖v‖ · Φ(v) ∈ N
(0,ε)
1 .

Remarks 7.4.2 (1) As in the handle construction on page 292, one only
needs to check the Hausdorff property of the quotient space in order to
guarantee that the identification via a diffeomorphism of open subsets yields
a differential manifold.

(2) The fibre connected sum #ΦM can also be written as the quotient
space (

M \
(
N

[0,ε/2]
0 ∪N

[0,ε/2]
1

))
/ ∼,
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where the identification is given by

N
(ε/2,

√
3ε/2)

0 
 v ∼←→
√

ε2 − ‖v‖2

‖v‖ · Φ(v) ∈ N
(ε/2,

√
3ε/2)

1 . (7.9)

(3) If M is a disjoint union M0 �M1 of two connected manifolds, and if
ji is an embedding of M ′ into Mi , we also write M0#ΦM1 for #ΦM . In the
special case of M ′ being a single point, the fibre connected sum M0#ΦM1

is the same as the ordinary connected sum M0#M1 .
(4) If the Mi as in (3) are product manifolds Mi = M ′ × M ′

i , and if
the embeddings ji are inclusion maps M ′ ≡ M ′ × {qi} ⊂ M ′ × M ′

i , then
M0#ΦM1 is diffeomorphic to M ′ × (M ′

0#M ′
1).

(5) There is a cobordism from M to #ΦM , obtained from the trivial
cobordism [0, 1] × M by identifying closed tubular neighbourhoods of the
submanifolds {1}×j0(M ′) and {1}×j1(M ′) in {1}×M via Φ and smoothing
the resulting corners. As is well known, any cobordism translates with the
help of Morse theory into a sequence of surgeries, see [153, Thm. VII.1.1].

We now want to show that, under suitable assumptions, one can form
the fibre connected sum of a contact manifold along codimension 2 contact
submanifolds. The following theorem was stated as an exercise in [119,
p. 343]. A proof was published in [93]; full details, however, were only given
for the case of trivial normal bundles. The argument below covers the general
case and is simpler than the one suggested in [93].

Theorem 7.4.3 Let (M, ξ) and (M ′, ξ′) be contact manifolds of dimension
dim M ′ = dimM − 2, where the contact structures ξ, ξ′ are assumed to be
cooriented; these cooriented contact structures induce orientations of M and
M ′. Let j0 , j1 : (M ′, ξ′) → (M, ξ) be disjoint contact embeddings that respect
the coorientations, and such that there exists a fibre-orientation-reversing
bundle isomorphism Φ: N0 → N1 of the normal bundles of j0(M ′) and
j1(M ′). Then the fibre connected sum #ΦM admits a contact structure that
coincides with ξ outside tubular neighbourhoods of the submanifolds j0(M ′)
and j1(M ′).

Proof Write πi : Ni → ji(M ′) for the bundle projections. Let γ1 be a
connection 1–form on the unit circle bundle {v ∈ N1 : ‖v‖ = 1} associated
with N1 . With the help of the natural retraction R2 \ {0} → S1 we may
pull back γ1 to a 1–form on N1 \ j1(M ′).† Set γ0 := −Φ∗γ1 . Denote by r

the radial coordinate in the fibres of Ni . Observe that r2γi defines a smooth

† Up to a scaling factor 2π, this 1–form is the global angular form of [31, p. 73].
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1–form on Ni whose exterior derivative restricts to an area form 2r dr ∧ γi

on each fibre.

Let α′ be a contact form defining ξ′ = ker α′ on M ′ ≡ ji(M ′). Under the
identification of Ni with a tubular neighbourhood of ji(M ′) in M , Theorem
2.5.15 and its proof allow us to write ξ = ker(π∗

i α′+r2γi) on a neighbourhood
N

[0,2ε)
i of the zero section ji(M ′) of Ni .

We now use the description of the fibre connected sum from Remark
7.4.2 (2). Choose a smooth function f : (ε/2, 2ε) → R with the following
properties:

• f ′(r) > 0,

• f(r) = r2 on an open interval containing [ε, 2ε),

• f(r) = r2 − ε2/2 on the interval (ε/2,
√

3ε/2).

By the first two conditions, the modified 1–form π∗
i α′ + f(r)γi is a contact

form on N
(ε/2,2ε)
i (provided that ε > 0 has been chosen sufficiently small)

that coincides with the previously given one on a neighbourhood of N
[ε,2ε)
i

in N
(ε/2,2ε)
i . The third condition implies that f(

√
ε2 − r2) = −f(r) on

(ε/2,
√

3ε/2). Since γ0 = −Φ∗γ1 , this behaviour of f on (ε/2,
√

3ε/2) ensures
that the identification map (7.9) is actually a contactomorphism. So the
contact structure on M descends to a contact structure on #ΦM .

Remark 7.4.4 Given an embedding j : M ′ →M , the normal bundle N :=
TM/T (j(M ′)) of j(M ′) is isomorphic to the bundle j∗N = j∗(TM)/TM ′

over M ′. One may take the latter as the definition of the normal bundle;
this definition makes sense also for immersions. The condition on the exis-
tence of a fibre-orientation-reversing bundle isomorphism Φ in the theorem
is equivalent to stipulating that the bundles j∗0 N0 and j∗1 N1 over M ′ have
Euler classes of the opposite sign; see page 370 et seq. for a proof that ori-
entable 2–plane bundles are classified by their Euler class (or first Chern
class), and [31, p. 286] for the simple observation that changing the fibre
orientation amounts to reversing the sign of the Euler class.

Example 7.4.5 Let M be a closed, orientable 3–manifold. By combining the
theorems of Martinet (Thm. 4.1.1) and Bourgeois (Thm. 7.3.6), we obtain a
contact structure on M×T 2 for which each submanifold M×{q} is a contact
submanifold. An application of Theorem 7.4.3 to several copies of such a
5–manifold as described in Remark 7.4.2 (4) produces a contact structure
on M × Σ for all closed, orientable surfaces Σ.
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7.5 Branched covers

Branched covers were encountered previously in Section 4.4.1, for the special
case of 3–manifolds. There we built a contact structure on the branched
cover from one on the base (there: S3) by using an explicit description of
the covering map near the upstairs branching set.

In the present section we want to extend this result to branched coverings
in arbitrary dimensions. Beware, though, that the branching set, by defini-
tion, is always of codimension 2. Like the fibre connected sum, the branched
covering construction for contact manifolds was posed as an exercise in [119,
p. 343], and a solution of this exercise first appeared in [93].

Definition 7.5.1 A differentiable map p : M → M0 between m–dimen-
sional manifolds is a branched covering if every point x0 ∈ M0 has a
neighbourhood U0 with the following property. For each component U of
p−1(U0) there is a number k ∈ N and a commutative diagram

D2 × [−1, 1]m−2 h−−−−→ U

pk

� �p|U

D2 × [−1, 1]m−2 −−−−→
h0

U0

where h and h0 are diffeomorphisms, h0(0) = x0 , and with D2 regarded as
a subset of C the map pk is described by

pk (z, t) = (zk , t).

The natural number k is called the branching index of the point p−1(x0)∩
U . Write M ′ ⊂ M for the codimension 2 submanifold made up of points
with branching index greater than 1. The submanifold M ′

0 := p(M ′) ⊂ M0

is called the branch set.

Remark 7.5.2 The branch set M ′
0 is sometimes called the downstairs

branch set. There is some confusion in the literature, however, what to call
the upstairs branch set. Some authors use this term to refer to M ′, others
use it for the set p−1(M ′

0). As we have seen in Theorem 4.4.1, M ′ is, in
general, a strict subset of p−1(M ′

0), i.e. there are points in the preimage of
the branch set where the map p is unbranched.

Notice that both the maps p|M \p−1 (M ′
0 ) : M \ p−1(M ′

0) → M0 \M ′
0 and

p|M ′ : M ′ → M ′
0 are unbranched coverings. Likewise, p is an unbranched

covering when restricted to a neighbourhood of the codimension 2 submani-
fold p−1(M ′

0) \M ′.
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Example 7.5.3 The map S1 → S1 , z �→ zk is an unbranched covering of
degree k. The (m−1)–fold suspension of this map gives a branched covering
Sm → Sm , branched along an unknotted Sm−2 ⊂ Sm . For m = 2 and under
the identification of S2 with the Riemann sphere C ∪ {∞}, this map is still
described by z �→ zk , with branch points 0 and ∞.

Here is the branched cover theorem for contact manifolds. The notation is
as in the definition, and it is understood that M and M0 are closed manifolds.

Theorem 7.5.4 Suppose that M0 admits a contact structure ξ0 = ker α0

such that ξ′0 := TM ′
0 ∩ ξ0 is a contact structure on M ′

0 .† Then M admits
a contact structure ξ = kerα, with α equal to p∗α0 outside a neighbourhood
of M ′.

Proof Set α̃ := p∗α0 . By the remark above, this defines a contact form on
M \M ′, and α̃|T M ′ is likewise a contact form. Using a tubular map, we may
identify a neighbourhood of M ′ ⊂ M with the normal bundle NM ′ → M ′.
Choose a Riemannian metric on NM ′. As in Section 7.4 we write r for the
corresponding radial coordinate on the fibres of NM ′. Take a connection
1–form γ on the unit circle bundle associated with NM ′. As in the proof of
Theorem 7.4.3, we may regard r2γ as a smooth 1–form on NM ′.

Choose a bump function g : R+
0 → [0, 1] with g(r) ≡ 1 near r = 0 and

g(r) ≡ 0 for r ≥ 1. (For convenience we also assume g′(r) ≡ 0 for r ≥ 1.)
With C some positive real number, we set

α := Cα̃ + g(r)r2γ;

this may be regarded as a 1–form defined on all of M .
We compute

dα = C dα̃ +
(
g′(r) · r + 2g(r)

)
· r dr ∧ γ + g(r) · r2 dγ.

With the dimension of M,M0 equal to 2n + 1, we need to study the form

α ∧ (dα)n = Cn+1 α̃ ∧ (dα̃)n

+ nCn
(
g′(r) · r + 2g(r)

)
α̃ ∧ (dα̃)n−1 ∧ r dr ∧ γ

+ A(r2 , Cn );

here A(r2 , Cn ) is a term in which each summand contains a factor r2 or
higher powers of r, and at most an nth power of C.

The first summand in this expression is a positive volume form on M \M ′,
and it vanishes along M ′ (this follows from Theorem 2.5.15, again see the

† Then (M ′
0 , ξ′0 ) is a contact submanifold of (M0 , ξ0 ). Equivalently, α0 |T M ′

0
is a contact

form.
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proof of Theorem 7.4.3). The second summand is positive on TM |M ′ ; the
remainder term A(r2 , Cn ) vanishes along M ′.

We conclude that there is a δ ∈ (0, 1), independent of C ≥ 1, such that
the (2n + 1)–form α ∧ (dα)n is positive for r ≤ δ. The same is true on the
complement of the tubular neighbourhood {r < 1} ⊂ M , because here all
summands but the first vanish. On the compact set {δ ≤ r ≤ 1} the first
summand dominates for C � 1. So for C sufficiently large, the 1–form α

does indeed define a contact form of the desired type on M .

Example 7.5.5 Here is an alternative argument for finding a contact struc-
ture on M × Σg , with M a closed, orientable 3–manifold, and Σg a surface
of genus g, see Example 7.4.5. The basis for this example is the observation
that Σg is a branched cover of S2 , branched along 2g + 2 points: take a
model of Σg ⊂ R3 with an axis of symmetry intersecting Σg in 2g +2 points;
then form the quotient under the involution defined by this symmetry; see
[209, p. 129]. So M × Σg is a branched cover of M × S2 , branched along
2g + 2 copies of M of the form M × {qi} ⊂M × S2 .

Take a contact form α1 on M with ker α1 trivial as a 2–plane bundle
(Prop. 4.3.2). Equip the cotangent bundle T ∗M with a bundle metric, and
normalise α1 (or the metric) so that this 1–form may be regarded as a section
of the unit cotangent bundle ST ∗M → M . The fact that ker α1 is trivial
translates into saying that we may choose a further section β of the unit
cotangent bundle orthogonal to α1 . For ε > 0 sufficiently small, each of the
1–forms

αi :=
α1 + (i− 1)εβ√
1 + (i− 1)2ε2

, i = 1, . . . , 2g + 2,

is a section of the unit cotangent bundle of M and a contact structure on M .
In terms of the trivialisation ST ∗M ∼= M × S2 defined by α1 and β (and a
third 1–form orthonormal to either of them), the αi are constant sections of
the trivial bundle M × S2 → M .

Let λ be the Liouville form on ST ∗M . If we regard the αi as maps
M → ST ∗M , then αi = α∗

i λ, as shown in Lemma 1.4.1. This means that the
αi(M) are contact submanifolds of (ST ∗M, ker λ). Now apply the branched
cover theorem to M0 := ST ∗M and M ′

0 = �iαi(M).

7.6 Plumbing

Let Bi be a closed n–dimensional manifold, and let πi : Ei → Bi be a Dn–
bundle over Bi , i = 1, 2. Let xi be a point of Bi , and choose a disc neigh-
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bourhood Dn
i of xi in Bi . Then there is a fibre-preserving diffeomorphism

π−1
i (Dn

i ) → Dn
i ×Dn .

Definition 7.6.1 The plumbing of E1 with E2 at x1 , x2 is the manifold
with boundary obtained by identifying Dn

1 × Dn with Dn
2 × Dn , using the

map

Dn
1 ×Dn 
 (q,p) �−→ (−p,q) ∈ Dn

2 ×Dn,

and smoothing corners; see Figure 7.1.

Fig. 7.1. Plumbing of disc bundles.

This procedure can be carried out with any finite number of disc bundles.
For plumbing in the context of Kirby diagrams of 4–manifolds see [111,
passim]; for the role of plumbing in higher-dimensional surgery theory, in
particular the construction of exotic spheres, see [39, Chapter V] and [133,
§7 et seq.].

Many of the constructions of (2n − 1)–dimensional (exotic) spheres via
plumbing use (co-)tangent disc bundles of Sn . So the following plumbing
theorem is a powerful tool for the construction of contact manifolds. This
theorem is, for most practical purposes, equivalent to a result of Eliashberg
[65, Thm. 1.3.5], saying that the image of a ‘nice’ totally real immersion into
a complex manifold has a neighbourhood with strictly pseudoconvex bound-
ary. In [67], Eliashberg rephrased this result in the language of Lagrangian
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immersions into symplectic manifolds and used it for the construction of ex-
otic, but homotopically standard, contact structures on spheres as described
on page 338. While the extension of Eliashberg’s result in [92] employed
Brieskorn manifolds, the construction in [52], dealing with the spheres of
dimension 8n + 7, was again based on plumbing.

Theorem 7.6.2 Let W be the result of plumbing cotangent disc bundles.
Then there is a symplectic form ω on W , and a contact structure ξ on ∂W ,
such that (W,ω) is a strong filling of (∂W, ξ).

Proof It suffices to deal with the plumbing of two cotangent disc bundles
πi : T ∗Bi → Bi , i = 1, 2. Choose local coordinates qi = (qi

1 , . . . , q
i
n ) on

a disc neighbourhood Dn
i of xi ∈ Bi , and let pi be the dual coordinates

on the fibres of T ∗Bi |Dn
i
. The Liouville form λi on T ∗Bi can be written

as λi = pi dqi in these local coordinates (Lemma 1.4.1). The coordinates
(qi ,pi) define a trivialisation π−1

i (Dn
i ) ∼= Dn

i ×Dn , so these coordinates are
adapted to the plumbing construction. Under the map in Definition 7.6.1,
the Liouville form λ2 pulls back to −q1 dp1 on Dn

1 × Dn . Observe that
the symplectic form dλ2 pulls back to the symplectic form dλ1 , so we get
an induced symplectic form on the plumbed manifold (at least before we
smooth corners).

Therefore, rather than straightening the angle in the strict sense of [38,
(13.12)], we use an alternative procedure where we replace the initial non-
smooth boundary by a smooth one. The symplectic form will not be affected
by this procedure.

In order to create ‘room’ for this alternative procedure, we glue ‘unit’ disc
bundles† as before, but we form the actual plumbed manifold by smoothing
the corners on the manifold obtained by gluing ε–disc bundles for some
ε ∈ (0, 1/3). The identification of Dn

1,ε×Dn
ε with Dn

2,ε×Dn
ε yields a manifold

W0 with corner along {‖q‖ = ‖p‖ = ε}. Figure 7.2 gives a first idea how we
are going to smooth the corner. As coordinates (q,p) in this local description
we use (q1 ,p1). So W0 carries a symplectic form ω; on W0 ∩{‖q‖, ‖p‖ ≤ 1}
this form is given by ω = dp ∧ dq. Away from the corner, ∂W0 is a convex
boundary. On ∂W0 ∩ {ε < ‖q‖ ≤ 3ε}, the contact form is given by p dq,
induced by the Liouville vector field p ∂p . On ∂W0 ∩ {ε < ‖p‖ ≤ 3ε}, the
contact form is given by −q dp, induced by the Liouville vector field q ∂q .

To obtain the plumbed manifold W , we replace

∂W0 ∩ {‖q‖, ‖p‖ ≤ 1} = {ε ≤ ‖q‖ ≤ 1, ‖p‖ = ε} ∪ {‖q‖ = ε, ε ≤ ‖p‖ ≤ 1}

† Here ‘unit’ is tautological: we first choose local coordinates, and then take the standard
metric with respect to these coordinates.
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W0

M

W \ W0

ε
√

δ δ/ε 2ε 3ε ‖q‖

ε

√
δ

δ/ε
2ε

3ε

‖p‖

Fig. 7.2. Smoothing corners in a plumbing.

by a smooth hypersurface M of the form {F (‖q‖, ‖p‖) = 0} with the fol-
lowing properties:

• M is transverse to the Liouville vector field (q ∂q + p ∂p)/2,

• M coincides with ∂W0 for ‖q‖ ≥ 2ε and for ‖p‖ ≥ 2ε.

It is geometrically clear that such a hypersurface can be found; a formal con-
struction of M will be given in the remark following this proof. The desired
manifold W will be the manifold that is bounded – in a neighbourhood of
the plumbing region – by the hypersurface M . Since the 2–form dp ∧ dq
is defined on {‖q‖, ‖p‖ ≤ 1}, the symplectic form ω on W0 extends in the
obvious way to a symplectic form on W .

To prove that W has convex boundary ∂W we need only find an in-
terpolation between (q ∂q + p ∂p)/2 and p ∂p as Liouville vector fields for
dp∧dq transverse to the part of ∂W in our coordinate neighbourhood where
‖q‖ ∈ (ε, 3ε]; for the complementary part of ∂W in this coordinate neigh-
bourhood the argument is analogous.

Choose a smooth function R → R, x �→ f(x) with the following properties:

(1) f ≡ 0 for x ≤ (2ε)2 ,

(2) f ≡ 1/2 for x ≥ (3ε)2 ,

(3) f ′ ≥ 0.
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I claim that the vector field

Y :=
(1

2
− f(‖q‖2)

)
q ∂q +

((1
2

+ f(‖q‖2)
)
p + 2(qp)f ′(‖q‖2) · q

)
∂p

is a smooth interpolation with all the desired properties.
For ‖q‖ ≤ 2ε, the vector field Y coincides with (q ∂q + p ∂p)/2, which is

transverse to the hypersurface M (which constitutes ∂W in the region under
consideration) by construction of M (which I still owe you).

For ‖q‖ ≥ 2ε, the vector field Y is transverse to ∂W because of

p dp(Y ) =
(1

2
+ f(‖q‖2)

)
‖p‖2 + 2(qp)2f ′(‖q‖2) > 0.

It only remains to check that Y is a Liouville vector field for dp∧dq. But
this is immediate from

iY (dp ∧ dq) =
1
2
(p dq− q dp)

+ f(‖q‖2) (p dq + q dp) + (qp)f ′(‖q‖2) · 2q dq

=
1
2
(p dq− q dp) + d

(
f(‖q‖2)qp

)
.

This concludes the proof.

Remark 7.6.3 Here, as promised, is the construction of the smooth function
R+ × R+ → R, (x, y) �→ F (x, y) that allows us to define the hypersurface
M := {F (‖q‖, ‖p‖) = 0}.

Choose δ ∈ (ε2 , 2ε2). Then

ε <
√

δ <
δ

ε
< 2ε.

Let h : R+ → R+ be a smooth function with

(1) h(x) = x in a neighbourhood of the interval (0,
√

δ],
(2) h ≡ δ/ε in a neighbourhood of the interval [δ/ε,∞),
(3) h′ ≥ 0.

The construction of M will be symmetric in ‖q‖ and ‖p‖ about the set
{‖q‖ = ‖p‖ =

√
δ}, so we consider the part with ‖q‖ ≥

√
δ only. Set

F (x, y) := h(x) · y − δ. Then, near ‖q‖ =
√

δ, the hypersurface M is given
by {‖q‖·‖p‖ = δ}. For ‖q‖ in a neighbourhood of [δ/ε,∞), the hypersurface
is given by {‖p‖ = ε}.

So it remains to verify that q ∂q + p ∂p is transverse to the hypersurface
{F (‖q‖, ‖p‖) = 0}. With F̃ (q,p) := F (‖q‖, ‖p‖) we compute

dF̃ = h′(‖q‖) · q dq
‖q‖ · ‖p‖+ h(‖q‖) · p dp

‖p‖ ,
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hence

dF̃ (q ∂q + p ∂p) = h′(‖q‖) · ‖q‖ · ‖p‖+ h(‖q‖) · ‖p‖ > 0,

as desired.

7.7 Contact reduction

Let U be a coisotropic subspace of a symplectic vector space (V, ω). Then
the symplectic orthogonal complement U⊥ is an isotropic subspace of (V, ω)
contained in U , and the symplectic linear form ω on V induces a symplectic
structure on the quotient U/U⊥. This quotient is the linear symplectic
reduction of U [177, p. 40].

This construction carries over to a coisotropic submanifold Q of a symplec-
tic manifold W . It can be shown that the distribution (TQ)⊥ is integrable,
so Q is foliated by isotropic leaves. If each leaf is a compact connected
manifold, then the leaf space turns out to be a symplectic manifold. The
most important special case of this construction is the Marsden–Weinstein
(or Marsden–Weinstein–Meyer) symplectic quotient [173], [179].

Here one considers a symplectic manifold (W,ω) with a Hamiltonian
action (from the left) by a compact Lie group G, whose Lie algebra we shall
denote by g (and its dual by g∗). This means that one requires the existence
of a momentum map µ, that is, a smooth map

µ : W −→ g∗

with the following properties.

(1) For each X ∈ g, the function HX : W → R, defined by

HX (p) = 〈µ(p),X〉,

is a Hamiltonian function for the vector field X on M generated by X.
(Here 〈−,−〉 denotes the duality pairing between g∗ and g.)

(2) The map µ is equivariant with respect to the given G–action on M

and the coadjoint action of G from the left on g∗.

All the terms in this definition that may be unfamiliar at this point will be
explained when we discuss the contact analogue of the momentum map.

We make the following simplifying assumptions.

(i) The value 0 is a regular value of µ, so that µ−1(0) is a submanifold.
(ii) The group G acts freely† on µ−1(0), so that the quotient µ−1(0)/G

is also a manifold.
† In the case of non-compact, finite-dimensional Lie groups one needs to require in addi-

tion that the action be proper, see [3, Prop. 4.1.23].
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One can then prove that µ−1(0) is a coisotropic submanifold, and its isotro-
pic foliation is given by the orbits of G contained in µ−1(0). The symplectic
manifold µ−1(0)/G is called the Marsden–Weinstein quotient or sym-
plectic quotient. Observe that

dim
(
µ−1(0)/G

)
= dimM − 2 dim G.

For the details of this construction see [40, Chapter IX], [177, Section 5.4], or
[3, Section 4.3]; the latter also explains the role of this reduction procedure
in classical mechanics. A beautiful survey article on the history of symplectic
reduction is [174].

Here is the analogue of this construction in contact geometry. I describe
only the simplest situation, as in [93]. There is now a vast literature on
this subject. Some papers where the fundamentals of contact reduction are
described in various degrees of generality are [9], [166], and [244].

Thus, we now consider a strict contact manifold (M,α) and a strict contact
action (from the left) by a compact Lie group G, that is, an action preserving
the contact form α.† The G–action is a smooth map

G × M −→ M

(g , p) �−→ g · p

satisfying g1 · (g2 · p) = (g1g2) · p and e · p = p, for all g1 , g2 ∈ G, p ∈ M , and
the neutral element e ∈ G. By slight abuse of notation I write g for the map
from M to itself sending p to g · p. Then the condition for a strict contact
action is g∗α = α for all g ∈ G.

Before we turn to the general situation, let me describe the contact quo-
tient in the case of an S1–action, generated by the flow of some vector field
X on M . The condition for this to be a strict contact action is that LX α ≡ 0.
Define the momentum map µ : M → R by µ = α(X), or more precisely,
µ(p) = αp(Xp).

Proposition 7.7.1 Let (M,α) be a contact manifold with a strict contact
S1–action, generated by the flow of a vector field X on M . Then X is tangent
to the level sets of the momentum map µ. The value 0 is a regular value of
µ if and only if X is nowhere zero on the level set µ−1(0). Hence, in this
case the S1–action on M restricts to a locally free‡ action on µ−1(0). If this
restricted action is free, α induces a contact form on the quotient manifold
µ−1(0)/S1 .§

† Given a contact structure preserved by a G–action, one can find a G–invariant contact
form by averaging.

‡ That is, with all isotropy groups Gp := {g ∈ G : g · p = p} finite.
§ In [93] I suggested wrongly that the restricted action is always free (for 0 a regular
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Proof We compute

dµ = d(α(X)) = LX α− iX dα = −iX dα. (7.10)

Thus, dµ(X) ≡ 0, which proves the first statement.
To have p ∈ µ−1(0) is the same as Xp ∈ ker αp . Hence, along the 0–level

of µ, the contact condition for α entails that dµp vanishes if and only if Xp

does.
Now assume that 0 is indeed a regular value of µ. The conditions LX α ≡ 0

and α(X) ≡ 0 along µ−1(0) are precisely what is needed for α to descend to
a well-defined 1–form on the quotient manifold µ−1(0)/S1 .

The restriction of the 2–form dα to Tp(µ−1(0))∩ker αp can have at most a
1–dimensional kernel, and since we know from Equation (7.10) that Xp �= 0
lies in this kernel, it is indeed 1–dimensional. When we pass to the quotient
µ−1(0)/S1 , the 1–form induced by α is given by restricting α to hyperplanes
in Tp(µ−1(0)) complementary to Xp . Similarly, the differential of the in-
duced 1–form is given by restricting dα to such hyperplanes. It follows, as
claimed, that α induces a contact form on µ−1(0)/S1 .

Now to the general case of a strict contact action by any compact Lie
group G.

Definition 7.7.2 Let X be the vector field on M generated by X ∈ g. This
means that with exp: g→ G denoting the exponential map, we set

Xp :=
d

dt
(exp(tX) · p)|t=0 .

The momentum map

µ : M −→ g∗

of the contact G–action is defined by

〈µ(p),X〉 = αp(Xp).

The analogue of condition (1) above is immediate from this definition.
Indeed, our definitions entail that HX = α(X), and since G acts by strict
contact transformations we have LX α ≡ 0. It now follows from Theorem
2.3.1 that HX is the Hamiltonian function corresponding to X.

Before stating the equivariance property (2) formally, recall the basics of
the (co-)adjoint representation of a Lie group, see [238, Section 3.46].

value of µ). However, a locally free action is sufficient to allow one to give the quotient
in a natural way the structure of a contact orbifold.
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The Lie group G acts on itself from the left by conjugation:

G × G −→ G

(g , h) �−→ cg (h) := ghg−1 .

Since cg (e) = e, we can use the identification of the tangent space TeG with
the Lie algebra g to define the adjoint representation

Ad : G −→ Aut (g)
g �−→ Tecg .

Given any homomorphism ϕ : H → G of Lie groups, and with exp denot-
ing the two exponential maps g → G and h → H, it is straightforward to
check that

ϕ(exp(tY )) = exp(tTeϕ(Y ))

for any Y ∈ h = TeH and t ∈ R. Applied to H = G and ϕ = cg this gives

g exp(tX)g−1 = exp(tAd (g)(X)). (7.11)

The coadjoint action of G from the left on g∗ is given by

G × g∗ −→ g∗

(g , u) �−→ g(u) := u ◦Ad (g−1).

Lemma 7.7.3 The momentum map µ is equivariant with respect to the given
G–action on M and the coadjoint action of G on g∗, i.e.

µ(g · p) = g(µ(p)) for all g ∈ G, p ∈ M.

Proof We have

Xg ·p =
d

dt

(
exp(tX) · (g · p)

)
|t=0

=
d

dt

(
(gg−1 exp(tX)g) · p

)
|t=0

= Tpg
( d

dt

(
g−1 exp(tX)g) · p

)
|t=0

)
= Tpg

(
Ad (g−1)(X)

p

)
,
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where for the last equality we used Equation (7.11). Then, for any X ∈ g,

µ(g · p)(X) = αg ·p(Xg ·p)

= αg ·p
(
Tpg

(
Ad (g−1)(X)

p

))
= (g∗α)p

(
Ad (g−1)(X)

p

)
= αp

(
Ad (g−1)(X)

p

)
= µ(p)(Ad (g−1)(X))

= g(µ(p))(X).

This proves the lemma.

Thus, in contrast with the symplectic case, a strict contact action always
comes with a momentum map having the desired properties.

Notice that the G–equivariance of µ implies that the G–action on M re-
stricts to an action on µ−1(0).

Lemma 7.7.4 (a) For all p ∈ M , v ∈ TpM , and X ∈ g, we have

〈Tpµ(v),X〉 = dα(v,Xp);

here we identify Tµ(p)g
∗ with g∗.

(b) The flow of the Reeb vector field Rα preserves the level sets of µ.
(c) If µ(p) = 0, then Tp(G · p), the tangent space to the orbit through p,

is an isotropic subspace of the symplectic vector space (ker αp, dαp).
(d) If 0 is a regular value of µ, then the isotropic subspace in (c) is of the

same dimension as G, and it equals the symplectic orthogonal complement
of ker αp ∩ Tp(µ−1(0)).

Proof (a) This follows from

〈Tpµ(v),X〉 = d(α(X))(v)

and LX α ≡ 0 (together with the Cartan formula).
(b) From (a) we have

〈Tpµ(Rα ),X〉 = 0 for all X ∈ g,

hence Tpµ(Rα ) = 0.
(c) The tangent space Tp(G ·p) is spanned by vectors of the form Xp , with

X ranging over g. In particular, it is a subspace of kerαp , since αp(Xp) =
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µ(p)(X) = 0. With v = Y p for some Y ∈ g we find with (a) that

dαp(Y p,Xp) = 〈Tpµ(Y p),X〉

=
〈

d

dt

(
µ(exp(tY ) · p)

)
|t=0 ,X

〉
=

〈
d

dt

(
exp(tY )(µ(p))

)
|t=0 ,X

〉
= 0,

where we have used the equivariance of µ.
(d) In order to prove that dimTp(G · p) = dim G, we need to show that

Xp �= 0 for any non-zero X ∈ g. Given such an X, the fact that 0 is a
regular value of µ allows us to choose a tangent vector v ∈ TpM such that
〈Tpµ(v),X〉 �= 0. Then Xp �= 0 follows from (a).

Since 0 is a regular value of µ, and the intersection of the hyperplane
ker αp with Tp(µ−1(0)) is transverse by (b), the vector subspaces

Tp(G · p) and ker αp ∩ Tp(µ−1(0))

are of complementary dimension in ker αp . From (a), where we take v ∈
ker αp ∩ Tp(µ−1(0)), we see that(

Tp(G · p)
)⊥ ⊃ ker αp ∩ Tp(µ−1(0)).

For dimensional reasons, this inclusion must be an equality.

Theorem 7.7.5 Let G be a compact Lie group acting by strict contact trans-
formations on the contact manifold (M,α). If 0 ∈ g∗ is a regular value of
the momentum map µ of this action, then G acts locally freely on the level
set µ−1(0). If that action is free, α induces a contact form on the quotient
manifold µ−1(0)/G.

Proof The fact that the action of G is locally free on µ−1(0) (provided that
0 is a regular value of µ), follows from the dimension statement in (d) of the
preceding lemma.

The 1–form α descends to a well-defined 1–form on the quotient manifold
by the same reasoning as in the proof of Proposition 7.7.1. Finally, in passing
to this quotient, we take the quotient of the coisotropic subspace kerαp ∩
Tp(µ−1(0)) ⊂ (ker αp, dαp) by its symplectic orthogonal space Tp(G ·p), that
is, by the kernel of dαp on that coisotropic subspace. So the induced 1–form
on the quotient is a contact form.
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Contact structures on 5–manifolds

‘One done to foure makyth the seconde odde nombre,
that is the nombre of fiue and hyghte Quinarius.’

Bartholomaeus Anglicus,
De proprietatibus rerum†

In the present chapter we discuss the analogue of the Lutz–Martinet the-
orem for simply connected 5–manifolds. Throughout, we assume contact
structures ξ to be cooriented, i.e. defined as ξ = ker α by a global 1–form
defining the coorientation of ξ. Moreover, if an orientation of the 5–manifold
has been chosen, it is understood that the contact structure is positive, that
is, α ∧ (dα)2 is a positive volume form. As we saw in Section 2.4, a coori-
ented contact structure on an oriented manifold M induces an almost contact
structure, that is, in the case of 5–manifolds, a reduction of the structure
group of the tangent bundle TM from SO(5) to U(2)× 1.

Theorem 8.0.6 Every closed, oriented, simply connected 5–manifold admits
a contact structure in every homotopy class of almost contact structures.

This theorem was (essentially) proved in [91]. In retrospect I regard
my treatment of orientations in that paper as somewhat frivolous; in or-
der to address this issue the present chapter includes a discussion of self-
diffeomorphisms of simply connected 5–manifolds.

A word of caution is in order. The theorem does not claim that every
simply connected 5–manifold admits a contact structure, for in contrast to
the 3–dimensional case there is now a non-trivial topological obstruction
to the existence of an almost contact structure, namely, the third integral
Stiefel–Whitney class.

The proof of this theorem presented here is more or less the one I gave
in [91]; the main differences concern the topological aspects of the proof.

† From the entry for ‘five’ in the Oxford English Dictionary.

366
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Whereas in [91] I quoted Barden’s classification of simply connected 5–
manifolds, in Section 8.2 I give a direct proof of a structure theorem for
those 5–manifolds which admit an almost contact structure. For the most
part, these differential topological considerations only involve an embedding
theorem due to Haefliger, and elementary surgery theory. But in one special
case we cannot avoid quoting the h–cobordism theorem and Thom’s result
about the structure of the 5–dimensional oriented cobordism group.

There are two further deviations from the proof given in [91] that are
of more contact geometric interest. First of all, in Section 8.1 I give a
more elementary derivation of the homotopy classification of almost contact
structures. Secondly, the only manifolds where one has to deal with more
than one homotopy class of almost contact structures are the two S3–bundles
over S2 . While in [91] I treated the corresponding cases of Theorem 8.0.6
by appealing to certain existence results for symplectic structures on 4–
manifolds (and then using the Boothby–Wang construction), in Section 8.3
I derive the result by analysing the possible framings for contact surgeries
along an isotropic S1 in S5 . An alternative proof of Theorem 8.0.6 via open
book decompositions can be found in [149], [151]. A large part of the theorem
can also be proved via explicit realisations of simply connected 5–manifolds
as Brieskorn manifolds, see [92], [149], [150], [229].

The direct classification of simply connected 5–manifolds admitting an
almost contact structure should not be regarded as a vain exercise. In
view of the Eliashberg–Weinstein contact surgery and Giroux’s results about
the relation between contact structures and open books, structure theorems
for manifolds admitting an almost contact structure constitute one possible
route towards general existence statements for contact structures.

8.1 Almost contact structures

The aim of the present section is to identify the obstruction to the existence
of an almost contact structure on a given closed, oriented 5–manifold M ,
and to classify almost contact structures (up to homotopy). We do not yet
impose the condition that M be simply connected.

Recall that the third integral Stiefel–Whitney class W3(M) is defined as
W3(M) := βw2(M), where w2(M) ∈ H2(M ; Z2) is the usual second Stiefel–
Whitney class and β the Bockstein homomorphism

β : H2(M ; Z2) −→ H3(M ; Z)

in the long exact sequence

. . . → H2(M ; Z) −→ H2(M ; Z)
ρ2−→ H2(M ; Z2)

β−→ H3(M ; Z) → . . .
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induced by the coefficient sequence

0 −→ Z
×2−→ Z −→ Z2 −→ 0.

Hence, the condition W3(M) = 0 is equivalent to saying that w2(M) ∈
H2(M ; Z2) lifts to an integral class c ∈ H2(M ; Z), that is, there exists a
class c with ρ2c = w2(M).

Now, an almost contact structure is a (U(2) × 1)–structure† on the tan-
gent bundle TM , so the first Chern class of the almost contact structure
is an integral cohomology class that reduces modulo 2 to w2(M). This im-
plies that W3(M) = 0 is an obvious necessary condition for the existence
of an almost contact structure. The following proposition shows that this
condition is also sufficient. Notice that because of U(2) × 1 ⊂ SO(5), an
almost contact structure induces an orientation of M . When we speak of an
almost contact structure on an oriented manifold, it is understood that this
structure induces the given orientation.

Proposition 8.1.1 Let M be a closed, oriented 5–manifold with W3(M) =
0. Then M admits an almost contact structure. Homotopy classes of al-
most contact structures are in one-to-one correspondence with integral lifts
of w2(M). The correspondence is given by associating to an almost contact
structure its first Chern class.

This proposition is going to be proved by an obstruction-theoretic argu-
ment. I have tried to use as little general theory as possible, viz.:

(i) there is a sequence of obstructions in certain cohomology groups that
allow one to decide whether an almost contact structure exists and
whether two almost contact structures are homotopic;

(ii) the class W3(M) is the obstruction to finding a certain tangential
frame.

All other obstructions are identified by ‘elementary’ means. I make no apo-
logy for the resulting length of the argument.

Write F5 for the homogeneous space SO(5)/U(2). (For the basic theory
of homogeneous manifolds see [238].) In order to be specific, we regard
U(2) as being embedded in SO(5) in lower diagonal position, likewise for the
various subgroups considered below. Almost contact structures correspond
to sections of the principal F5–bundle associated with the tangent bundle,
see [224, Thm. 9.4]. This will be implicit in the discussion below involving the
classifying spaces BSO(5) and BU(2). More explicitly, this is a consequence
of the contact analogue of Lemma 8.1.7 below.

† Often I am simply going to say ‘U(2)–structure’.
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It then follows from general obstruction theory that the obstructions to
the existence of an almost contact structure live in the cohomology groups
Hi(M ;πi−1(F5)), the obstructions to homotopy of almost contact structures
in Hi(M ;πi(F5)). The computation of the homotopy groups of F5 is based
on the following lemma from [117].

Lemma 8.1.2 (a) U(n + 1) ∩ SO(2n + 1) = U(n),
(b) U(n + 1) · SO(2n + 1) = SO(2n + 1) ·U(n + 1) = SO(2n + 2),
(c) F2n+1 := SO(2n + 1)/U(n) = SO(2n + 2)/U(n + 1) =: F2n+2 .

Proof The statement in (a) is obvious. As to (b), we have to show that every
element t ∈ SO(2n+2) can be written as t = us = s′u′ with u, u′ ∈ U(n+1)
and s, s′ ∈ SO(2n + 1).

The natural action of SO(2n + 2) on the sphere S2n+1 ⊂ R2n+2 induces
a simply transitive action on the space of orthonormal (2n + 1)–frames on
that sphere. The action of SO(2n + 1) ⊂ SO(2n + 2) fixes the point p0 =
(1, 0, . . . , 0) ∈ S2n+1 and is simply transitive on the orthonormal (2n + 1)–
frames at that point. Likewise, the natural action of U(n + 1) on S2n+1 ⊂
Cn+1 is transitive. Thus, given t ∈ SO(2n + 2), we can find an element
u ∈ U(n + 1) such that u−1t fixes the point p0 , and hence u−1t = s for
a unique s ∈ SO(2n + 1). The decomposition t = s′u′ is proved similarly.
Observe that the commutativity statement of (b) implies that the product
SO(2n+2) = SO(2n+1) ·U(n+1) is in fact the same as the group generated
by SO(2n + 1) and U(n + 1).

Statement (c) now follows from (a) and (b). Indeed, every element of the
homogeneous space SO(2n+2)/U(n+1) = SO(2n+1) ·U(n+1)/U(n+1) is
of the form sU(n+1) with s ∈ SO(2n+1), so SO(2n+1) acts transitively on
that space. The stabiliser of eU(n + 1), with e denoting the trivial element
of SO(2n + 1), is the subgroup U(n + 1) ∩ SO(2n + 1), which by (a) equals
U(n). This implies (c).

The next proposition can be found, at least implicitly, in the work of
Cartan [43], see also [127, p. 519]. We defer its proof to the end of this
section.

Proposition 8.1.3 The homogeneous space SO(6)/U(3) is diffeomorphic to
the complex projective space CP 3 .

Proof of Proposition 8.1.1 Consider the generalised Hopf fibration

C4 ⊃ S7 −→ CP 3

(z0 , z1 , z2 , z3) �−→ (z0 : z1 : z2 : z3)
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with fibre S1 . From the homotopy exact sequence of this fibration and
the preceding lemma and proposition we find that the homotopy groups of
F5 = SO(5)/U(2) are given by πi(F5) = 0 for i = 0, 1, 3, 4, 5 and π2(F5) ∼= Z.
Hence the only obstruction to the existence of an almost contact structure
lies in the cohomology group H3(M ;π2(F5)).

Recall from [188, §12] that the Stiefel–Whitney class W3(M) ∈ H3(M ; Z)
is the primary obstruction to the existence of a 3–frame (here 3 = 5− 3 + 1)
on M . As in the discussion of the parallelisability of 3–manifolds in Chapter 4
we may work with orthonormal frames. Then the coefficient group Z of the
homology group above is actually the homotopy group π2(V3(R5)) of the
Stiefel variety V3(R5) = SO(5)/SO(2). The fibration

S3 ∼= U(2)/U(1) ↪→ SO(5)/SO(2)
p−→ SO(5)/U(2)

shows that the obvious projection map p induces an isomorphism of homo-
topy groups, p# : π2(V3(R5))

∼=−→ π2(F5). It follows that W3(M) is also the
primary (and, by the above, only) obstruction to the existence of an almost
contact structure on M . (In fact, the analogous argument shows that W3 is
the primary obstruction to the existence of an almost contact structure on
manifolds of arbitrary odd dimension.)

The only obstruction to homotopy of almost contact structures lies in
the group H2(M ;π2(F5)). This obstruction we want to identify as the first
Chern class. In order to do so, we interpret the question of finding and clas-
sifying almost contact structures as a lifting problem for classifying maps. A
Riemannian metric on the oriented manifold M , or equivalently a reduction
of the structure group of the tangent bundle TM to SO(5), allows us to
describe TM in terms of a classifying map f : M → BSO(5). The inclusion
U(2) → SO(5) induces a fibration BU(2) → BSO(5) with fibre F5 , see [242,
p. 680].† An almost contact structure may now be regarded as a lifting of
f to a classifying map f̃ : M → BU(2), i.e. a map making the following
diagram commutative.

BU(2)

M
f
�

˜f

�

BSO(5)
�

† In spite of the terrifying page number, this is actually a good reference, since the
relevant discussion in Whitehead’s book is contained in a very readable appendix about
compact Lie groups.
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The obstruction class in H2(M ;π2(F5)) is the obstruction to homotopy
over the 2–skeleton M (2) of lifts f̃ of f . This being the only obstruction
to homotopy of almost contact structures, the homotopy class of an almost
contact structure is completely determined by the restriction f̃ |M ( 2 ) .

From the homotopy exact sequence of the universal bundle

U(2) ↪→ EU(2) −→ BU(2),

where EU(2) is contractible, we have

π1(BU(2)) ∼= π0(U(2)) = 0

and

π2(BU(2)) ∼= π1(U(2)) ∼= Z.

Hence

[M (2) ,BU(2)] ∼= [M (2)/M (1) ,BU(2)],

and M (2)/M (1) is a wedge of 2–spheres. We may therefore restrict attention
to the case that M (2) = S2 .

The first Chern class of the U(2)–bundle ξf̃ over S2 corresponding to the
map f̃ : S2 → BU(2) is c1(ξf̃ ) = f̃∗c1 , where c1 is the first Chern class of
the universal U(2)–bundle. This c1 is a generator of H2(BU(2); Z) ∼= Z,
see [188]. Recall the Hurewicz isomorphism π2(BU(2)) → H2(BU(2); Z)
given by [f̃ ] �→ f̃∗[S2 ]. We also have an isomorphism H2(BU(2); Z) →
Z given by u �→ 〈c1 , u〉, the Kronecker pairing with the generator c1 of
H2(BU(2); Z). It follows that the isomorphism

[S2 ,BU(2)] = π2(BU(2))
∼=−→ Z

can be described by

[f̃ ] �−→ 〈c1 , f̃∗[S2 ]〉 = 〈f̃∗c1 , [S2 ]〉 = 〈c1(ξf̃ ), [S2 ]〉.

We conclude that every element of H2(S2 ; Z) arises as the first Chern class
of a unique homotopy class of U(2)–bundles over S2 .

An entirely analogous argument, starting from the fact that π1(BSO(5)) =
0 and π2(BSO(5)) = Z2 , shows that, up to homotopy, there are exactly
two SO(5)–bundles over S2 , classified by the second Stiefel–Whitney class
w2 ∈ H2(S2 ; Z2); see also the next section.

Write i : M (2) → M for the inclusion of the 2–skeleton. The preceding
arguments imply that for every integral lift c ∈ H2(M (2) ; Z) of i∗w2(M) =
w2(i∗TM) there is a unique homotopy class of U(2)–structures on i∗TM =
TM |M ( 2 ) with first Chern class equal to c. It follows that almost contact
structures on M with the same first Chern class are homotopic over M (2)
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and therefore homotopic over M . Obviously, almost contact structures on M

with different first Chern class cannot be homotopic. This is consistent with
the fact that the homomorphism i∗ : H2(M ; Z) → H2(M (2) ; Z) is injective,
as follows from H2(M,M (2) ; Z) = 0 and the cohomology long exact sequence
of the pair (M,M (2)).

It remains to be shown that every class c ∈ H2(M ; Z) with ρ2c = w2(M)
can be realised as the first Chern class of an almost contact structure on M .
To this end, we relate almost contact structures on M to stable almost
complex structures, i.e. almost complex structures on the stabilised tangent
bundle. In Lemma 8.1.2 we had seen that F2n+1 = F2n+2. From the homo-
topy exact sequence of the fibration

F2n+2 ↪→ F2n+3 −→ F2n+3/F2n+2 = SO(2n + 3)/SO(2n + 2) = S2n+2

we see that the homotopy groups πq (F2n+1) = πq (F2n+2) are stable for
q ≤ 2n, i.e. in that range these groups only depend on q. This implies that an
odd-dimensional manifold admits an almost contact structure if and only if
it admits a stable almost complex structure. The group π2n+1(F2n+1) is not
stable, and in general the homomorphism π2n+1(F2n+1) → π2n+1(F2n+3) is
surjective, but not injective. This means that non-homotopic almost contact
structures may become homotopic when stabilised. In the case of interest
to us, however, we have π5(Fm ) = 0 for all m ≥ 5, so the homotopy classifi-
cation of almost contact structures on our 5–manifold M actually coincides
with the homotopy classification of stable almost complex structures.

Our obstruction-theoretic argument so far guarantees the existence of
some almost contact structure η0 on M , provided W3(M) = 0. (This nota-
tion η constitutes a mild abuse of notation when compared with Definition
2.4.7.) To conclude the argument, for any u ∈ H2(M ; Z) we need to find
an almost contact structure (or stable almost complex structure) ηu with
c1(ηu ) = c1(η0) + 2u. Complex line bundles over M are classified by maps
f̃ : M → BU(1) = K(Z, 2), and, as above, the first Chern class c1(Lf̃ ) of the
line bundle Lf̃ determined by f̃ is given by c1(Lf̃ ) = f̃∗c1 . It then follows
from our discussion in Section 3.4.2 that there is a one-to-one correspon-
dence between complex line bundles on M and elements of H2(M ; Z), the
correspondence being given by the first Chern class.

Thus, given u ∈ H2(M ; Z), let Lu be the complex line bundle over M with
c1(L) = u. Then the dual line bundle L∗

u satisfies c1(L∗
u ) = −u. The virtual

bundle Lu  L∗
u (regarded as an element of the reduced K–group K̃(M)) has

c1(Lu  L∗
u ) = 2u, and its underlying real bundle is trivial, since Lu and L∗

u

are isomorphic as real bundles. Hence ηu := η0 ⊕Lu  L∗
u is a stable almost

complex structure on M with c1(ηu ) = c1(η0) + 2u.
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Remark 8.1.4 Here is a slightly more simple-minded formulation of that
last step in the argument, for readers who feel uneasy about virtual bundles.
Choose a complex vector bundle C over M such that L∗

u ⊕C is trivial (as a
complex vector bundle). It is not difficult to show that such a complementary
bundle always exists, see [19, Cor. 1.4.14]. This forces c1(C) = u. Then
c1(L⊕ C) = 2u, and since L and L∗ are isomorphic as real bundles, L⊕ C

is trivial as real vector bundle. Then set ηu = η0 ⊕ L⊕ C.

It remains to supply a proof of the claimed identification of the mani-
fold SO(6)/U(3) (and hence SO(5)/U(2)) with CP 3 . The proof given here
borrows ideas from [1] and [20].

We begin with some general linear algebra that explains in part why almost
complex structures on a 2n–dimensional oriented manifold W correspond
to sections of the principal F2n–bundle associated with the tangent bundle
TW , and analogously almost contact structures on a (2n + 1)–dimensional
manifold to sections of the associated principal F2n+1–bundle.

Notation 8.1.5 Write J +(R2n ) for the space of complex structures on R2n

compatible with the standard metric and orientation, that is,

J +(R2n ) = {J ∈ SO(2n) : J2 = −idR2 n }.

Remark 8.1.6 Given J ∈ O(2n) with J2 = −idR2 n , one can always find an
orthonormal basis a1 , . . . ,a2n for R2n with a2j = Ja2j−1 , j = 1, . . . , n. To
see this, start with any unit vector a1 , and set a2 = Ja1 . The condition J2 =
−idR2 n implies that the subspace U spanned by a1 and a2 is 2–dimensional.
Now proceed by induction, observing that the orthogonal complement U⊥

is J–invariant. The positivity condition J ∈ SO(2n) is equivalent to the
existence of a positive basis of this form.

Lemma 8.1.7 The manifold J +(R2n ) is diffeomorphic to the homogeneous
space F2n = SO(2n)/U(n).

Proof Let e1 , . . . , e2n be the standard basis for R2n , and J0 the standard
complex structure on R2n , defined by J0e2j−1 = e2j , j = 1, . . . , n. Consider
the map

SO(2n) −→ J +(R2n )
A �−→ AJ0A

−1 .

In order to verify that J := AJ0A
−1 does indeed lie in J +(R2n ), we compute

JJt = AJ0A
−1(A−1)tJt

0A
t = id
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and

J2 = AJ0A
−1AJ0A

−1 = −id,

and observe that if the columns of A are denoted by a1 , . . . ,a2n , then J =
AJ0A

−1 is the complex structure on R2n characterised by Ja2j−1 = a2j ,
j = 1, . . . , n.

This last point, together with the remark preceding the lemma, implies
that the map above is surjective, and we can define a transitive left-action
of SO(2n) on J +(R2n ) by

SO(2n) × J +(R2n ) −→ J +(R2n )
(A , J) �−→ AJA−1 .

The isotropy group of this action at J0 ∈ J +(R2n ) is the unitary group
U(n), for the condition AJ0 = J0A is equivalent to A ∈ GL(n, C), and
SO(2n) ∩ GL(n, C) = U(n), see the remark below. The result then follows
by the general theory of homogeneous spaces, see [238, Thm. 3.62].

Remark 8.1.8 In order to see that SO(2n) ∩ GL(n, C) = U(n), or equiv-
alently, O(2n) ∩ GL(n, C) = U(n), it is convenient to arrange the basis of
R2n in the order e1 , e3 , . . . , e2n−1 , e2 , e4 , . . . , e2n . Denote the n× n identity
matrix by In and write 2n× 2n matrices in block form

A =
(

a b

c d

)
(with n× n blocks). Then

J0 =
(

0 −In

In 0

)
,

and the condition AJ0 = J0A for A to be in GL(n, C) is equivalent to A

being of the form

A =
(

a −b

b a

)
,

with the i–J0–equivariant inclusion of GL(n, C) in GL(2n, R) given by

a + ib �−→
(

a −b

b a

)
.

The condition A ∈ O(2n) then translates into

(a + ib)(a− ib)t = In ,

which is exactly the condition for a + ib to be unitary.
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Our next goal is to identify J +(R2n ) with a Grassmannian manifold whose
points are certain complex subspaces of C2n . That latter manifold will in
turn be proven, for n = 3, to be diffeomorphic to CP 3 .

Given J ∈ J +(R2n ), extend it to a complex automorphism J c of C2n =
R2n ⊗R C. This J c is a normal automorphism satisfying (J c)2 = −idC2 n ,
hence C2n splits as a direct sum

C2n = (C2n )(1,0)
J ⊕ (C2n )(0,1)

J

of eigenspaces for J c corresponding to the eigenvalues +i and −i, called
the spaces of (1, 0)–vectors and (0, 1)–vectors, respectively. If x + iy is a
(1, 0)–vector, with x,y ∈ R2n , then

Jx + iJy = J c(x + iy) = i(x + iy) = −y + ix,

hence x+iy = x− iJx. Conversely, any vector of this form is a (1, 0)–vector.
Similarly, the space of (0, 1)–vectors consists of vectors of the form x + iJx
with x ∈ R2n . In particular, both these eigenspaces are n–dimensional
complex subspaces of C2n .

A complex subspace V ⊂ C2n is called isotropic if 〈v,v〉 = 0 for all
v ∈ V , where 〈−,−〉 denotes, nota bene, the standard symmetric, complex
bilinear inner product on C2n (rather than the Hermitian inner product)
given by

〈z,w〉 :=
2n∑

j=1

zjwj .

It follows that 〈v,v′〉 = 0 for all elements v,v′ of an isotropic subspace V , i.e.
V is contained in its 〈−,−〉–orthogonal complement V ⊥. By an argument
completely analogous to the proof of Lemma 1.3.1, we have

dim U + dimU⊥ = 2n

for any complex subspace U ⊂ C2n , where dim denotes complex dimension.
We conclude that dimV ≤ n for any isotropic subspace V ⊂ C2n .

An isotropic subspace V ⊂ C2n is called maximal isotropic if it has the
maximal possible dimension, i.e. dimV = n. With V denoting the complex
conjugate of V , we clearly have V ∩ V = {0} for any isotropic subspace V ,
and hence C2n = V ⊕ V if V is maximal isotropic.

Observe that the spaces of (1, 0)– and (0, 1)–vectors described above are
examples of maximal isotropic subspaces of C2n . The former are positive
in the sense that they possess a basis of the form

{a1 − ia2 , . . . ,a2n−1 − ia2n},

with a1 , . . . ,a2n a positive orthonormal basis for R2n .
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Remark 8.1.9 Let V be the positive maximal isotropic subspace of (1, 0)–
vectors of a positive complex structure J on R2n with Ja2j−1 = a2j , j =
1, . . . , n. If n is even, then the space V of (0, 1)–vectors is also positive
maximal isotropic – it is the space of (1, 0)–vectors of the positive complex
structure defined by Ja2j−1 = −a2j . If n is odd, then V is negative maximal
isotropic.

Notation 8.1.10 Write Iso+(C2n ) for the manifold of positive maximal
isotropic subspaces of C2n .

Lemma 8.1.11 There is a diffeomorphism

J +(R2n )
∼=−→ Iso+(C2n )

given by associating with J ∈ J +(R2n ) the space VJ ∈ Iso+(C2n ) of (1, 0)–
vectors of J c .

Proof We define an inverse map as follows. Given V ∈ Iso+(C2n ), define an
automorphism J c : C2n → C2n by

J c(v) = iv for v ∈ V, J c(v) = −iv for v ∈ V .

Observe that J c is orthogonal with respect to the inner product 〈−,−〉.
Since V ∩V = {0}, the vector space V does not contain any real or purely

imaginary vectors. It follows that x ∈ R2n ⊂ C2n can be written uniquely
in the form

x =
1
2
(x− iy) +

1
2
(x + iy) ∈ V ⊕ V

with y ∈ R2n . Define J : R2n → R2n by Jx = y. We have

y =
1
2
(y + ix) +

1
2
(y − ix)

with

y + ix = i(x− iy) = J c(x− iy) ∈ V

and

y − ix = −i(x + iy) = J c(x + iy) ∈ V .

This shows Jy = −x, that is, J2 = −idR2 n , and J c |R2 n = J , so that J c is
the complex linear extension of J .

The positivity of V translates into the positivity of J ; thus J ∈ J +(R2n ).
Clearly VJV

= V and JVJ
= J by construction, which means that the map

V �→ JV is indeed the inverse of J �→ VJ .
Finally, the (±i)–eigenspaces of J c depend smoothly on J ; conversely, a
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smoothly varying V gives rise to a smoothly varying automorphism J c and
hence J . This proves that the map J �→ VJ is a diffeomorphism.

Remark 8.1.12 One may want to verify this last point in explicit local
coordinates. Suffice it to say here that under the identification of J +(R2n )
with SO(2n)/U(n), the map J �→ VJ is given by

[A] �−→ span{a1 − ia2 , . . . ,a2n−1 − ia2n},

where a1 , . . . ,a2n are the columns of A ∈ SO(2n). This is clearly a smooth
map. See also the end of the proof of Lemma 8.1.13 below.

We now specialise to the case n = 3.

Lemma 8.1.13 The manifold Iso+(C6) is diffeomorphic to CP 3 .

This and the two preceding lemmata constitute a proof of Proposition
8.1.3.

Remark 8.1.14 For completeness, let me mention that the homogeneous
space J +(R4) ∼= SO(4)/U(2) is diffeomorphic to S2 ; obviously J +(R2)
equals {J0}. Here is a hint. Regard S3 as the space of unit quaternions.
Then SO(4) can be identified with (S3 × S3)/Z2 , corresponding to left and
right multiplication by unit quaternions, where Z2 is generated by (−1,−1).
Likewise, U(2) can be identified with (S1×S3)/Z2 . For more details see [219].

Proof of Lemma 8.1.13 The idea is to realise C6 as the space
∧2 C4 of 2–

vectors in C4 . The key to the construction is that the antilinear Hodge
∗–operator is an antilinear involution on

∧2 C4 , or what is called a real
structure on that complex vector space. This allows us to identify a real
subspace R6 ⊂

∧2 C4 as the ∗–invariant subspace, to which the preceding
constructions can be applied. Implicitly, this approach relies on the fact that
SU(4) is a double covering of SO(6); such a double covering is described
explicitly in [245].

Let v0 ,v1 ,v2 ,v3 be the standard basis for C4 and h the standard sesqui-
linear Hermitian inner product

h(z,w) =
3∑

k=0

zkwk .

Fix the volume form

vol := v0 ∧ v1 ∧ v2 ∧ v3 ∈
∧4C4 .
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Write elements α,β ∈
∧2 C4 in the form

α =
∑
k<l

aklvk ∧ vl , β =
∑
k<l

bklvk ∧ vl ,

and extend h to
∧2 C4 by setting

h(α,β) =
∑
k<l

aklbkl .

Define the antilinear ∗–operator

∗ :
∧2C4 −→

∧2C4

by setting, for k, l ∈ {0, 1, 2, 3}, k �= l,

∗(vk ∧ vl) = vk ′ ∧ vl′ ,

with (k, l, k′, l′) an even permutation of (0, 1, 2, 3), and antilinear extension,
so that

∗(λα) = λ(∗α) for λ ∈ C.

Then ∗2 is the identity on
∧2 C4 , so the ∗–operator defines a real structure,

as claimed. Further, for arbitrary α,β ∈
∧2 C4 , we have

α ∧ β = h(α, ∗β) vol.

Remark 8.1.15 Let v′
0 ,v

′
1 ,v

′
2 ,v

′
3 be any other unitary basis of C4 with

respect to the Hermitian inner product h, i.e.

h(v′
k ,v′

l) = δkl :=
{

1 for k = l,

0 for k �= l.

Assume further that

v′
0 ∧ v′

1 ∧ v′
2 ∧ v′

3 = vol.

These conditions are equivalent to requiring that v′
0 ,v

′
1 ,v

′
2 ,v

′
3 be obtained

from the standard basis v0 ,v1 ,v2 ,v3 by a transformation with an element
in SU(4). The equation preceding this remark gives, by the non-degeneracy
of h, a coordinate-free definition of the ∗–operator, which is seen to take the
same explicit form as above in terms of any such basis v′

0 ,v
′
1 ,v

′
2 ,v

′
3 , which

is reasonably called a special unitary basis.

Now define

e1 := 1√
2
(v0 ∧ v1 + v2 ∧ v3), e2 := i√

2
(v0 ∧ v1 − v2 ∧ v3),

e3 := 1√
2
(v0 ∧ v2 + v3 ∧ v1), e4 := i√

2
(v0 ∧ v2 − v3 ∧ v1),

e5 := 1√
2
(v0 ∧ v3 + v1 ∧ v2), e6 := i√

2
(v0 ∧ v3 − v1 ∧ v2).
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These elements of
∧2 C4 satisfy ∗ei = ei , i = 1, . . . , 6, and they form a

unitary basis with respect to the Hermitian inner product h. We identify
spanR{e1 , . . . , e6} with R6 (with orientation defined by this basis) and regard∧2 C4 as the complexification∧2C4 = R6 ⊗R C = R6 ⊕ iR6 .

Observe that with respect to this splitting of elements of
∧2 C4 into a real

and imaginary part, complex conjugation is given by the ∗–operator.
We claim that the standard symmetric, complex bilinear inner product on∧2 C4 (relative to the basis e1 , . . . , e6) is given by

〈α,β〉 = h(α, ∗β).

This follows from the fact that h(α, ∗β) is complex bilinear in α and β and
satisfies

h(ei , ∗ej ) = h(ei , ej ) = δij .

We then have

〈α,β〉 vol = α ∧ β,

so the condition for a complex subspace V ⊂
∧2 C4 to be isotropic becomes

α ∧α = 0 for all α ∈ V,

which entails α ∧ β = 0 for all α,β ∈ V .
Now define a map

CP 3 −→ Iso+(
∧2 C4)

[z] �−→ Vz := {z ∧w : w ∈ C4} ⊂
∧2 C4 ,

where z ∈ C4 is a representative of [z] ∈ CP 3 = (C4 \{0})/C∗. The subspace
Vz depends on the equivalence class [z] only and has complex dimension 3.
Moreover, each α ∈ Vz satisfies α ∧ α = 0, so Vz is a maximal isotropic
subspace of

∧2 C4 . In order to verify that Vz is positive for all z ∈ C4 \ {0},
it suffices (by a continuity argument) to check this for one particular z. We
see that Vv0 is spanned by

v0 ∧ v1 =
1√
2
(e1 − ie2), v0 ∧ v2 =

1√
2
(e3 − ie4), v0 ∧ v3 =

1√
2
(e5 − ie6),

which identifies Vv0 as the positive maximal isotropic subspace VJ0 .
Let w ∈ C4 . The condition w ∧ α = 0 for all α ∈ Vz is equivalent to w

being a multiple of z. This implies that [z] is determined by Vz , and hence
that the map [z] �→ Vz is injective.

We next prove that this map is also surjective. Thus, let V ⊂
∧2 C4 be
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a positive maximal isotropic subspace. Choose a basis α,β,γ for V . The
isotropy condition implies

α ∧α = β ∧ β = γ ∧ γ = 0.

By standard linear algebra this implies that α can be written in the form
w0 ∧w1 for some w0 ,w1 ∈ C4 . Here is a quick argument: Write α ∈

∧2 C4

in terms of the basis v0 ,v1 ,v2 ,v3 for C4 as

α =
∑
k<l

aklvk ∧ vl .

If α �= 0, we may assume without loss of generality that a01 �= 0. Then

α = (a01v0 − a12v2 − a13v3) ∧
(
v1 +

a02

a01
v2 +

a03

a01
v3

)
+ λv2 ∧ v3

for some λ ∈ C. Define

w0 := a01v0 − a12v2 − a13v3 and w1 := v1 +
a02

a01
v2 +

a03

a01
v3 .

Then w0 ,w1 ,v2 ,v3 form a basis for C4 , and

α ∧α = 2λw0 ∧w1 ∧ v2 ∧ v3 .

Hence, if α ∧α = 0, then λ = 0 and α = w0 ∧w1 .
By adding a suitable multiple of w0 to w1 and renormalising (which

amounts to rescaling α), we may assume that h(wk ,wl) = δkl for k, l ∈
{0, 1}. Choose vectors w2 ,w3 ∈ C4 that complete w0 ,w1 to a special uni-
tary basis for C4 (see Remark 8.1.15). Write

β =
∑
k<l

bklwk ∧wl .

Because of α ∧ β = 0 we have b23 = 0, hence

0 = β ∧ β = (b03b12 − b02b13) vol.

This means we can find a non-trivial solution of the equation(
b12 b02

b13 b03

)(
λ0

−λ1

)
=

(
0
0

)
,

and any such solution will satisfy

(λ0w0 + λ1w1) ∧ β = 0.

By rescaling we may assume |λ0 |2 + |λ1 |2 = 1. Set

w′
0 = λ0w0 + λ1w1 and w′

1 = −λ1w0 + λ0w1 ,

so that still h(w′
k ,w′

l) = δkl for k, l ∈ {0, 1}. Then α = w′
0 ∧w′

1 , and since
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w′
0∧β = 0, we can complete w′

0 ,w
′
1 to a special unitary basis w′

0 ,w
′
1 ,w

′
2 ,w

′
3

for C4 such that (after rescaling β)

α = w′
0 ∧w′

1 and β = w′
0 ∧w′

2 .

Because of α ∧ γ = β ∧ γ = 0, we can write

γ = c01w′
0 ∧w′

1 + c02w′
0 ∧w′

2 + c03w′
0 ∧w′

3 + c12w′
1 ∧w′

2 .

Then

0 = γ ∧ γ = c03c12 vol.

If c12 = 0, the isotropic subspace V is spanned by

w′
0 ∧w′

1 , w′
0 ∧w′

2 and w′
0 ∧w′

3 ,

and hence V equals the positive maximal isotropic subspace Vw ′
0
. If c03 = 0,

then V is spanned by

w′
0 ∧w′

1 , w′
0 ∧w′

2 and w′
1 ∧w′

2 .

This case, however, corresponds to V being a negative maximal isotropic
space, for in this case the complex conjugate ∗V is the positive maximal
isotropic subspace Vw ′

3
, see Remark 8.1.9.

It remains to check that the map [z] �→ Vz is a local (and hence global)
diffeomorphism. We do this in local coordinates around the points [v0 ] and
Vv0 , respectively. Consider the splitting

C6 =
∧2C4 = Vv0 ⊕ ∗Vv0 .

Points in a neighbourhood of Vv0 in Iso+(C6) can be written as the graph
of a linear map L : Vv0 → ∗Vv0 . The condition for the graph of L to lie in
Iso+(C6) is that

(α + L(α)) ∧ (β + L(β)) = 0 for all α,β ∈ Vv0 .

Since both Vv0 and ∗Vv0 are isotropic, this translates into

α ∧ L(β) + L(α) ∧ β = 0 for all α ∈ Vv0 .

Write L = (Lij ) in terms of the bases

α1 := v0 ∧ v1 , α2 := v0 ∧ v2 , α3 := v0 ∧ v3

for Vv0 and

∗α1 = v2 ∧ v3 , ∗α2 = v3 ∧ v1 , ∗α3 = v1 ∧ v2

for ∗Vv0 , so that L(αi) =
∑

j Lij (∗αj ). Then

αi ∧ L(αj ) + L(αi) ∧αj = (Lji + Lij ) vol,
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so the condition for the graph of L to be isotropic is that L be skew-
symmetric. Write L in the form

L(z1 , z2 , z3) =

 0 −z3 z2

z3 0 −z1

−z2 z1 0

 .

Then z1 , z2 , z3 are local holomorphic coordinates for Iso+(C6).
Write z = v0 + z1v1 + z2v2 + z3v3 ∈ C4 , so that z1 , z2 , z3 are also local

holomorphic coordinates for CP 3 . Then the isotropic subspace V (z1 , z2 , z3)
corresponding to L(z1 , z2 , z3) is spanned by

v0 ∧ v1 + z3 v3 ∧ v1 − z2 v1 ∧ v2 = z ∧ v1 ,

v0 ∧ v2 − z3 v2 ∧ v3 + z1 v1 ∧ v2 = z ∧ v2 ,

v0 ∧ v3 + z2 v2 ∧ v3 − z1 v3 ∧ v1 = z ∧ v3 .

This shows that V (z1 , z2 , z3) = Vz . In other words, in terms of the local
coordinates z1 , z2 , z3 for CP 3 and Iso+(C6), respectively, the map [z] �→ Vz

is actually the identity map, and so it is clearly a local diffeomorphism.

8.2 On the structure of 5–manifolds

For the remainder of this chapter, M denotes a closed, simply connected, ori-
ented 5–manifold with W3(M) = 0, that is, one admitting an almost contact
structure. Before we can formulate a structure theorem for such manifolds,
we need to discuss two special examples, namely, the two S3–bundles over S2 .
That there are indeed precisely two such bundles follows from the fact that
any such bundle is obtained by gluing together two trivial bundles D2

± × S3

over the upper and lower hemisphere of S2 , respectively, along the equator
S1 ; for this fact implies that isomorphism classes of S3–bundles over S2 ,
which have structure group SO(4), are in one-to-one correspondence with
elements of the fundamental group π1(SO(4)), i.e. based homotopy classes
of maps S1 → SO(4), see Example 6.1.3 (3). To the characteristic map
α ∈ π1(SO(4)) corresponds the bundle

D2
+ × S3 ∪gα

D2
− × S3 ,

where the gluing map gα : ∂D2
+×S3 → ∂D2

−×S3 , under a fixed identification
of ∂D2

± with S1 , is given by

gα (θ, p) =
(
θ, α(θ)(p)

)
, θ ∈ S1 , p ∈ S3 ;

see [224, Thm. 18.5 and §26] for a formal discussion of this issue. Alter-
natively, observe that [S2 ,BSO(4)] ∼= π1(SO(4)). Similar elementary facts
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about fibre bundles, in particular over spheres, will often be used below with-
out further comment; everything we use can be found in a standard text such
as the one by Husemoller [140] or the classic monograph by Steenrod [224].

The following proposition gives a characterisation of the total spaces of
these S3–bundles over S2 . This, as well as the main result of the present
section (Thm. 8.2.9), follows directly from Barden’s classification of simply
connected 5–manifolds [22]. However, our aim here is to provide proofs of
these results from first principles, the purpose of this being twofold: firstly,
to indicate how Barden’s general arguments simplify under the additional as-
sumption W3(M) = 0, secondly, to elucidate the structure of the 5–manifolds
of interest to us, which will be important later when discussing questions
about contact surgery.

Proposition 8.2.1 The total space of the trivial S3–bundle over S2 , denoted
by M∞ = S2 × S3 , is characterised by H2(M∞) ∼= Z and w2(M∞) = 0.

The total space of the non-trivial S3–bundle over S2 , denoted by X∞, is
characterised by H2(X∞) ∼= Z and w2(X∞) �= 0, and it satisfies the condition
W3(X∞) = 0.

Remark 8.2.2 By saying a manifold M (satisfying the general assumption
made at the beginning of this section) is characterised by certain homological
data I mean that any M ′ with the same data is diffeomorphic to M (questions
of orientation will be discussed later). The notation M∞ and X∞ is that of
Barden.

First we formulate a basic lemma about characteristic classes of sphere
bundles.

Lemma 8.2.3 Let η = (Sk ,E, π,B) be an oriented fibre bundle with fibre Sk ,
total space E, projection mapping π and orientable base B. Then

w2(E) = π∗(w2(η) + w2(B)).

If k = 1, then w2(E) = π∗w2(B).

Remark 8.2.4 The proof will show that we only use the additivity of w2 ,
which is a consequence of w1(B) = 0 (that is, the orientability of B). So
one has similar statements for the first Pontrjagin class p1 in the absence of
2–torsion, etc.

Proof Let η̃ = (Rk+1 , Ẽ, π̃, B) be the vector bundle associated with η. After
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choosing some auxiliary Riemannian metric we can write

TẼ ∼= T1Ẽ ⊕ T2Ẽ,

where T1Ẽ ∼= π̃∗η̃ is the bundle of vectors tangent to the fibre and T2Ẽ ∼=
π̃∗(TB) the bundle of vectors normal to the fibre. Let i : E → Ẽ be the
natural inclusion (in particular π̃ ◦ i = π). Then i∗(TẼ) ∼= TE⊕NE, where
NE is the line bundle of vectors normal to E in Ẽ. This bundle is orientable
and hence trivial, so

w2(TE) = w2(TE ⊕NE) = w2(i∗(TẼ))

= i∗w2(T1Ẽ ⊕ T2Ẽ)

= i∗π̃∗w2(η̃ ⊕ TB)

= π∗(w2(η) + w2(B)).

For k = 1 the Gysin sequence takes the form

. . . → H0(B) ∪e−→ H2(B) π∗
−→ H2(E) → . . . ,

where e = e(η) is the Euler class of η. The exactness of the Gysin sequence
implies π∗e(η) = 0, and a fortiori π∗w2(η) = 0 since w2(η) is the mod 2
reduction of e(η).

Next we show that the two bundles over S2 with fibre Sk or Rk+1 and
structure group SO(k + 1), where k ≥ 2, are distinguished by the second
Stiefel–Whitney class. Notice that π1(SO(k + 1)) ∼= Z2 for k ≥ 2.

Lemma 8.2.5 The non-trivial Rk+1–bundle η over S2 (k ≥ 2) satisfies
w2(η) = 1 ∈ H2(S2 ; Z2).

Proof Let η0 be an Rk+1–bundle over S2 with w2(η0) = 0. The second
Stiefel–Whitney class is the primary obstruction to finding a k–frame over
the 2–skeleton of the base [188, p. 140]. Here the base is 2–dimensional,
and the complementary 1–dimensional bundle is orientable (the base being
simply connected) and hence trivial, so w2(η0) = 0 implies that η0 is the
trivial bundle.

Proof of Proposition 8.2.1 – Part One First we show that M∞ and X∞ have
the homological data as claimed. From the Gysin sequence of an S3–bundle
over S2 ,

. . . → Hi(S2) ∪e−→ Hi+4(S2) π∗
−→ Hi+4(E) → Hi+1(S2) → . . . ,

it is clear that the total space E has Hi(E) ∼= Z for i = 0, 2, 3, 5 and zero
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otherwise. Then also H2(E) ∼= Z by Poincaré duality. From the homotopy
exact sequence of the fibration it follows that E is simply connected.

The fact that w2(M∞) = 0 and w2(X∞) �= 0 is a consequence of the two
preceding lemmata.

The Bockstein sequence for X∞ takes the form

. . . → H2(X∞; Z2)
β−→ H3(X∞; Z) m∗−→ H3(X∞; Z) → . . .

Here the homomorphism m∗ : Z → Z is multiplication by 2 and in particular
injective, so β is necessarily the zero homomorphism. Hence W3(X∞) =
βw2(X∞) = 0.

For the converse, that is, to show that any M with the given data is
diffeomorphic to M∞ or X∞, respectively, we need the following fundamental
theorem of Haefliger [122].

Theorem 8.2.6 (Haefliger) Let V be a closed, connected manifold of di-
mension s and W a manifold of dimension m. Let f : V → W be a (con-
tinuous) map such that the induced homomorphism f# : πi(V ) → πi(W ) is
an isomorphism for i ≤ k and surjective for i = k + 1. Then

(i) f is homotopic to an embedding if m ≥ 2s − k and s > 2k + 2
(equivalently, m ≥ 2s− k and 2m ≥ 3s + 3);

(ii) two embeddings of V into W homotopic to f are isotopic if m > 2s−k

and s ≥ 2k + 2 (or m > 2s− k and 2m > 3s + 3).

Typically we use this theorem for V = Ss , and we formulate this case as
a separate corollary.

Corollary 8.2.7 Let W be an m–dimensional manifold.

(i) If 2m ≥ 3s + 3 and W is (2s − m + 1)–connected, then any map
Ss →W is homotopic to an embedding.

(ii) If 2m > 3s+3 and W is (2s−m+2)–connected, then two homotopic
embeddings Ss →W are isotopic.

In conjunction with the Hurewicz isomorphism between the groups πk (W )
and Hk (W ) of a (k − 1)–connected manifold W , this corollary will allow us
to represent homology classes in the lowest non-trivial dimension by embed-
ded spheres, provided the inequalities of the corollary are satisfied. In the
present chapter this will mean classes in H2(M). The following theorem of
Thom shows that we can also represent homology classes in codimensions
one and two by submanifolds, though not necessarily embedded spheres.
This theorem and its proof are the obvious generalisations of our discussion
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on representing homology classes by submanifolds in Section 3.4.2, see in
particular Remark 3.4.6. (For deeper results in this direction see [230].)

Theorem 8.2.8 (Thom) Let W be a closed, oriented m–dimensional mani-
fold. Then any homology class in Hm−1(W ) or Hm−2(W ) can be represented
by the fundamental class of a smooth submanifold, possibly disconnected in
the case of codimension one.

Proof of Proposition 8.2.1 – Part Two We are now ready to identify M∞ =
S2 × S3 from its homological data. This very simple example serves as
illustration for the more general arguments used later. The case of X∞ is
considerably more involved and will be deferred to the end of this section.

So let M be a (closed, simply connected) 5–manifold with H2(M) ∼= Z

and w2(M) = 0. By the Hurewicz isomorphism π2(M) ∼= H2(M) we can
represent a generator of H2(M) by a map f : S2 →M . By Corollary 8.2.7 we
may assume f to be an embedding (and the isotopy class of this embedding
is uniquely defined). Let N := N(f(S2)) be the normal bundle of f(S2)
in M . Then

0 = f∗w2(M) = w2(TS2 ⊕ f∗N) = w2(f∗N),

so by Lemma 8.2.5 the normal bundle of f(S2) in M is trivial. This al-
lows us to perform surgery along f(S2). That means we remove a tubular
neighbourhood S2 × Int (D3) of f(S2) and glue back D3 ×S2 with standard
identification along the boundary S2×S2 . Notice that the identification of a
(closed) tubular neighbourhood of f(S2) with S2×D3 is unique up to homo-
topy, since the choice of framing lies in the zero group π2(SO(3)), see page
135. By the work of Wall [236], which will be discussed in great detail below,
this surgery has the effect of killing π2(M), so the resulting manifold is a
homotopy 5–sphere and hence diffeomorphic to S5 by [145], see also [153].
This shows that M is constructed from S5 by cutting out Int (D3)×S2 and
gluing back S2 × D3 , which again is a well-defined process because of the
uniqueness up to isotopy of embeddings S2 → S5 and π2(SO(3)) = 0. The
complement of Int (D3)× S2 in S5 is diffeomorphic to S2 ×D3 , so M is the
result of gluing together two copies of S2 ×D3 with the identity map along
the boundary, which yields the manifold S2 × S3 .

Now we can formulate the promised structure theorem.

Theorem 8.2.9 Let M be a closed, simply connected 5–manifold satisfying
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W3(M) = 0, and decompose the second homology group H2(M) as H2(M) ∼=
Zr ⊕G, where G is a finite group.†

(i) If w2(M) = 0, then M is diffeomorphic to #r (S2 × S3)#Mt , where
Mt satisfies w2(Mt) = 0 and H2(Mt) ∼= G.

(ii) If w2(M) �= 0, then M is diffeomorphic to

#r−1(S2 × S3)#X∞#Mt

with Mt as before.

Moreover, Mt can be obtained from S5 by surgery along a link of 2–spheres.

The proof of this theorem will be split into a sequence of lemmata. The
assumptions on M remain the same throughout. The reader may, without
loss of continuity, take this theorem for granted and skip ahead to the next
section, where we discuss the contact geometric implications of this theorem.

We have H2(M ; Z2) ∼= Hom(H2(M), Z2) by the universal coefficient the-
orem, so we may regard w2 as a homomorphism H2(M) → Z2 .

Lemma 8.2.10 If w2(M) �= 0, there is a set of generators f1 , . . . , fr and
t1 , . . . , ts of H2(M) (where f1 , . . . , fr generate the free part Zr and t1 , . . . , ts
the torsion part G of H2(M)) such that w2(fr ) = 1 and w2 = 0 on all other
generators.

Proof Once again, consider the Bockstein sequence for M ,

. . . → H2(M ; Z) −→ H2(M ; Z2)
β−→ H3(M ; Z) m∗−→ H3(M ; Z) → . . .

The relevant cohomology groups can easily be computed using the universal
coefficient theorem and Poincaré duality, and the sequence becomes

Hom(Zr , Z) −→ Hom(Zr , Z2)⊕Hom(G, Z2)
β−→ Zr ⊕G

m∗−→ Zr ⊕G,

with the first homomorphism in this sequence being the obvious one. This
implies that β is injective on the summand Hom(G, Z2) and identically zero
on Hom(Zr , Z2), so we can only have W3(M) = 0 if w2 is zero on G. Choose
a basis f ′

1 , . . . , f
′
r−1 , fr for the free part of H2(M) such that w2(fr ) �= 0. Set

fi = f ′
i − w2(f ′

i )fr , i = 1, . . . , r − 1. These are the desired generators.

From now on we fix a generating set {f1 , . . . , fr , t1 , . . . , ts} for H2(M) with
w2 equal to zero on all generators except possibly fr .

† In this decomposition, the torsion part G := T H2 (M ) is uniquely determined, but the
free part F H2 (M ) ∼= Zr is not.
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Lemma 8.2.11 If there is a free generator on which w2 is zero (that is,
w2(M) = 0 and r ≥ 1 or w2(M) �= 0 and r ≥ 2), then M splits off a
summand S2 × S3 . In other words, M is diffeomorphic to a manifold of
the form S2 × S3#M1 , and the manifold M1 satisfies H2(M1) ∼= Zr−1 ⊕ G

and W3(M1) = 0.

Proof Represent the generators f1 , . . . , fr , t1 , . . . , ts of H2(M) by embedded
2–spheres. These embeddings may be assumed pairwise mutually transverse,
i.e. disjoint. By Lemma 8.2.5 and the argument used in Part Two of the proof
of Proposition 8.2.1, the condition of w2 being zero or non-zero on one of
these generators is equivalent to the normal bundle of the corresponding
sphere being trivial or non-trivial. By assumption w2(f1) = 0, so we can
perform surgery along the 2–sphere S2

1 ⊂ M representing f1 . The statement
of the lemma translates into two claims.

(a) Surgery along S2
1 has the effect of killing the generator f1 , i.e. the

resulting manifold M1 has homology as described.
(b) The reverse surgery to obtain M from M1 is along a 2–sphere that is

contractible in M1 .

Indeed, performing surgery along S2 ⊂ S5 yields an S2–bundle over S3 (for
we glue together two copies of D3×S2), and because of π2(SO(3)) = 0 there
is only the trivial bundle. Hence surgery along a contractible S2 ⊂ M1 is
the same, by Corollary 8.2.7, as taking the connected sum with S2 × S3 .

By Poincaré duality, H3(M) is isomorphic to H2(M), which in turn is
isomorphic to the free part FH2(M) ∼= Zr of H2(M) by the universal coeffi-
cient theorem. We therefore find a class g1 ∈ H3(M) which has intersection
number 1 with f1 and intersection number 0 with all other generators of
H2(M). By Theorem 8.2.8, g1 can be represented by a submanifold Q ⊂M .

Our aim is to ensure that Q intersects S2
1 in exactly one point, but none

of the spheres representing the other generators, i.e. that we only have the
geometric intersections forced on us by the algebraic conditions.† The usual
way to achieve this is via the Whitney trick for removing intersection points
of opposite sign (see [153], [187, Thm. 6.6]). Unfortunately, the codimension
of Q is only 2 and the condition π1(M \Q) = 0, necessary for applying the
Whitney lemma, may be violated. We are saved by the fact that we are free
to change the submanifold Q, as long as we stay in the same homology class
[Q] ∈ H3(M).

Thus we proceed as follows. Let P be a 2–sphere representing one of

† The condition that Q be disjoint from the spheres representing the generators other
than f1 is superfluous in the proof of the present lemma, but it will be used below
(page 392).
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the generators of H2(M). Suppose p−, p+ ∈ P ∩Q are intersection points of
opposite sign (of course all intersections may and will be assumed transverse,
so we only have to deal with a finite number of isolated intersection points).

Join p− and p+ by an arc γ in P avoiding other intersection points with Q.
A thin tubular neighbourhood N of P intersects Q in two 3–discs around
p− and p+. Remove these 3–discs from Q and replace them by a tube
S2 × [−1, 1] given by the part of ∂N lying over γ. By smoothing the corners
we obtain a new embedded 3–manifold Q′ ⊂ M with [Q]M = [Q′]M , for
Q′�Q is the boundary of the 4–ball given by the part of N lying over γ (see
Figure 8.1, illustrating the situation with reduced dimensions). Iterating this
construction has the effect of removing all superfluous intersection points at
the cost of adding 1–handles to Q.

Q

γ

Fig. 8.1. Removing pairs of intersection points.

So we may assume that Q has one point of intersection with S2
1 and none

with the other spheres representing generators of H2(M).
Now we consider the effect of surgery along S2

1 . Write N1 := S2
1 × Int (D3)

for a tubular neighbourhood of S2
1 , let M0 := M \ N1 be its complement,

and denote by

M1 := (M \ N1) ∪S 2 ×S 2 (D3 × S2)

the manifold obtained by surgery along S2
1 . Observe that Q \ N1 is a sub-

manifold of M0 with boundary S2
0 := ∂(Q \ N1) ⊂ ∂M0 a 2–sphere, which

may be thought of as a fibre of the normal sphere bundle of S2
1 in M .

This surgery clearly kills the generator f1 . The trouble is that we might
have created a new element in H2(M1) represented by ∗ × S2 . However, by
choosing as a representative of that class the one given by S2

0 , we see that
it is zero in H2(M1), for it bounds the 3–chain Q \ N1 in M1 . This proves
claim (a).

Because of the Hurewicz isomorphism H2(M1) ∼= π2(M1) (for clearly
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π1(M1) = 0), the sphere S2
0 is even homotopically trivial in M1 . Since M is

obtained from M1 by performing surgery along S2
0 , this proves claim (b).

The fact that W3(M1) = 0 follows immediately from the interpretation
of W3 as the obstruction to the existence of a 3–frame over the 3–skeleton,
once we take into account that W3(M) = 0 and M = S2 × S3#M1 .

Remark 8.2.12 This proof constitutes a refinement of an argument due to
Wall [236].

Repeated application of this lemma proves – except for the claimed sur-
gical description of Mt – case (i) of our structure theorem, and case (ii) has
been reduced to H2(M) ∼= Z ⊕ G, generated by f1 , t1 , . . . , ts , and w2 �= 0
only on the free generator f1 .

We have seen in the proof of the preceding lemma that a single surgery
suffices to kill each of the free generators of H2(M) on which w2 vanishes.
For the torsion generators the problem becomes more complicated and can
only be handled with some additional algebraic information. The papers by
Kervaire–Milnor [145] and Wall [236] offer two alternative approaches to this
problem. Wall obtains more detailed information about the structure of M ,
but in our situation the ideas of Kervaire–Milnor lead most quickly to the
desired structure results.

We begin with a couple of preparatory lemmata of an algebraic nature.
Let W be a compact, orientable 6–manifold with boundary ∂W . Denote by
χ(W ) the Euler characteristic of W and by

χ∗(∂W ) =
2∑

i=0

dim Hi(∂W ; R)

the semi-characteristic of ∂W .

Lemma 8.2.13 The sum χ(W ) + χ∗(∂W ) is even.

Proof The intersection pairing

H3(W ; R)⊗H3(W ; R) −→ R

is skew-symmetric and hence has even rank r. So the lemma is proved if we
can show that r is congruent modulo 2 to χ(W ) + χ∗(∂W ).

Consider the homology exact sequence of the pair (W,∂W ),

H3(W )
j∗−→ H3(W,∂W ) ∂∗−→ H2(∂W ) i∗−→ . . .

j∗−→ H0(W,∂W ) → 0,
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with real coefficients understood. By relative Poincaré duality, the intersec-
tion product

H3(W ; R)⊗H3(W,∂W ; R) −→ R

constitutes a perfect pairing. For u, v ∈ H3(W ; R) and with • denoting the
intersection product, we have u • v = u • j∗v, so the kernel of j∗ consists
precisely of those elements v for which u • v = 0 for all u ∈ H3(W ; R). It
follows that

r = dimH3(W ; R)− dim(ker j∗)

= dim(im j∗) = dim(ker ∂∗)

= b3(W,∂W )− dim(im ∂∗),

with b3(W,∂W ) := dimH3(W,∂W ; R) denoting the third Betti number of
(W,∂W ). Continuing to use the exactness of the above sequence in this way,
i.e.

dim(im ∂∗) = dim(ker i∗) = b2(∂W )− dim(im i∗), etc.,

we find that r is the alternating sum of the dimensions of the vector spaces
to the right of j∗ in that sequence.

From relative Poincaré duality we have bi(W,∂W ) = b6−i(W ). Using this
and reducing modulo 2, we obtain

r ≡
6∑

i=0

bi(W ) +
2∑

i=0

bi(∂W )

≡ χ(W ) + χ∗(∂W ) mod 2,

as was claimed.

Lemma 8.2.14 Let M be a closed, simply connected 5–manifold and S2 ×
D3 ↪→ M an arbitrary embedding. Let M ′ be the manifold obtained from M

by surgery along S2 × {0}, that is,

M ′ =
(
M \ S2 × Int (D3)

)
∪S 2 ×S 2 (D3 × S2).

Then the second Betti numbers b2(M) and b2(M ′) are different.

Proof The surgery operation defines a cobordism

W = ([0, 1]×M) ∪ (D3 ×D3),

obtained from [0, 1] ×M by attaching a 3–handle D3 ×D3 to {1} ×M via
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the given embedding ∂D3 × D3 ↪→ {1} × M . Then ∂W = M �M ′. We
notice that W has the homotopy type of M with a 3–cell attached, hence

χ(W ) = χ(M)− 1 = −1,

since the Euler characteristic of the odd-dimensional manifold M is equal
to 0. The preceding lemma then asserts that

χ∗(M) �≡ χ∗(M ′) mod 2.

Now the fact that H1(M) = H1(M ′) = 0 implies b2(M) �= b2(M ′), even
modulo 2.

Lemma 8.2.15 Let M and M ′ be as in the preceding lemma. Write M0 =
M \ S2 × Int (D3). Let u be the class in H2(M0) represented by S2 × ∗ and
u′ the class represented by ∗×S2 , where ∗ denotes a base point in S2 . Then

H2(M) ∼= H2(M0)/〈u′〉 and H2(M ′) ∼= H2(M0)/〈u〉.

Proof We have the homology exact sequence of the pair (M,M0),

H3(M,M0)
∂∗−→ H2(M0) −→ H2(M) −→ H2(M,M0).

By excision, Hi(M,M0) is isomorphic to Hi(S2 × D3 , S2 × S2), which is
the zero group unless i = 3, when it is isomorphic to Z with generator
[∗ × D3 ]. Under the boundary homomorphism ∂∗ this generator maps to
u′ = [∗ × S2 ] ∈ H2(M0). This proves the statement about H2(M), and that
for H2(M ′) is completely analogous.

Now we return to the situation where H2(M) is isomorphic to Z⊕G with
generators f1 , t1 , . . . , ts , where w2(f1) �= 0 and w2(ti) = 0. We want to prove
the structure theorem for this case. Write S2

f1
, S2

ti
⊂ M , i = 1, . . . , s, for

disjointly embedded spheres representing the generators of H2(M).
Now perform surgery along S2

t1
. Write M0 = M \ S2

t1
× Int (D3) and

M ′ = M0 ∪S 2 ×S 2 D3 × S2 . Denote by t′1 the class in H2(M0) and also
H2(M ′) represented by S2

t′1
:= ∗ × S2 . By the preceding lemma we know

that H2(M0) is generated by f1 , t1 , . . . , ts , t
′
1 , and H2(M ′) by f1 , t2 , . . . , ts , t

′
1 .

By the proof of Lemma 8.2.11 we find an embedded 3–manifold Q ⊂ M

representing a generator of H3(M) ∼= Z, having one transverse intersection
point with S2

f1
and being disjoint from the other 2–spheres. So we may

regard Q and S2
f1

also as submanifolds of M ′. Their having intersection
number 1 implies that f1 is still a free generator in H2(M ′). With Lemma
8.2.14 we deduce b2(M ′) ≥ 2, so among t2 , . . . , ts , t

′
1 ∈ H2(M ′) there must

be a free generator f ′.
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Remark 8.2.16 The work of Wall [236] shows that the torsion generators
t1 , . . . , ts can be chosen in such a way that t2 becomes a free generator in
H2(M ′) with t′1 = mt2 , m ∈ Z, and b2(M ′) = 2, but here we do not need
this precise information.

The 2–sphere S2
t′1

clearly has trivial normal bundle in M ′, and so do the
spheres representing t2 , . . . , ts . Hence w2(f ′) = 0, and we can perform
surgery along a 2–sphere S2

f ′ representing f ′. By the proof of Lemma 8.2.11,
this has the effect of killing the class f ′. The second homology group of
the resulting manifold thus has one generator less than H2(M), and we may
continue in this fashion until we reach a manifold with H2 ∼= Z and w2 �= 0,
which by Proposition 8.2.1 (which has yet to be proved) is diffeomorphic
to X∞.

Finally, consider the reverse surgeries that lead from X∞ to M . Observe
that all surgeries on M were done in the complement of Q, so we may regard
Q as a submanifold of X∞, where it represents a generator of H3(X∞) ∼= Z,
since Q has intersection number one with S2

f1
(which likewise survives from

M to X∞). In X∞, the non-trivial S3–bundle over S2 , consider a fibre S3
0 .

From the Wang sequence of this fibration, see [223],

. . . → Hi(S3
0 ) → Hi(X∞) → Hi−2(S3

0 ) → Hi−1(S3
0 ) → . . . ,

it is easy to see that S3
0 represents a generator of H3(X∞), so it repre-

sents up to sign the same class as Q and therefore has algebraic intersection
number zero with all the 2–spheres in X∞ along which we want to perform
surgery. Now X∞ \ S3

0
∼= S3 × D2 is simply connected; this allows us to

apply the Whitney trick and thus to assume that those 2–spheres and S3
0

have geometric intersection number 0.
Hence M is obtained from X∞ by surgery along a link of contractible

2–spheres, which is the same as taking the connected sum of X∞ with some
manifold Mt obtained from S5 by surgery along a link of 2–spheres. (In
fact, we may take S2

f1
to be a section of the bundle X∞ → S2 . Then the

complement of S2
f1

and S3
0 in X∞ is a 5–disc.)

This concludes the proof of Theorem 8.2.9.

Proof of Proposition 8.2.1 – Part Three It remains to be shown that a
simply connected 5–manifold M with H2(M ; Z) ∼= Z and w2(M) �= 0 is
diffeomorphic to X∞. For the remainder of this section, M denotes just
such a manifold. The arguments employed here are for the most part special
cases of those in Sections 3 and 4 of [22]. In a step by step procedure we are
going to construct a simply connected h–cobordism between M and X∞.

The only potentially non-zero Stiefel–Whitney number of a simply con-
nected 5–manifold is w2w3 . From the Bockstein sequence we see that W3(M)
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is zero. The third Stiefel–Whitney class w3(M) being the mod 2 reduction
of W3(M), it vanishes a fortiori. So both M and X∞ have vanishing Stiefel–
Whitney numbers. By a deep result of Thom [230], see also [188], this im-
plies that M and X∞ are oriented cobordant.† Let V0 be such a cobordism,
∂V0 = M �X∞, and write i, i∞ for the inclusion of M or X∞, respectively,
into V0 (we shall keep that notation also for the modified cobordisms below).
Then

i∗w2(V0) = w2(TV0 |M) = w2(TM ⊕ ε) = w2(M) �= 0,

so w2(V0) �= 0.

Lemma 8.2.17 There is a simply connected cobordism V1 between M and
X∞ with H2(V1) ∼= Z2 .

Proof First of all, we may represent the generators of π1(V0) by embedded
1–spheres. Since V0 is orientable, these 1–spheres have trivial normal bundle,
and surgery along them will kill the fundamental group. Call the resulting
simply connected cobordism V ′

0 .
The second Stiefel–Whitney class w2(V ′

0 ), considered as a homomorphism
H2(V ′

0 ) → Z2 , can only be non-zero on elements of H2(V ′
0 ) of order 2k , with

k = ∞ not excluded. If e1 , . . . , el is any generating set for H2(V ′
0 ) with

w2(e1) �= 0 and e1 of minimal order among the generators on which w2 does
not vanish, then

e1 , e′2 := e2 − w2(e2)e1 , . . . , e′l := el − w2(el)e1

is a new generating set for H2(V ′
0 ) such that w2 is non-zero only on the

generator e1 .
Now perform surgery on V ′

0 along 2–spheres representing the elements
2e1 , e

′
2 , . . . , e

′
l of H2(V ′

0 ). All those spheres have trivial normal bundle be-
cause w2 vanishes on these elements of H2(V ′

0 ). This being surgery below the
middle dimension, it clearly has the effect of killing these elements, see [183],
[153]. Thus we have constructed a simply connected cobordism V1 with
H2(V1) ∼= Z2 (see the following remark).

Remark 8.2.18 In Lemma 2 of [183] it is only shown that surgery along a 2–
sphere representing 2e1 kills a subgroup containing that element, so we might
inadvertently be killing e1 as well. The computation in Proposition X.1.1
of [153] shows that indeed we kill 2e1 , but not e1 . Alternatively, the fact
that H2(V1) equals Z2 rather than the zero group follows from i∗w2(V1) =

† In general, the Stiefel–Whitney numbers can only detect non-oriented cobordisms, but
in dimension 5 both the non-oriented and the oriented cobordism group equals Z2 .
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w2(M) �= 0. From this we also conclude that i∗ : H2(M) → H2(V1), Z → Z2 ,
is reduction modulo 2 (rather than the zero homomorphism). The same is
true for i∞∗ : H2(X∞) → H2(V1).

Lemma 8.2.19 There is a simply connected cobordism V2 between M and
X∞ with H2(V2) ∼= Z and i, i∞ inducing isomorphisms on H2 .

Proof Before turning to the formal argument, it may be instructive to give
a geometric motivation for the following construction. Suppose we were al-
ready given the desired cobordism V2 . By performing surgery along a sphere
representing twice the generator of H2(V2) we would obtain a cobordism V1

with H2(V1) ∼= Z2 . Here we have cut out S2 × Int (D4), with S2 × ∗ repre-
senting twice the generator of H2(V2), and replaced it with D3 ×S3 . So the
reverse surgery that yields V2 from V1 ought to be along a 3–sphere which
has intersection number one with the 3–chain in V1 that is bounded by twice
the generator of H2(V1) ∼= Z2 .

Now to the details. Write x0 for a generator of H2(M), and x∞ for a
generator of H2(X∞). We want to think of H2(∂V1) as a direct sum

H2(∂V1) ∼= Zx0 ⊕ Zx∞−x0 .

Write j = i � i∞ for the inclusion of ∂V1 into V1 . Then the induced homo-
morphism j∗ : H2(∂V1) → H2(V1) is given by ax0 + b(x∞ − x0) �→ a mod 2,
so ker j∗ is generated by 2x0 and x∞ − x0 .

From the homology exact sequence of the pair (V1 , ∂V1),

H3(V1 , ∂V1)
∂∗−→ H2(∂V1)

j∗−→ H2(V1),

we know that any element in ker j∗ is the image under ∂∗ of an element in
H3(V1 , ∂V1). Choose g0 ∈ H3(V1 , ∂V1) such that ∂∗g0 = 2x0 . Since x0 has
infinite order, so does g0 . By forming the connected sum (in the interior) of
V1 with S3 ×S3 and adding to g0 the class represented by the sphere S3 ×∗,
say, we may assume in addition that g0 is indivisible. This enables us to
extend g0 to a generating set g0 , g1 , . . . , gp for H3(V1 , ∂V1) such that ∂∗gi

is a multiple of x∞ − x0 for each i = 1, . . . , p, and ∂∗g1 , . . . , ∂∗gp generate
Zx∞−x0 .

This choice of g0 also allows us to find (by relative Poincaré duality) a
class h0 in H3(V1) with intersection numbers h0 • g0 = 1 and h0 • gi = 0 for
i = 1, . . . , p. By the generalised Hurewicz theorem [35, p. 488], the Hurewicz
homomorphism π3(V1) → H3(V1) is surjective. So we see, using Haefliger’s
theorem again, that h0 can be represented by an embedded 3–sphere S3

h0
.

Because of π2(SO(3)) = 0, this sphere has trivial normal bundle in V1 and
hence we find an embedding S3

h0
×D3 ↪→ V1 .
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The classes g0 , . . . , gp are not necessarily represented by submanifolds,
and so we cannot use the differential topological argument from the proof
of Lemma 8.2.11 to remove superfluous intersection points. But we observe
that (S3

h0
\ ∗)×D3 is a 6–cell, so we may choose representative (simplicial)

chains for g0 , . . . , gp which avoid this cell. (Moreover, we may assume that
we are working with a simplicial decomposition of V1 containing the 3–cell
∗ ×D3 .) By removing copies of ∗ ×D3 of opposite sign from these chains,
we obtain representative chains for g0 , . . . , gp whose geometric intersection
number with S3

h0
equals the algebraic intersection number with h0 . Now set

V ′
1 = V1 \ S3

h0
× Int (D3) and V2 = V ′

1 ∪ (D4 × S2). So V2 is the cobordism
obtained from V1 by surgery along S3

h0
. Clearly V2 is simply connected (by

Seifert–van Kampen). There is a choice of framing in π3(SO(3)) ∼= Z for
this surgery, but it will turn out that this choice does not affect the relevant
properties of V2 .

By excision we have

Hi(V2 , V
′
1 ) ∼= Hi(D4 × S2 , S3 × S2) ∼=

{
Z for i = 4,

0 otherwise.

In particular, from the homology exact sequence of (V2 , V
′
1 ) it follows that

the inclusion V ′
1 ↪→ V2 induces an isomorphism H2(V ′

1 )
∼=−→ H2(V2). Since

we are only interested in the second homology group, we may restrict our
attention to V ′

1 .
Write j′ = i′ � i′∞ for the inclusion of ∂V1 into V ′

1 and consider the homo-
logy exact sequence of the pair (V ′

1 , ∂V1),

H3(V ′
1 , ∂V1)

∂∗−→ H2(∂V1)
j ′
∗−→ H2(V ′

1 ).

I claim that ker j′∗ is generated by x∞ − x0 . In order to see that x∞ − x0

is contained in ker j′∗, observe that the class x∞ − x0 can be written as a
Z–linear combination of ∂∗g1 , . . . , ∂∗gp . The classes gi , i = 1, . . . , p, have,
as shown above, representative chains that miss S3

h0
×D3 . So the ∂∗gi are

homologous to zero in H2(V ′
1 ). Conversely, any element z ∈ ker j′∗ is the

image under ∂∗ of an element in H3(V ′
1 , ∂V1), any representative chain of

which misses S3
h0
×D3 , so it represents a linear combination of g1 , . . . , gp in

H3(V1 , ∂V1). Hence z lies in the group generated by ∂∗g1 , . . . , ∂∗gp , which is
Zx∞−x0 .

It follows immediately that H2(V ′
1 ) contains a copy of Z generated by

j′∗x0 . We end the proof by showing that this constitutes all of H2(V ′
1 ). In

the homology exact sequence of the pair (V1 , V
′
1 ),

H3(V1 , V
′
1 ) ∂∗−→ H2(V ′

1 ) → H2(V1) → H2(V1 , V
′
1 ),
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we have H3(V1 , V
′
1 ) ∼= Z and H2(V1 , V

′
1 ) = 0 by excision. The generator of

H3(V1 , V
′
1 ) is represented by a disc fibre ∗×D3 of S3

h0
×D3 , which under the

boundary homomorphism ∂∗ maps to the class [∗ × S2 ]. That latter class
equals 2j′∗x0 (a potential sign here is irrelevant), since together they bound
the 3–chain g0 \ [∗ ×D3 ]. So the sequence becomes

Z −→ H2(V ′
1 ) −→ Z2 −→ 0

1 �−→ 2j′∗x0 .

This forces H2(V ′
1 ) ∼= Z with generator j′∗x0 = i′∗x0 . Observe finally that

(i′∞)∗x∞ = j′∗x∞ = j′∗x0 + j′∗(x∞ − x0) = j′∗x0

likewise generates H2(V ′
1 ).

The following lemma, at last, completes the proof of Proposition 8.2.1.

Lemma 8.2.20 There is a simply connected h–cobordism V3 between M and
X∞, so M is diffeomorphic to X∞.

Proof We have H2(V2 ,M) = H2(V2 ,X∞) = 0 from the preceding lemma
and the homology exact sequences of these pairs. Hence

H3(V2 ,M) ∼= H3(V2 ,X∞) ∼= FH3(V2 ,X∞)

by relative Poincaré duality and the universal coefficient theorem. For the
same reason, H3(V2 ,X∞) is a free abelian group, and the intersection pro-
duct defines a non-singular pairing

H3(V2 ,M)⊗H3(V2 ,X∞) −→ Z.

If H3(V2 ,M) �= 0, choose classes m ∈ H3(V2 ,M) and x ∈ H3(V2 ,X∞) with
m • x = 1. These elements lift to H3(V2) by the homology exact sequence
of these pairs, and may be represented in V2 by embedded spheres S3

m , S3
x

meeting transversely in a single point (once again we use the theorem of
Haefliger and the Whitney trick). Because of π2(SO(3)) = 0, these spheres
have trivial normal bundle, so the embeddings of S3

m and S3
x extend to an

embedding of a neighbourhood of the 3–skeleton S3 ∨S3 of S3 ×S3 into V2 .
This shows the existence of a cobordism V ′

2 between M and X∞ such that
V2 ∼= V ′

2 #S3×S3 . Now H3(V ′
2 ,M) has smaller rank than H3(V2 ,M), and we

may repeat the procedure until we obtain a simply connected cobordism V3

between M and X∞ with Hi(V3 ,M) = Hi(V3 ,X∞) = 0 for i ≤ 3. By relative
Poincaré duality and the universal coefficient theorem we find H∗(V3 ,M) =
0. This shows that V3 is an h–cobordism and hence – by the h–cobordism
theorem [153] – a product V3 ∼= [0, 1]×M ∼= [0, 1]×X∞.
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8.3 Existence of contact structures

We are now going to prove Theorem 8.0.6. By the discussion in Section 8.1 we
can restrict our attention to (closed, oriented, simply connected) 5–manifolds
M with W3(M) = 0, as classified in Theorem 8.2.9. Our task, then, is to
prove that for any integral lift c ∈ H2(M ; Z) of w2(M) there is a contact
structure, inducing the given orientation, with first Chern class equal to c.

By Theorem 6.2.5 (for connected sums), it suffices to prove Theorem 8.0.6
individually for the manifolds S2 × S3 , X∞, and those of type Mt (in the
notation of Theorem 8.2.9).

We begin with the latter. Since H2(Mt) = 0, there is only one homotopy
class of almost contact structures (that is, one for either orientation), so it
suffices simply to construct some contact structure.

By the structure theorem, Mt is obtained from S5 by surgery along a
link of 2–spheres. The 5–sphere admits contact structures realising either
orientation, e.g. ξ± := ker(±α0) from Example 2.1.7.

Lemma 8.3.1 Any embedding j : S2 → (S5 , ξ±) is covered by a fibrewise
injective complex bundle map TS2 ⊗ C → ξ±.

Proof Let j0 : S2 → S5 be a Legendrian embedding that sends S2 to the
submanifold of S5 given by {y1 = y2 = y3 = 0}. By Corollary 8.2.7, the
given embedding j is isotopic to j0 . Hence, by the homotopy properties
of vector bundles, j∗ξ± and j∗0 ξ± are isomorphic U(2)–bundles. There is a
fibrewise injective complex bundle map (over idS 2 )

TS2 ⊗ C −→ j∗0 ξ±
TxS2 ⊗ C 
 u + iv �−→ (x, T j0(u) + J±Tj0(v)),

where J± denotes the complex bundle structure on ξ±. So such a bundle
map exists likewise for j∗ξ, which is the same as saying that j is covered by
a fibrewise injective complex bundle map TS2 ⊗ C → ξ±.

Remark 8.3.2 The discussion on page 371 showed that U(2)–bundles over
S2 are classified by the first Chern class. Moreover, see [188, §15], if E → B

is a real vector bundle, the odd Chern classes of the complexified vector
bundle E ⊗ C → B are cohomology elements of order 2. In particular, we
have c1(TS2 ⊗C) = 0. So the condition for an embedding j : S2 → (M 5 , ξ)
to be covered by a fibrewise injective (and hence isomorphic) complex bundle
map TS2 ⊗ C → ξ can be formulated as c1(j∗ξ) = 0.

Thus, by the h–principle for isotropic embeddings (Prop. 6.3.6), we may
assume that Mt is obtained from (S5 , ξ±), as oriented manifold, via surgery
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along a link of Legendrian 2–spheres. The topological framing of a surgery
along a 2–sphere in a 5–manifold is unique, since π2(SO(3)) is the trivial
group. So when we perform contact surgery along this link of Legendrian
2–spheres, we do indeed obtain a contact structure (realising either of the
desired orientations) on Mt .

Each of the two S3–bundles over S2 admits an orientation-reversing dif-
feomorphism that induces the identity on the cohomology group H2 . For
instance, since the inclusion SO(3) ⊂ SO(4) induces an isomorphism on π1 ,
we may assume that the characteristic map of the bundle is in π1(SO(3)),
and hence equivariant with respect to a suitable reflection in the fibre. Such
a reflection then induces the desired diffeomorphism. It therefore suffices to
construct contact structures on S2 × S3 and X∞ realising, respectively, any
even or odd integer in H2 ∼= Z as first Chern class, without any attention to
orientations.

We have seen in Example 6.1.3 (3) that the two S3–bundles over S2 can
be obtained from S5 by surgery along a standard S1 ⊂ S5 by choosing the
framing of the surgery appropriately. In the contact geometric setting, we
start with the standard contact sphere (S5 , ξst) from Example 2.1.7 and the
isotropic circle

S1 = {x2
1 + x2

2 = 1, x3 = y1 = y2 = y3 = 0}.

The conformal symplectic normal bundle of this S1 is spanned by the vector
fields ∂x3 , ∂y3 . We are free to choose any symplectic trivialisation of this
bundle, which amounts to a freedom in π1(U(1)) ∼= Z for the choice of
framing when performing contact surgery along S1 . Since the inclusion of
U(1) = SO(2) in SO(4) induces a surjection Z → Z2 on π1 , it is immediately
clear that we can produce a contact structure on both S2 × S3 and X∞.
Finally, we want to convince ourselves that the choice of integer in π1(U(1))
translates directly into the first Chern class of the resulting contact structure.

In Example 6.2.8 we saw that the handlebody corresponding to contact
surgery along the standard Legendrian S1 ⊂ (S3 , ξst) may be regarded as
the cotangent disc bundle π : DT ∗S2 → S2 of S2 with its natural symplectic
structure. Since this is a bundle with Lagrangian fibres, its tangent bundle
T (DT ∗S2) is isomorphic, as a complex vector bundle, to π∗(T ∗S2⊗C). From
Remark 8.3.2 it follows that the handlebody is an almost complex manifold
with vanishing first Chern class.

Surgery along S1 ⊂ (S5 , ξst) corresponds to attaching a 6–dimensional
2–handle; the resulting handlebody is a D4–bundle over S2 . When we think
of D4 as D2 × D2 ∈ iR2 × C, the characteristic map of this bundle splits
accordingly. On the first D2–factor it is the one considered in the preceding
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paragraph. On the second D2–factor the characteristic map is determined
by the choice of trivialisation of the conformal symplectic normal bundle.
These trivialisations are in one-to-one correspondence with π1(U(1)) ∼= Z; a
correspondence with the integers can be fixed by identifying 0 ∈ Z with the
trivialisation given by ∂x3 , ∂y3 .

With this choice, the integer describing the framing is the Euler class in
H2(S2) ∼= Z of the resulting D2–bundle, and hence the first Chern class
of the total space of the D4–bundle; see the arguments for proving Lemma
8.2.3.

The inclusion of the corresponding S3–bundle into the D4–bundle induces
an isomorphism on H2 , and the outward normal defines a trivial complex
line bundle complementary to the resulting contact structure on this S3–
bundle. It follows that the first Chern class of the (total space of the)
D4–bundle coincides with the first Chern class of the contact structure on
the corresponding S3–bundle.

This concludes the proof of Theorem 8.0.6.
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Appendix A

The generalised Poincaré lemma

In Remark 2.5.12 we first alluded to the generalised Poincaré lemma. In
Chapter 6 this was used to prove a version of the neighbourhood theorem for
isotropic submanifolds of contact manifolds strong enough to be applicable to
the construction of symplectic handlebodies. In this appendix we provide a
proof of that lemma. Our argument is analogous to that used in the textbook
[23] by Barden and Thomas for proving the classical Poincaré lemma.

We start with a differential manifold M and consider the maps

jt : M −→ M × R

x �−→ (x, t)

and

φt : M × R −→ M × R

(x, s) �−→ (x, s + t).

Observe that φt may be regarded as the flow of the vector field ∂t on M ×R,
and jt = φt ◦ j0 .

Write Ωk (−) for the space of differential k–forms on a given manifold. We
define an operator

I : Ωk (M × R) −→ Ωk−1(M),

called integration along fibres, by requiring that it send η ∈ Ωk (M × R) to

I(η) :=
∫ 1

0
j∗t (i∂t

η) dt.

Lemma A.1 The operator I defines a cochain homotopy between the cochain
maps j∗0 and j∗1 of the de Rham cochain complex, i.e.

j∗1 η − j∗0 η = d(I(η)) + I(dη).

401
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Proof We compute

j∗1 η − j∗0 η =
∫ 1

0

d

dt
(j∗t η) dt =

∫ 1

0
j∗0

d

dt
(φ∗

t η) dt

=
∫ 1

0
j∗0 φ∗

t (L∂t
η) dt

=
∫ 1

0
j∗t
(
d(i∂t

η) + i∂t
(dη)

)
dt

= d

∫ 1

0
j∗t (i∂t

η) dt +
∫ 1

0
j∗t i∂t

(dη) dt

= d(I(η)) + I(dη),

which is the claimed identity.

In the next proposition we apply this integration along fibres to the con-
struction of a cochain homotopy between the pull-back maps of homotopic
maps.

Proposition A.2 If f0 , f1 : M → N are homotopic smooth maps between
manifolds M,N , then f∗

0 and f∗
1 are cochain homotopic maps of the de Rham

cochain complex.

Proof Let h : M × R → N be a homotopy such that ht := h ◦ jt = ft for
t = 0, 1. We may assume without loss of generality that h is a technical
homotopy, that is, ht ≡ f0 for t ≤ ε and ht ≡ f1 for t ≥ 1− ε. Furthermore,
one may then assume h to be smooth. For a given k–form η on N we
compute, using the foregoing lemma,

f∗
1 (η)− f∗

0 (η) = j∗1 ◦ h∗(η)− j∗0 ◦ h∗(η)

= d(I(h∗η)) + I(dh∗η)

= d
(
(I ◦ h∗)(η)

)
+ (I ◦ h∗)(dη),

i.e. a cochain homotopy is defined by I ◦ h∗.

We can now formulate the generalised Poincaré lemma. We say that a
differential form η on a manifold E vanishes on a submanifold B if η = 0
on TM |B . This is stronger, in general, than saying that the pull-back of η

to B under the inclusion map vanishes, for the latter is equivalent to saying
merely that η = 0 on TB.

Proposition A.3 Let π : E → B be a smooth vector bundle. Identify B

with a submanifold of E via the zero section σ0 . Let U be a neighbourhood
of B in E such that U ∩Ex ⊂ Ex is star-shaped for all fibres Ex := π−1(x),
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x ∈ B. Let η be a differential k–form on U that is closed, dη = 0, and
vanishes on TB, i.e. σ∗

0 η = 0. Then there is a (k − 1)–form ζ ∈ Ωk−1(U)
vanishing on B with η = dζ.

If, in addition, η vanishes on B, then ζ may be chosen to be vanishing
to second order on B, i.e. such that the first-order partial derivatives of its
components with respect to local coordinates (of U), in any chart, vanish at
points of B.

Proof Let h : U × R → U be a technical homotopy between h0 = idU and
h1 = σ0 ◦ π, defined by contracting radially along the fibres. In particular,
we have ht |B = idB for all t ∈ R. Let H = I ◦ h∗ be the corresponding
cochain homotopy found in the preceding proof. Then

η = π∗σ∗
0 η − d(H(η))−H(dη) = −d(H(η)).

We claim that ζ := −H(η) has the desired properties. To this end, we
rewrite H(η) as follows:

H(η) =
∫ 1

0
j∗t (i∂t

(h∗η)) dt

=
∫ 1

0
j∗t h∗(iT h(∂t )η) dt

=
∫ 1

0
h∗

t (iT h(∂t )η) dt.

Observe that Th(∂t) is the time-dependent vector field on U whose flow is h.
Since ht |B = idB for all t ∈ R, this vector field vanishes on B. Those two
conditions taken together yield H(η) = 0 on B.

If, in addition, η vanishes on B, then the coefficients of iT h(∂t )η at points
of B (in any local coordinates) are sums of products of two differentiable
functions, both of which vanish on B. This proves the proposition.

Applied to the normal bundle of a submanifold L ⊂ M , this yields the
following corollary, where the inclusion of L in M is denoted by jL .

Corollary A.4 Let L be a submanifold of a differential manifold M . Let
η ∈ Ωk (M) be a closed k–form with j∗Lη = 0. Then there is an open neigh-
bourhood U of L in M and a (k − 1)–form ζ on U vanishing on L and with
dζ = η on U .

If, in addition, η vanishes on L, then ζ may be chosen to be vanishing
to second order on L, i.e. such that the first-order partial derivatives of its
components with respect to local coordinates (of M), in any chart, vanish at
points of L.
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Time-dependent vector fields

In this appendix we collect some formulæ for time-dependent vector fields
that were used in Chapter 2.

We begin with a situation where the time-dependent vector field is only
defined along the image of a smooth family of maps. The following lemma
entered the proof of Theorem 2.6.2.

Lemma B.1 Let jt : L→M , t ∈ [0, 1], be a smooth family of smooth maps
from a manifold L to a manifold M . Define a time-dependent vector field
Xt along jt(L) by

Xt ◦ jt =
d

dt
jt .

Then, for any differential k–form α on M , we have

d

dt

(
j∗t α

)
= d

(
j∗t iXt

α
)

+ j∗t
(
iXt

dα
)
.

Proof (i) The formula holds for functions f ∈ C∞(M):

d

dt

(
j∗t f

)
(p) =

d

dt

(
f ◦ jt

)
(p) =

(
iXt

df
)
(jt(p)) = j∗t

(
iXt

df
)
(p).

(ii) If the formula holds for a k–form α and an l–form β, then also for

404
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their wedge product α ∧ β:

d
(
j∗t iXt

(α ∧ β)
)

+ j∗t
(
iXt

d(α ∧ β)
)

=

= d
(
j∗t (iXt

α ∧ β + (−1)kα ∧ iXt
β)

)
+ j∗t iXt

(dα ∧ β + (−1)kα ∧ dβ)

= d(j∗t iXt
α) ∧ j∗t β + (−1)k−1j∗t iXt

α ∧ j∗t dβ

+ (−1)k j∗t dα ∧ j∗t iXt
β + j∗t α ∧ d(j∗t iXt

β)

+ j∗t iXt
dα ∧ j∗t β + (−1)k+1j∗t dα ∧ j∗t iXt

β

+ (−1)k j∗t iXt
α ∧ j∗t dβ + j∗t α ∧ j∗t iXt

dβ

=
(
d(j∗t iXt

α) + j∗t iXt
dα

)
∧ j∗t β

+ j∗t α ∧
(
d(j∗t iXt

β) + j∗t iXt
dβ

)
=

d

dt

(
j∗t α

)
∧ j∗t β + j∗t α ∧ d

dt

(
j∗t β

)
=

d

dt

(
j∗t α ∧ j∗t β

)
=

d

dt

(
j∗t (α ∧ β)

)
.

(iii) If the formula holds for α, then also for dα:

d

dt

(
j∗t dα

)
= d

( d

dt
(j∗t α)

)
= d

(
j∗t iXt

dα
)

= d
(
j∗t iXt

dα
)

+ j∗t
(
iXt

d2α
)
.

(iv) Locally, functions and differentials of functions generate the algebra
of differential forms. So from (i)–(iii) the lemma follows.

A time-dependent vector field Xt on a manifold M – where for simplicity
we assume that Xt and its flow ψt , given by the equation

Xt ◦ ψt = ψ̇t ,

are defined for all t ∈ R – gives rise to a vector field X̃ in the usual sense on
M × R by setting

X̃(p, t) = Xt(p) + ∂t.

Then the flow ψ̃h of X̃ takes the form

ψ̃h(p, 0) = (ψh(p), h),

or more generally

ψ̃h(p, t) = (ψt+h ◦ ψ−1
t (p), t + h).
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It is now sensible to define the Lie derivative of a differential form α on M

with respect to Xt as

LXt
α := lim

h→0

(ψt+h ◦ ψ−1
t )∗α− α

h
. (B.1)

Then

ψ∗
t

(
LXt

α
)

= lim
h→0

ψ∗
t+hα− ψ∗

t α

h
=

d

dt

(
ψ∗

t α
)
, (B.2)

as was used in the proof of Lemma 2.2.1.
We have frequently alluded to the Cartan formula LX = d ◦ iX + iX ◦ d

for the Lie derivative of differential forms. This holds true also for time-
dependent vector fields.

Lemma B.2 Let Xt , t ∈ R, be a time-dependent vector field on a mani-
fold M . Then

LXt
= d ◦ iXt

+ iXt
◦ d.

Proof Since Xt is globally defined on M , the formula from the preceding
lemma – assuming that ψt is globally defined – gives

ψ∗
t

(
LXt

α
)

=
d

dt

(
ψ∗

t α
)

= d
(
ψ∗

t iXt
α
)

+ ψ∗
t

(
iXt

dα
)

= ψ∗
t

(
d(iXt

α) + iXt
dα

)
.

Since ψt is a diffeomorphism, the Cartan formula follows.

Alternatively, one can give a direct proof that does not rely on Lemma
B.1 and the assumption that the flow of Xt be globally defined. Write

π : M × R −→M

for the projection and

σt : M −→M × R

for the inclusion map defined by σt(p) = (p, t). Let d̃ denote the exterior
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derivative of differential forms on M × R. Then

LXt
α = lim

h→0

(
ψt+h ◦ ψ−1

t

)∗
α− α

h

= lim
h→0

(
π ◦ ψ̃h ◦ σt

)∗
α− (π ◦ σt)∗α
h

= σ∗
t

(
lim
h→0

ψ̃∗
hπ∗α− π∗α

h

)
= σ∗

t

(
LX̃ (π∗α)

)
= σ∗

t

(
d̃(iX̃ (π∗α)) + iX̃ d̃(π∗α)

)
= d(iXt

α) + iXt
dα.

This concludes the alternative proof.

From this direct proof we see, conversely, that the statement of Lemma
B.1 for an isotopy ψt : M → M is a straightforward consequence of the
definitions. Moreover, we obtain (LXt

α)|t=t0 = LXt 0
α.

Thus, with hindsight, one could take this last identity as the definition
of LXt

α. This would render the Cartan formula tautological. Instead, one
would now need the proof of Lemma B.2 for showing identity (B.2).

A reasonable generalisation of definition (B.1) to the Lie derivative LXt
αt

of a time-dependent differential form αt would seem to be

lim
h→0

(ψt+h ◦ ψ−1
t )∗αt+h − αt

h
.

The accepted convention in the literature, however, is to interpret the ex-
pression LXt

αt at t = t0 as a conventional Lie derivative LXt 0
αt0 .

This gives the identities

LXt
αt = lim

h→0

(ψt+h ◦ ψ−1
t )∗αt − αt

h

and

LXt
αt = d(iXt

αt) + iXt
dαt.

Observe that this ‘conventional’ definition of LXt
αt differs from the ‘rea-

sonable’ one above by the term

lim
h→0

(ψt+h ◦ ψ−1
t )∗αt+h − (ψt+h ◦ ψ−1

t )∗αt

h
= α̇t .
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Math. 2 (1966), 1–14.
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[104] E. Giroux, Convexité en topologie de contact, Comment. Math. Helv. 66 (1991),
637–677.

[105] E. Giroux, Structures de contact en dimension trois et bifurcations des feuilletages
de surfaces, Invent. Math. 141 (2000), 615–689.
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(−, ω) symplectic vector space 14
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symplectic vector bundle 64
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0 zero element or origin of vector space 15
[−] equivalence class in quotient space 16
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homotopy class 107
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C field of complex numbers 17
i

√
−1 ∈ C 17

J (ω) space of ω–compatible complex structures 18
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q ∂q
∑

j qj ∂qj
20
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U unitary group 55
R+, R+

0 positive or non-negative real
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kth exterior power 64

End (−) endomorphism bundle of a vector bundle 64
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C
trivial real or complex, respectively, vector bundle
of rank k 65, 314

Bst closed unit ball in (R2n+1 , ξst) 67
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N (−) neighbourhood of submanifold 71
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Z∗ non-zero integers 95
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∩ cap product 106
τW Thom class of the disc bundle W 106
K(π, n) Eilenberg–MacLane space 107
PD Poincaré duality homomorphism from
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CPn complex projective n–space 107
rel (homotopy) relative to 108
• intersection product on homology 108

intersection number 111
∂∗ boundary homomorphism in homology 109
tb Thurston–Bennequin invariant 115
#(−) number of 117
rot rotation number 118, 123
M manifold M with reversed orientation 139
〈−,−〉 Kronecker product between cohomology
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pairing between Lie algebra and its dual 360

e Euler class 119
sl self-linking number 125
wk Stiefel–Whitney class 134
vk Wu class 134
∪ cup product 134
Sq Steenrod squaring operation 134
Vk (Rn ), Vk (TM) Stiefel manifold, frame bundle 135
O, SO (special) orthogonal group 135
H algebra of quaternions 135
i, j, k standard basis for imaginary quaternions 135
Int interior of manifold with boundary 136
fξ Gauß map of the 2–plane field ξ 137
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M (k) k–skeleton 141
ξK contact structure obtained from ξ by

Lutz twist along the knot K 143
Σ(φ), Σϕ (φ) (generalised) mapping torus 148, 345
M(φ), Mϕ (φ) open book 149, 345
divΩ(X) divergence 163
Re, Im real or imaginary part, respectively 167, 279
χ Euler characteristic 175
e±, h± number of positive or negative (respectively) elliptic

or hyperbolic points, respectively 175
F singular 1–dimensional foliation on surface 182
Hom(A,B) homomorphisms from A to B 194
Ext ‘extension’ functor 194
Ξot space of overtwisted contact structures 205
Distr space of cooriented 2–plane distributions 205
f# induced map on homotopy groups 208
F0 singular 1–dimensional foliation on S2

induced by ξot 210
f leaf of F 212
F(h) almost horizontal foliation on S2 with

holonomy h 212
# connected sum of manifolds 213

connected sum of simple foliations on S2 213
connected sum of tight contact structures 259

C simplicial complex 215
� angle between lines or planes 216

angle between vectors 221
Bot standard overtwisted ball 225
#b boundary connected sum 227
ΓS dividing set of the convex surface S 229
Sz S × {z} ⊂ S × [−1, 1] 244
∪∂ gluing along boundary 244
∆ Laplace operator 255
(M̂, ξ̂) closed tight contact 3–manifold obtained

by capping off boundary 2–spheres 262
T C

p Cn , T C
p (∂G) complex tangent space 278, 279

∂z , ∂z holomorphic or antiholomorphic
derivation, respectively 278

⊗R tensor product over R 278
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SN symplectic normal bundle 294
T Cf complexified differential 306
Imm ξ space of isotropic immersions 310
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L Legendrian link 324
V (a) {za0

0 + · · ·+ zan
n = 0} 333
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NI subset of normal bundle defined by
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0 350

#Φ fibre connected sum 350
g Lie algebra of the Lie group G 360
µ momentum map 360
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generated by X ∈ g 360
Wk integral Stiefel–Whitney class 367
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mod 2−→ Z2 367

F2n+1 SO(2n + 1)/U(n) 368
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 formal difference of vector bundles in K–group 372
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on S2 ⊂ (S3 , ξst ), 256
on T 2 , 176–178, 237

characteristic map, see sphere bundle over
sphere

Chern class
-es of complexified real vector

bundle, 398
-es of symplectic vector bundle, 65
and cohomology of classifying space,

371
first – and classification of complex

vector bundles over S2 , 371
first – as obstruction to homotopy of

almost contact structures, 370
first – classifies almost contact

structures on 5–manifolds, 368
top – is the Euler class, 352

‘classical’, usage of, 338
classical invariants, 114, see also

Thurston–Bennequin invariant,
rotation number, self-linking
number

behaviour under connected sum, 317
classify Legendrian unknots, 125
classify transverse unknots, 127
do not, in general, classify

Legendrian knots, 125
range for unknot, 124
relations between the, 123, 128, 203

closed manifold = compact without
boundary, 45

coadjoint action, 363
cobordism corresponding to surgery, 289,

291–293, 299–300, 351
cochain homotopy, 401
cogeodesic flow, 27
collaring theorem, 288
compatibility

almost contact structure with
contact structure, 66

complex structure with contact
structure, 66

complex structure with inner
product, 17

complex structure with symplectic
form, 17

complex structure with symplectic
structure on vector bundle, 64

space of ω–compatible complex
structures is contractible, 18, 65

space of ξ–compatible almost contact
structures is contractible, 66

complex Hessian, see Levi form

complex structure
ω–compatible, 17
on real vector space, 17
on vector bundle, 64
space of -s on R2n vs. manifold of

isotropic subspaces of C2n , 376
space of -s on vector space as

homogeneous space, 373
complex tangent space

of smooth boundary, 279
description in terms of

holomorphic differential, 279
of Cn , 278

concave boundary, see boundary
conformal symplectic normal bundle

of contact submanifold, 75
determines neighbourhood, 75

of isotropic submanifold, 69
determines neighbourhood, 71

connected sum, 288
as fibre connected sum, 351
as surgery, 288
fibre, 350
of contact manifolds, 299, 301–302
of knots, 317
of simple foliations, 213
of tight contact 3–manifolds, 259

is tight, 261
connection 1–form on principal

S1 –bundle, 340
contact action, 361
contact condition

and Levi pseudoconvexity, 54, 282
in R–invariant situation, 180
in Dehn surgery along transverse

knots, 133–134
in flow box, 214–215
in Lutz twist, 143
in open book, 154
in terms of defining 1–form, 4
in terms of Lie brackets (in dim. 3), 5
in terms of order of contact (in

dim. 3), 37–40
in terms of (ξp , dαp ) being a

symplectic vector space, 17
independent of choice of defining

1–form, 4
near a hypersurface, 77, 163
on regions cut out by dividing set,

230
vs. integrability condition, 3–5

contact Dehn surgery
along Legendrian knots, 320–324
along transverse knots, 132–134
and Lutz–Martinet theorem, 324
contact (−1)–surgery, 320

and Stein fillings, 320
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contact Dehn surgery (cont.)
contact (+1)–surgery is inverse of

contact (−1)–surgery
(cancellation lemma), 322

contact (±1)–surgery is symplectic
handle surgery, 321–322

contact r–surgery, 320–321
is well defined for r = 1/k, 321

presentation of contact 3–manifolds,
322

contact element, 6
space of -s, 6

equals the projectivised cotangent
bundle, 6

has natural contact structure, 7
contact embedding, 90
contact form, 4

-s are not stable, 61–62
almost regular, 344
on principal S1 –bundle over integral

symplectic manifold, 340
regular, 339
standard – on S3 , 24
standard – on S2n +1 , 53

is regular, 339
contact framing, 114
contact geometry is all geometry, 1
contact homology, 338
contact manifold, 4

-s are homogeneous spaces, 84
connected sum, see connected sum
fundamental groups of -s, 308
strict, 52

contact orbifold, 362
contact quotient

of G–action, 365
of S1 –action, 361

contact reduction, see contact quotient
contact structure, 3

-s are stable, 60
-s supported by the same open book

are isotopic, 157
and fundamental group, 308
classification on S3 , 254
every – is supported by an open

book, 348
existence on 3–manifolds, 132, see

also Martinet’s theorem
existence on 5–manifolds, 366
exotic -s on spheres, 338
extendibility over 3–ball, 213
homotopically standard – on S2n +1 ,

338
natural – on 1–jet space, 72
natural – on space of contact

elements, 7, 57
and Liouville form, 32

non-coorientable, 57–58

on boundary of plumbing, 357
on branched cover, 148, 354
on Brieskorn manifold, 334, 336
on fibre connected sum, 351
on hypersurface transverse to

Liouville vector field, 23
on 3–manifold can be obtained by

contact (±1)–surgery, 322
on M 3 × Σ2 , 352, 355
on open book, 151–153, 346
on principal S1 –bundle over integral

symplectic manifold, 340
on product of contact manifold

with T 2 , 348
on T 2n +1 , 348
on transverse intersection of complex

submanifold with unit sphere
in Cn +1 , 335

overtwisted, see overtwisted contact
structure

positive or negative, 5
standard – on R2n +1 , 4, 51

equals standard – on S2n +1 \ {p},
54

standard – on S3 , 24
supported by open book, 154–156

standard – on S2n +1 , 53
as complex tangencies, 54
induced by Liouville vector field,

54
standard – on T 3 , 8
standard overtwisted on R3 , 53
supported by open book, 154
tight, see tight contact structure
tight vs. overtwisted, 159, 193
vertically invariant, 179

contact submanifold, 59
contact surgery, 293, 298, see also contact

Dehn surgery
and symplectic fillings, 272, 325
and the topology of Stein manifolds,

305–306
framing theorem, 304

3–dimensional case, 315
giving rise to a symplectic

cobordism, 297–298, 300
natural framing, 297–299
simplified picture without cobordism,

301–303
uniqueness up to isotopy, 299

contact transformation, 8
contact type hypersurface or boundary,

23, see also boundary
contact vector field, 32, 179, see also

infinitesimal automorphism
strict, 32

contactomorphism, 52
defined by Liouville flow, 52
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contactomorphism (cont.)
of (S3 , ξst ) extends to

diffeomorphism of D4 , 254
strict, 52

preserves Reeb vector fields, 61
contactomorphism group acts transitively,

84
convex boundary, see boundary
convex surface, 179

and dividing set, 234
and vertically invariant contact form,

180
and vertically invariant contact

structure, 179–180
any foliation divided by its dividing

set can be realised as
characteristic foliation, 238

condition is generic, 237
dividing set, see dividing set
Heegaard surface from open book,

233–234
implied by Morse–Smale

characteristic foliation, 236
convexity

geometric, 277
geometric convexity implies Levi

pseudoconvexity, 280
geometric vs. symplectic, 273
(strict) Levi pseudoconvexity, 280

and holomorphic filling, 283
implies contact condition, 282
is invariant under

biholomorphisms, 280–281
symplectic, 269

corners can be smoothed, 289
correlation, 11
CP 3

is the homogeneous space
SO(6)/U(3), 369

is the manifold of positive maximal
isotropic subspaces of C6 , 377

curvature form, 340
cusp, 96

left or right, 117
up or down, 121

Darboux’s theorem, 67
Dehn surgery, 43, 132–133, see also

contact Dehn surgery
effect on homology, 327, 329
with integer coefficient is handle

surgery, 45
dimension formula

for orthogonal complement with
respect to symmetric inner
product on Cn , 375

for symplectic orthogonal
complement, 15

disc theorem, 41, 85
contact, 85

distribution, 2, 137
of codim. 1 is the kernel of a global

1–form iff it is coorientable, 2
divergence of vector field, 163

behaviour under rescaling, 183, 187,
231

dividing set, 229, 232
and overtwistedness, 240
contains all the essential information

about a convex surface, 238
creating additional dividing curves,

241
exits iff surface is convex, 234
is a submanifold, 230
is determined by characteristic

foliation, 234
is non-empty, 230
is transverse to the characteristic

foliation, 230
of convex surface, 229
of foliation, 232
parametric family, 251

domination, 269
vs. strong symplectic filling, 271
vs. weak symplectic filling, 271

Eilenberg–MacLane space, 107
elimination lemma, 187

used in tomography, 249–251
elimination position, 184
elliptic point, see singular point
embedding

contact, 90
isotropic, 82, see also isotropic

embedding
Euler characteristic

and characteristic foliation, 175–176
and existence of vector fields, 137
negative part, 193
semi-characteristic, 390

Euler class, 119
-es realisable by contact structures,

145
-es realisable by tight contact

structures, 194
and characteristic foliation, 175–176
as obstruction class, 144
dependence on orientation, 352
determines 2–plane bundle, 352
in Gysin sequence, 384
is Poincaré dual to self-intersection

class of zero section, 145, 176
of principal S1 –bundle, 340
relation with obstruction class d2 ,

146
Euler number, 119
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Euler–Lagrange equations, 21
exact symplectomorphism, 347
examples

almost horizontal foliation on S2 , 210
branched covering, 354
characteristic foliation of convex

surface does not contain flow
line from negative to positive
singularity, 235

characteristic foliation on
S2 ⊂ (R3 , ξst ), 77

characteristic foliation on T 2 , 176
characteristic foliations induced by

parametric family of plane
fields, 223

classical invariants for Legendrian
unknots, 124

conformal symplectic normal bundle,
70

connected sum as surgery, 288
contact forms are not stable, 62
contact structure on M 3 × Σ2

obtained by fibre connected sum,
352

via branched covering, 355
contact structure on M 3 × T 2

obtained by Bourgeois’s
construction, 352

contact structure supported by open
book, 155

contact surgery
along Sn−1 ⊂ S2n−1 , 300

contactomorphism, 52, 57
convex surface, 179
deformation of surface into convex

surface, 237
degeneracies in a parametric family

of functions, 224
dividing set of convex surface, 230
dividing set of foliation, 232, 233, 237
dividing set of Heegaard surface

coming from open book, 233
every finitely presentable group is

the fundamental group of a
contact manifold, 308

foliation without dividing set, 232
front projection of Legendrian trefoil

knot, 98
front projection of transverse trefoil

knot, 100
hypersurface that is both ω–convex

and ω–concave, 273
Lagrangian projection of Legendrian

unknot, 99
Legendre transformation, 10
Legendrian submanifold, 35
Liouville vector field, 24

Moser trick in nbhd. thm. for
isotropic submanifolds, 74

natural contact structure on space of
contact elements of T 2 , 8

natural framing of contact surgery
along Legendrian knot, 299

neighbourhood of Legendrian knot,
72

neighbourhood of Legendrian
submanifold, 72

neighbourhood of transverse knot, 76
non-convex surface, 181, 232
non-coorientable contact structure,

57
open book decomposition of S3 , 150,

155
overtwisted contact structure, 53
Poincaré return map, 170
Reeb vector field, 6
rotation number of standard

Legendrian circle in S3 , 121
simple but not almost horizontal

foliation on S2 , 210
singular points of vector fields on

surfaces, 167
standard contact form on S3 , 24
standard contact structure

on R2n +1 , 4, 51
standard contact structure

on S2n +1 , 53
strictly Levi pseudoconvex boundary,

282
strong symplectic filling, 269
surgery along Sk ⊂ Sn , 288–289
symplectic vector bundle, 64
symplectisation, 24
Thurston–Bennequin invariant

of ‘shark’, 116
Thurston–Bennequin invariant of

standard Legendrian circle
in S3 , 115

trefoil knot, 98
trivial symplectic cobordism, 274
unknot does not have Property P, 47

exhausting function, 283

fibre connected sum, 350
and contact structures, 351
and ordinary connected sum, 351
as a sequence of surgeries, 351
giving rise to a cobordism, 351

filling
holomorphic, 283

implies strong symplectic in
dim. 3, 283

Stein, 284, 335
and contact (−1)–surgeries, 320
can be capped off, 325
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filling (cont.)
Stein (cont.)

implies holomorphic, 284–285
implies strong symplectic, 284–285
not implied by strong symplectic

filling, 285
of Brieskorn manifold, 334

symplectic, see symplectic filling
filling by holomorphic discs, see

holomorphic disc
flow

of time-dependent vector field, 59
topologically conjugate, 165

flow box, 339
regular, 339

flow box theorem, see tubular flow
theorem

foliation, 3
almost horizontal – on S2 , 210, see

also simple foliation
induced by plane field of small

norm, 220
is determined by its holonomy, 212

characteristic, see characteristic
foliation

simple – on S2 , see simple foliation
framing, 45, 288

contact vs. surface, 114–115
determined by choice of longitude, 45
natural – for contact surgery,

297–298
along Legendrian knot, 299

preferred longitude determines
surface –, 115

theorem for contact surgery, 304
3–dimensional case, 315

Frobenius integrability condition, 3
front projection, 35, 96, 308

of Legendrian trefoil knot, 98
of transverse trefoil knot, 100
vs. Lagrangian projection, 99–100

function
exhausting, 283
strictly plurisubharmonic, 283

fundamental groups of contact manifolds,
308

Γn , 41
and differential topology, 42
is an abelian group, 41
is trivial for n = 2, 3, 4, 42

Gauß map, 137, 216
and normal curvatures, 220–221

generalised Poincaré lemma, 402–403
genericity

for characteristic foliations, 172
for holonomy map, 224–225
for Legendrian curves, 96

for 1–parametric families of
characteristic foliations,
247–248

for surfaces in 3–manifolds, 237
for vector fields, see Morse–Smale

gentleman should never use a basis, 2
genus bound in tight contact 3-mfd., 193,

243
geodesic field, 26
geodesic flow, 26
Giroux criterion, 239
global angular form, 351
Gray stability theorem, 60
Gysin sequence, 384

Hadamard’s theorem on ovaloids, 220
Haefliger’s theorem on embeddings, 385
Hamiltonian action, 360
Hamiltonian equations, 22

in coordinate-free notation, 22
Hamiltonian flow, 27
Hamiltonian function in classical

mechanics, 21
Hamiltonian vector field in symplectic

geometry, 22
handle, 289, 303

-body, 300
attaching map, 304
attaching sphere, 291
belt disc or cocore, 291
belt sphere, 291
core, 291
index, 289
lower boundary, 290, 304
model –, 290–291

symplectic, 296–297
upper boundary, 290

handle surgery, see surgery
handlebody, 300

and Heegaard splitting, 233
symplectic, 300

Hartman–Grobman theorem, 167
Heegaard splitting of contact 3–manifold

along convex surface, 233–234
Hodge ∗–operator, 377
holomorphic disc, 255, 256

and characteristic foliation, 255
and maximum principle, 255
cannot be tangent to pseudoconvex

boundary, 255
filling by -s, 254, 256

holomorphic filling, see filling
holonomy, 212

can be made generic, 224–225
homogeneous space, 368

contact manifold as, 84
CP 3 as, 369
space of complex structures as, 373
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homology class
in H1 (M 3 ) is represented by a knot,

107
in H2 (M 3 ) is represented by a

surface, 108
relative version, 109
version over Z2 , 108

in Hm −1 (W m ) or Hm −2 (W m ) is
represented by a submanifold,
386

homology sphere, 327
homotopically standard contact structure

on S2n +1 , 338
homotopy group, stability of -s, 372
Hopf fibration, 24, 155

generalised, 369
Hopf invariant, 142
Hopf link, 155
h–principle, 36, 303

for 1–parametric families of
transverse curves, 104

for isotropic embeddings, 307
for isotropic immersions, 306

parametric, 310
for Legendrian knots, 101
for transverse knots, 101
1–parametric – for Legendrian

immersions S1 → (R3 , ξst ), 311
Hurewicz isomorphism, 371
Huygens’ principle, 36–37
hyperbolic point, see singular point

incidence of simplices, 215
index

of handle, see handle
of singular point, see singular point

infinitesimal automorphism
of contact form, 32

characterisation in terms of Lie
derivative, 33

of contact structure, 32
characterisation in terms of Lie

derivative, 33
correspondence with Hamiltonian

functions, 62
inner product

Hermitian, 18
J–compatible, 17

integrable hyperplane field, 3
integral submanifold, 3
integral symplectic form, 340
integration along fibres, 401
intersection number, 111
intersection product, 108

and geometric intersection, 108–109
isotopy extension theorem

for contact embeddings, 90
for isotropic embeddings, 82

for surfaces in 3–manifolds, 91
isotopy of homeomorphisms vs. smooth

isotopy, 242
isotropic embedding, 82

h–principle, 307
isotropic immersion, 82

complexification of differential, 306
h–principle, 306

parametric, 310
regular homotopy of -s, 310

isotropic submanifold, 34, see also
submanifold

isotropy group, 361

1–jet, 72
and 1–prolongation, 224

jet transversality theorem, 225
Jordan curve theorem, 209

knot, 43
classified by complement in S3 , 48
connected sum, 317
Legendrian, 94

classical invariants, see classical
invariants

condition in terms of
parametrisation, 96

Legendrian push-off, 95
stabilisation, 318
transverse push-off, 95, 128–129

loose, 318
Property P, see Property P for knots
transverse, 94

condition in terms of
parametrisation, 96

impossible front projections, 100
Legendrian push-offs, 95
positively or negatively, 94
self-linking number, see

self-linking number
trefoil, see trefoil knot

knot or link diagram, 112
sign of crossings, 113
writhe of, see writhe of an oriented

knot diagram

Lagrangian function, 21
Legendre condition for, 21

Lagrangian projection, 96
of Legendrian unknot, 99

Lagrangian submanifold, 300
Lagrangian subspace, 15

-s are the isotropic subspaces of
middle dimension, 17

Landau symbol, 37
Legendre condition for Lagrangian

function, 21
Legendre transformation, 11
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Legendrian immersions S1 → (R3 , ξst ),
310–314

are classified by the rotation number,
311

regular homotopy of, 311
rotation number vs. complexified

differential, 310
Legendrian polygon, 196

in proof of genus bound, 195–199
with all vertices of the same sign, 200

Legendrian push-off, see knot
Legendrian submanifold, 35
Levi form, 280

and strictly plurisubharmonic
functions, 283

Lie derivative
Cartan formula, 23

for time-dependent vector fields,
406

of time-dependent differential form,
59–60

with respect to time-dependent
vector field, 59–60, 406

limit cycle, 191
line element, 9
linear symplectic reduction, 360
link, 45

(framed) cobordism class, 139–140
framed, 138, 140

linking number, 111
additivity, 111
as intersection number, 111
computed from crossings in link

diagram, 113
dependence on orientation, 111
symmetry, 112

Liouville form, 19
and natural contact structure on

space of contact elements, 32
Liouville vector field, 23

flow defines contactomorphism, 52
induces contact structure on

transverse hypersurface, 23
longitude, 110

preferred, 43
characterised by linking number,

45
characterised in terms of Seifert

surface, 45
homological characterisation, 43

Lutz twist, 143
and contact Dehn surgery, 324
as topologically trivial Dehn surgery,

143
creates overtwisted disc, 161–162
effect on obstruction classes, 145–147
full, 160

does not change homotopy class,
160–161

Lutz–Martinet theorem, 144
via contact Dehn surgery, 324

manifold
differentiable vs. differential, 2
has the homotopy type of a

CW–complex, 135
3–manifold

can be obtained by surgery, 46
irreducible, 263
is a branched cover of S3 , 147
is an open book, 149
is parallelisable, 134–137
non-trivial, 257
prime, 257
prime decomposition, 257

5–manifold
characterisation of S3 –bundles

over S2 , 383
structure theorem for simply

connected -s with W3 = 0, 386
mapping torus, 149

generalised, 345
Marsden–Weinstein–Meyer quotient, 360
Martinet’s theorem, 132

via branched coverings, 148
via contact Dehn surgery, 324
via open books, 151–153
via surgery, 132–134

maximum principle
boundary point lemma, 255
strong – for subharmonic functions,

255
meridian, 43
momentum map

of contact G–action, 362
is equivariant, 363
of contact S1 –action, 361
of symplectic G–action, 360

monodromy, see open book
Morse, lemma of, 89, 98
Morse–Smale

flow, 171
implies convexity, 236
vector field, 171

-s are structurally stable, 172
-s form open and dense subset, 172

Moser trick, 60
for contact forms, 68
for symplectic forms, 346

natural numbers, 104
neighbourhood theorem

for contact submanifolds, 75
for isotropic submanifolds, 71

in strict contact manifolds, 294
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neighbourhood theorem (cont.)
for Legendrian submanifolds, 72
for surfaces in 3–manifolds, 79
for transverse knots, 76

non-degenerate
periodic orbit, see periodic orbit
singular point, see singular point

norm of 2–plane field, 216
and almost horizontal foliation, 220

normal bundle, 69
of an immersion, 352

normal coordinates, 28

obstruction theory
and parallelisability of 3–manifolds,

134–135
for 2–plane fields on 3–manifolds,

138, 140–142
for almost contact structures on

5–manifolds, 368–373
ω–limit set, 171
open book

abstract, 149
abstract – vs. – decomposition,

149–150
and contact structures, 151–153, 346
decomposition, 149

binding, 149
pages, 149

description of 3–manifolds, 149
gives rise to Heegaard splitting along

convex surface, 233–234
monodromy, 150, 156

from symplectic to exact
symplectic, 347

isotopic -ies give diffeomorphic
open books, 344

of 3–dimensional open book may
be assumed symplectic, 345

on S3 , 150–151, 154–156
supporting standard contact

structure, 154–156
stabilisation, 157
supporting contact structure, 154,

348
order

of contact, 37
of vanishing, 37, 403

orientation
boundary –, 43
induced by contact structure, 5
induced by symplectic form, 24, 49

ovaloid, 220
Hadamard’s theorem, 220

‘overtwisted along a disc’, 204
overtwisted ball, 225
overtwisted contact structure, 159

classification, 205–206

on S3 , 254
existence on 3–manifolds, 162
sufficient criterion, 191, 200, 240

overtwisted disc, 158–159
characterisation in terms of framings,

158–159
found by elimination, 191–193

page, see open book
parallelisability, 134–137

explicit parallelisation of S3 , 135
parity condition for tb and rot, 123, 316
periodic orbit

non-degenerate, 170
attracting, 170
repelling, 170

plumbing, 356
and contact structures, 357

Poincaré return map, 170
Poincaré–Bendixson theorem, 209, 212,

222, 248, 249
Poincaré–Hopf index theorem, 176, 191,

209, 221
polarity, 12
Pontrjagin–Thom construction, 138
prime decomposition theorem, 257

for tight contact 3–manifolds, 258
principal S1 –bundle

connection 1–form, 340
curvature form, 340
Euler class, 340

Property P for knots, 46
equivalent characterisation, 47
every non-trivial knot has it, 46
unknot does not have it, 47

real structure on complex vector space,
377

reconstruction lemma, 244
reduction of structure group, 65
Reeb flow

and cogeodesic flow, 27
and Hamiltonian flow, 25, 27
on (S3 , αst ) defines Hopf fibration,

24–25
on Brieskorn manifold, 335

Reeb vector field, 5
of (S3 , αst ), 24
of contact form on principal

S1 –bundle, 340
regular – has constant period

function, 343
regular contact form, 339
regular flow box, 339
regular homotopy, 310

Legendrian, 311
regular vector field, 339

has smooth period function, 342
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regular vector field (cont.)
on closed manifold has periodic

orbits only, 339
rel = relative to, 108
retrograde saddle–saddle connection, 237
rotation number, 118, see also classical

invariants
classifies Legendrian

immersions S1 → (R3 , ξst ), 311
computation from front projection,

121–122
computation from Lagrangian

projection, 122–123
dependence on orientations, 118
depends on the knot only, if Euler

class is trivial, 120
in Legendrian Bennequin inequality,

203
independent of choices in the

definition, 118–120
is also defined for Legendrian

immersions, 123
is invariant under Legendrian

isotopies, 118
of standard Legendrian circle in S3 ,

121
parity condition with

Thurston–Bennequin invariant,
123, 316

vs. complexified differential, 310
rotation number of immersed circle in the

plane, 123
determines regular homotopy class

(Whitney–Graustein thm.), 311

Seifert surface, 110
and linking number, 111

self-intersection number, 329
self-linking number, 125

computation from front projection,
127

depends on knot only, if Euler class
is trivial, 127

in transverse Bennequin inequality,
202

independent of choices in the
definition, 126

is invariant under transverse
isotopies, 126

of transverse push-off, 128
parity, 128, 203

semi-characteristic, 390
separatrix, 169

retrograde saddle–saddle connection,
237

stable, 169
unstable, 169

Serre fibration

evaluation map is, 207
restriction homomorphism is, 257

shark, 116
sign of singular point, see singular point
simple foliation, 209

and extendibility of contact
structure, 213

condition to be almost horizontal,
210

connected sum, 213
diagram of, 211

determines topological type, 211
north and south pole, 209

simplex, special, 216
singular point

degeneracies, 169–170
elliptic, 166

is essentially unique, 173–175
linear models, 167–168

hyperbolic, 166
differing usage, 166
is essentially unique, 173–175
linear models, 169
separatrix, see separatrix

index, 166
non-degenerate, 166

linear model determines flow, 167
sign, 167, 223

is a C 1 –, not a C 0 –invariant, 169,
176–178

of source or sink, 168
sink, 167
source, 167

degenerate, 168–169
sink, see singular point
smoothing corners, 289
source, see singular point
special unitary basis, 378
sphere bundle over sphere, 288–289

characteristic map, 289, 382
S3 –bundles over S2 , 383

sphere theorem, 196
spin structure, 136
stabilisation of Legendrian knot, 318
stability of homotopy groups, 372
Stein filling, see filling
Stein manifold, 283

characterised by existence of
exhausting plurisubharmonic
function, 284

topological type, 305–306
Stiefel–Whitney class

-es of total space of sphere bundle,
383

and Euler class, 145
first – and orientability, 135
integral, 367
relation with Wu classes, 134
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Stiefel–Whitney class (cont.)
second

and classification of vector
bundles over S2 , 371

and Euler class, 136
and spin structures, 137
as obstruction class, 135, 384
of total space of disc bundle, 136

third integral – is primary
obstruction to existence of
almost contact structure, 370

straightening the angle, 289
strictly plurisubharmonic function, 283

and Levi form, 283
strong symplectic filling determines

contact structure on boundary,
270

structural stability of vector field, 172
SU(4) is double covering of SO(6), 377
submanifold

contact, 59
isotropic, 34

has dimension smaller than middle
dimension, 34

Legendrian, 35
subspace

coisotropic, 15
role in linear symplectic reduction,

360
isotropic, 15, 375
Lagrangian, 15
maximal isotropic, 375

positive, 375
symplectic, 15

surface framing, 114–115
and preferred longitude, 115

surgery, 45, 288
along Sk ⊂ Sn , 288–289
coefficient, 44
contact, see contact surgery
Dehn, see Dehn surgery
effect on Betti numbers, 391
giving rise to a cobordism, 289,

291–293, 299–300
presentation of 3–manifolds, 46
presentation of contact 3–manifolds,

322
via handle attaching, 289–293

surgery coefficient, 132–133
and self-intersection number, 329

symplectic cobordism, 273, 293
and symplectic fillings, 274
corresponding to contact surgery,

297–298, 300
defines a reflexive, but

non-symmetric relation, 276
defines a transitive relation, 275
gluing, 275

trivial, 274
symplectic filling

convex vs. concave, 274
semi-filling, 325
strong, 49, 269

as symplectic cobordism, 274
can be capped off, 325
does not imply Stein filling, 285
implied by holomorphic filling in

dim. 3, 283
implied by Stein filling, 284–285
implies weak, 49
vs. domination, 271

weak, 49, 269
also admits attaching of

symplectic handles, 325
can be capped off, 49, 324–329
does not imply strong, 49, 272
implies tightness, 329
vs. domination, 271

symplectic form, 20
integral, 340
standard – on R2n , 54, 88

symplectic handle, 296
can be attached to weak filling, 325

symplectic handlebody, 300
symplectic linear form, 14
symplectic manifold, 20
symplectic normal bundle, 294

conformal, see conformal symplectic
normal bundle

determines neighbourhood, 294
symplectic orthogonal complement, 14

dimension formula, 15
symplectic reduction

linear, 360
Marsden–Weinstein–Meyer quotient,

360–361
symplectic vector bundle, 64

conformal class, 65, 269
symplectic vector space, 14

has even real dimension, 16
symplectisation of contact manifold, 24
symplectomorphism, 270

exact, 347

technical homotopy, 68
thermodynamics is impossible to

understand, 37
Thom’s theorem about realising homology

classes by submanifolds, 386
Thurston–Bennequin invariant, 115, see

also classical invariants
computation from front projection,

116–117
computation from Lagrangian

projection, 117
dependence on orientations, 115, 118
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Thurston–Bennequin invariant (cont.)
in Legendrian Bennequin inequality,

203
is invariant under Legendrian

isotopies, 115, 117
of ‘shark’, 116
of standard Legendrian circle in S3 ,

115–116
parity condition with rotation

number, 123, 316
tight ball, 67, 227
tight contact 3–manifold

connected sum, 259
is tight, 261

prime decomposition, 258
unique decomposition, 261

tight contact structure, 159
and coverings, 331
and Euler class, 194
classification

on D3 rel boundary, 252
on R3 , 252
on S2 × [−1, 1], 246
on S2 × S1 , 252
on S3 , 252

examples
on T 3 , 331
standard structure on R3 and S3 ,

203–204, 331
standard structure on S2 ×S1 , 331

genus bound, 193, 243
implied by weak fillability, 329
3–manifold without, 194
need not be fillable, 331

tomography, 244
reconstruction lemma, 244
role of elimination lemma, 249–251
uniqueness lemma, 245

transfer map, see
Umkehrhomomorphismus

transitivity of contactomorphism group, 84
transversal is a noun, 94
transverse push-off, see knot
trefoil knot, 98

left and right, 98
Legendrian, 98
transverse, 101

tubular flow theorem, 214, 339
tubular map, 73

Umkehrhomomorphismus, 105–106
unique decomposition theorem, 257

does not apply to overtwisted
contact 3–manifolds, 267

for tight contact 3–manifolds, 261
uniqueness lemma, 245
unit cotangent bundle, 27
unit tangent bundle, 27

universal bundle, 371

vanishing
on a submanifold, 402
to second order, 403

vector field
generated by Lie algebra element,

362
regular, see regular vector field

(1, 0)– and (0, 1)–vectors, 375
virtual bundle, 372
volume form, 4

Wang sequence, 393
wave front, 34

projection, see front projection
weak homotopy equivalence, 205
Welt, unsere ist die bestmögliche, 21
Whitney trick, 388
Whitney–Graustein theorem, 311
writhe of an oriented knot diagram, 116

is independent of the choice of
orientation, 116

Wu class, 134
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